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Abstract. In this paper, we study static bending and free vibration behaviors of

1. Introduction

eter in its subcomponents (e.g., characteristic size of
crystal lattices, molecules of polymers, and particles of
granular materials), the well-known classical theories
are inadequate to capture the size dependency of these
substructures; thus, they no longer present an accurate
mathematical framework to study the real physics of
the whole model. Therefore, several higher order (nonlocal) theories, such as micro polar, strain gradient,
couple stress, as well as modi ed couple stress theories,
have been proposed for isotropic elastic materials in
which the role(s) of material length-scale parameter/s
is/are involved in the constitutive equations.
Beam-like members are important elements that
are extensively used in the small-scale systems, and
the size-dependent study of their dynamic properties
has widespread applications. Thus, due to the rapid
development of small-scale technologies in recent years,
many studies have been carried out to investigate the
behavior of microbeams (e.g., the application of microbeams in micro actuators [1], biosensors [2], atomic
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Bernoulli-Euler microbeams with a single delamination using the modi ed couple stress
theory. The delaminated beam is modeled by four interconnected sub-beams using the
delamination zone as their boundaries. The free and constrained mode theories are utilized
to model the interaction of delamination surfaces in the damaged area. The continuity
as well as compatibility conditions are satis ed between the neighboring sub-beams. After
veri cation of the results for some case studies with available solutions, the e ects of various
parameters, such as spanwise and thicknesswise locations of the delamination, material
length-scale parameter, and boundary conditions, on the static bending and free vibration
characteristics of the size-dependent microbeam, have been investigated in detail.
© 2018 Sharif University of Technology. All rights reserved.
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force microscopes [3], and carrying micro-particles [4]).
In this regard, the couple stress elasticity theory
was presented in 1960s for the rst time where this
model introduced two higher-order material lengthscale parameters, in addition to the two classical Lame
constants, in the governing equations of motion [5,6].
In 2002, this model was modi ed by Yang et al. [7]
to develop the modi ed couple stress theory in which
the constitutive equations contain only one additional
material length scale, creating symmetric couple stress
tensor. These two properties of the modi ed couple
stress theory (i.e., the inclusion of a symmetric couple
stress tensor and the involvement of only one lengthscale parameter) are two advantages of this model over
the classical couple stress theory. Therefore, in the past
decade, many researchers have studied the behavior of
microbeams based on this novel and convenient theory.
For instance, modi ed couple stress theory for bending
analysis of Bernoulli-Euler beams was presented using
the minimum total potential energy principle [8]. Ma
et al. [9] developed size-dependent Timoshenko beam
model based on the modi ed couple stress theory.
They also investigated the Poisson's e ect on the static
bending and free vibration of a simply supported beam.
However, later, it was shown that considering Poisson's
e ect can lead to erroneous results, and the results
obtained by omitting Poisson's e ect are much closer
to the experimental data [10,11]. Kahrobaiyan et
al. [12] used modi ed couple stress theory to obtain
the dynamic characteristics of atomic force microscopes
cantilevers. Asghari et al. investigated the static and
free vibration analyses of nonlinear Timoshenko beam
based on the modi ed couple stress theory [13]. Akgoz
and Civalek reported on the stability of axially loaded
microbeams based on the strain gradient elasticity
and modi ed couple stress theory [14]. Simsek and
Reddy [15] examined the static and dynamic behaviors
of the functionally graded microbeams based on the
modi ed couple stress theory, compared with other
nonlocal beam theories. Akgoz et al. studied the vibration responses of non-homogenous and non-uniform
microbeams within the framework of Bernoulli-Euler
beam model and modi ed couple stress theory [16]. In
addition, Mohammad Abadi and Daneshmehr investigated the buckling analyses of laminated composite
beams based on the Bernoulli-Euler and Timoshenko
beam theories by the modi ed couple stress theory [17].
Darijani and Mohammadabadi proposed a new beam
deformation theory using the modi ed couple stress
theory by considering the shear deformation with two
unknown functions [18].
Similar to the aforementioned linear models, the
nonlinear static and dynamic analyses of microbeams
were investigated using the numerical and theoretical
methods by many researchers based on the modi ed
couple stress theory [19-23]. Dai et al. developed

a new nonlinear theoretical model for cantilever microbeams [19] to explore the nonlinear dynamic behavior. Mohammad-Abadi and Daneshmehr [20] reported
on the buckling analysis of microbeams based on the
Bernoulli-Euler beam, Timoshenko beam, and Reddy
beam theories. By employing the principle of minimum
total potential energy, they derived the governing differential equations and corresponding boundary conditions. Generalized di erential quadrature method was
employed to solve the governing di erential equations.
Simsek [21] used the modi ed couple stress theory to
study the static and nonlinear vibration analyses of
microbeams rested on a three-layered nonlinear elastic
foundation. The Bernoulli-Euler beam theory along
with the von-Karman's geometric nonlinearity was
used in this study. Ghayesh et al. numerically studied
the nonlinear resonant dynamics of a microbeam [22]
for straight beam, and Farokhi et al. [23] did the same
for an initially curved beam. The Galerkin method
along with appropriate eigenfunctions was used to discretize the nonlinear partial di erential equation of motion into a set of nonlinear ordinary di erential equations, and subsequently, the pseudo-arc length continuation technique was utilized to solve these equations.
On the other hand, it is well known that the
beam-like elements may encounter di erent types of
damages during their manufacturing process or service
life. Among them, delamination (or through-thewidth crack) is found to be a common failure mode
in beams where it is well known that the incidence of
the delamination in a structure changes its dynamic
characteristics such as natural frequencies and dynamic
response. Accordingly, there has been a growing interest in studying the vibrational behavior of delaminated
beams. Wang et al. [24] investigated the free vibrations of an isotropic beam with a through-the-width
delamination by splitting the whole beam into four
intact Bernoulli-Euler beams called sub-beams that are
joined together. In their study, the delaminated layers
were assumed to deform `freely' without any interaction
over the delamination surfaces (free mode model); thus,
they have di erent transverse deformations. According
to this modeling, the dramatic interpenetration of the
sub-beams located in the delaminated region may occur
in the case of o mid-plane delamination, which is
physically impossible. To avoid this kind of inconsistency, a new model was presented by Mujumdar and
Suryanarayan [25], which is based on the assumption
that the delaminated layers are constrained to have
the same transverse deformations (constrained mode
model). However, this constrained model cannot predict the opening in the mode shapes found in the experiments by Shen and Grady [26]. Afterwards, many
researchers have used the free and constrained models
to study the dynamics of delaminated beams. For
instance, Della et al. presented an analytical solution
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to the free vibrations of a beam with two overlapped
delaminations [27]. The fundamental frequency and
linear normal mode of the beam, in uenced by the size
and location of delamination, were investigated in their
study. Manoach and Warminski [28] presented dynamic behavior of a composite Timoshenko beam with
a single delamination. Kargarnovin et al. studied on
the transient response of a delaminated composite Timoshenko beam under the action of moving loads and
moving oscillating masses [29,30]. In these studies, the
contact interactions between the delaminated surfaces
were modeled using the constrained mode model [29]
and piecewise linear contact springs [30] (the contact
springs were used to investigate two extreme cases, i.e.
free and constrained models). The e ects of di erent
parameters, such as the size and depth of the delamination, the load velocity, the di erent ply con gurations,
and the Poisson's e ect on the dynamic response of the
beam, were studied. Moreover, Szekrenyes investigated
the free vibration analysis of delaminated composite
beams based on the Timoshenko and Bernoulli-Euler
beam theories [31]. In this study, it was shown
that the delaminated beam vibration is a coupled
exural-longitudinal vibration, and the delamination
opening is due to the dynamic buckling phenomenon.
Furthermore, Szekrenyes [32] also presented a niteelement model for delaminated composite beams to
investigate the existence of a system response to the
parametric excitation, and bifurcation, and stability
analysis of the possible solution. Recently, Attar et
al. [33,34] have studied non-smooth static and dynamic
behaviors of structural components interacting with
the unilateral elastic foundations. They proposed a
shooting technique to obtain the non-linear normal
modes of beams interacting with the tensionless elastic
supports. In these studies, the damaged (non-smooth)
contact interactions at the interface of beam and
foundation can be interpreted as the delamination
damage compared to the corresponding system with
a perfect bilateral connection between the beam and
elastic supports at their interface.
Although there are numerous publications on the
dynamic behavior of damaged classical structures or
the role of size dependency in the dynamics of intact
microbeams, we can observe from the literature survey
that there is no contribution to the static and dynamic
analyses of delaminated microbeams. Hence, the main
contribution of the present work is to analyze the bending and vibration characteristics of a Bernoulli-Euler
microbeam with a single delamination. In this study,
we utilize both free and constrained mode theories to
model the delaminated surfaces. Subsequently, some
numerical examples are presented to investigate the
e ects of di erent delamination parameters, such as
the damage length, size, and thicknesswise location,
on the static and dynamic behaviors of the system.
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Figure 1. The schematic model of a delaminated
microbeam.

Figure 2. Representation of a delaminated microbeam
with four sub-beams.

2. Assumptions
The considered microbeam with length L has a rectangular cross-section of height h and width b, as depicted
in Figure 1. There is an embedded delamination of
length Ld located at a distance L1 from the left end
and a depth of h2 with respect to the upper edge. The
delaminated beam can be modeled as a combination of
four sub-beams connected at delamination boundaries,
i.e. x = L1 and x = L1 + Ld , as demonstrated in
Figure 2. Thus, we have four sub-beams numbered
from 1 to 4 with the lengths of Li and thicknesses of
hi , where i = 1    4, L2 = L3 = Ld , h1 = h4 = h, and
L4 = L (L1 + Ld ).

3. Formulations
3.1. Preliminaries

The modi ed couple stress theory that was proposed
in [7] is used in this study. In fact, this theory
is an extension of the classical couple stress theory.
Accordingly, the strain energy, U , of an isotropic linear
elastic material with the total volume of can be
expressed as follows:
1y
( : " + m : )dv;
(1)
2
where dv is the di erential volume element,  is the
Cauchy stress tensor, " is the strain tensor, m is the
deviatoric part of the couple stress tensor, and  is
the symmetric curvature tensor. These parameters are
de ned as follows:
U=
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1
r
u + (ru)T ;
2
 = tr(")I + 2";

"=

(2)
(3)


1
(4)
 = r + (r)T ;
2
m = 2`2 ;
(5)
where  is the rotation vector de ned by Eq. (6) as
follows:
1
 = curl(u);
(6)
2
where u is the displacement vector, ` is the material
length scale, and  and  are the Lame's constants so
that they are related to both Young's modulus, E , and
Poisson's ratio, v, as follows:
Ev
=
;
(7)
(1 + v)(1 2v)

E
=
:
2(1 + v)
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By substituting Eqs. (10)-(14) into Eq. (1), the expression for strain energy of four sub-beams can be obtained
as follows:
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and Ai is the cross-sectional area of the ith sub-beam.
Furthermore, the kinetic energy of sub-beams can be
expressed as follows:


Z
@w1 2
1 L1
A1
dx;
(19)
T1 =
2 0
@t
1
Ti =
2

Z L1 +Ld

L1
Z
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@wi 2
dx;
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i = 2 ; 3;

(20)

@w4 2
1 L
A4
dx:
(21)
T4 =
2 L1 +Ld
@t
Finally, the work done by external forces and moments
can be obtained as [8]:
W=

(12)

0
0 ;
0

0
0

0

3.2. Governing equations

According to the Bernoulli-Euler beam theory, the displacement eld for the ith sub-beam can be expressed
as follows:
(@wi (x; t)
ui = z
;
vi = 0 ;
@x
wi = wi (x; t);
i = 1;    ; 4;
(9)
where ui , vi , and wi are the components of displacement vector in the directions of x, y, and z ,
respectively. By substituting Eq. (9) into Eq. (2), the
strain components of the ith sub-beam can be obtained
as follows:
@ 2 wi (x; t)
"xxi = z
;
@x2
"yyi = "zzi = "xyi = "yzi = "zxi = 0:
(10)
Furthermore, using Eqs. (3)-(8), one can obtain the
stress components, rotation vector, symmetric curvature tensor, and deviatoric part of the couple stress
tensor as follows:
@2w
xxi = ( + 2)z 2i ;
@x
@2w
yyi = zzi = z 2i ;
@x
xyi = yzi = zxi = 0;
(11)

1 @ 2 wi
2 @x2

0

x

(f:u + c:)dv +

x
@

(t:u + s:)da;

(22)

where f , c, t, and s are the body force, body couple,
surface traction, and surface couple, respectively, and
@ is the surface of .
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3.2.1. Static analysis
In this section, the static bending analysis of the
delaminated microbeam is presented. The di erential
equations for each sub-beam are derived using the
principle of minimum total potential energy, which can
be expressed as [35]:
  =  ( U W ) = 0;
(23)
where  is the variational operator. Moreover, by
de nition, the total potential energy () is written as
follows:
 = U W = U1 + U2 + U3 + U4 W:
(24)
The related equations according to both constrained
and free modes are presented in the following subsections.

touching each other. Thus, they have di erent transverse displacements. By employing a similar process
as used in the previous subsection, the governing
equations of the sub-beams can be obtained as follows:
d4 wi (x)
qi (x) = 0;
i = 1;    ; 4:
(30)
Di
dx4
By integrating Eq. (30), the static de ection of the delaminated microbeam will be obtained by the following
formula:

1 xx
C
wi (x) =
qi (x)dxdxdxdx + 1i x3
Di
6

Constrained mode

3.2.2. Free vibration analysis
In this section, the free vibration analysis of delaminated microbeam based on the Bernoulli-Euler beam
model is studied by employing the modi ed couple
stress theory. To this end, the di erential equations
of motion for the problem in hand can be obtained by
applying the Hamilton's principle to the whole system
as follows [35]:

According to constrained mode model [25], sub-beams
located in the delamination region have identical transverse displacement, i.e. w2 = w3 . Using Eq. (23), the
governing equations for the static bending of sub-beams
in this case are obtained as follows:
d4 wi (x)
Di
qi (x) = 0;
i = 1; 4;
(25)
dx4
d4 w (x)
(D2 + D3 ) 24
q2 (x) = 0;
(26)
dx
where:
Di = ( + 2)Ii + `2 Ai ;
i = 1 4:
(27)
In addition, qi (i = 1; 2, and 4) is the external
load applied to the ith sub-beams. The linear nonhomogeneous di erential Eqs. (25) and (26) can be
integrated to obtain the following solutions:

1 xx
C
wi (x) =
qi (x)dxdxdxdx + 1i x3
Di
6
+



C 2i 2
x + C3i x + C4i ;
2

i =1 and 4;

x x
1
q2 (x)dxdxdxdx
w2 (x) =
D2 + D3

(28)



C
C
(29)
+ 12 x3 + 22 x2 + C32 x + C42 ;
6
2
where coecients Cji are unknown constants that
can be determined by applying appropriate boundary,
continuity, and compatibility conditions (details are
presented in Section 3.2.2). Note that Eqs. (28)
and (29) represent the closed-form solution for the
static de ection of the delaminated microbeam.

Free mode

In the free mode model, as mentioned before, subbeams 2 and 3 were allowed to move freely without

+



Z t2

t1

(T



C 2i 2
x + C 3i x + C 4i ;
2

i = 1;    ; 4:
(31)

U )dt = 0;

(32)

where t1 and t2 are two arbitrary time instants. Substituting Eqs. (15)-(17) and Eqs. (19)-(21) into Eq. (32)
leads to the equations of motion that are presented in
the subsequent sections for the constrained and free
mode models.

Constrained mode

For the constrained mode model, the governing di erential equations of motion for the free vibration can be
derived as follows:
@4w
@2w
Di 4i + Ai 2 i = 0;
i = 1; 4;
(33)
@x
@t
@ 4 w2
@ 2 w2
+

(
A
+
A
)
= 0:
(34)
2
3
@x4
@t2
Using the separation of variables technique, the solution to Eqs. (33) and (34) can be written as follows:

(D2 + D3 )

wi (x; t) = Wi (x) cos(!t);

(i = 1; 2; 4);

(35)

where ! and Wi (x) are the natural frequency and
corresponding mode shape of the ith sub-beam, respectively. Substituting Eq. (35) into Eqs. (33) and (34)
and, subsequently, dividing both sides by cos(!t), we
obtain the following fourth-order ordinary di erential
equation:
d4 Wi (x)
4i Wi (x) = 0;
i = 1; 4;
(36a)
dx4
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d4 W2 (x)
42 W2 (x) = 0;
dx4
where:
A !2
4i = i ;
i = 1; 4;
Di

(36b)

(A2 + A3 )!2
:
D2 + D3
We assume a solution to the form Wi (x) = Cesx .
Substituting the assumed solution into the di erential
equations (36a) and (36b), one can obtain s = ,
s = ^i  (I^ is the complex variable). After some
simpli cations, the appropriate solution for the mode
shape can be obtained as follows:
42 =

Wi (x) =Ci cos(i x) + Si sin(i x) + Qi cosh(i x)

+ Ri sinh(i x);

i = 1; 2; 4:

(37)

It is clear that, in this case, we have 12 unknown
coecients Ci , Si , Qi , and Ri (i = 1; 2, and 4).
These coecients can be determined by 4 boundary
conditions as well as 8 continuity and compatibility
relations. The appropriate boundary conditions that
can be applied at the support ends (i.e., x = 0 and x =
L) are Wi = 0 and Wi0 = 0 for the clamped condition,
Wi = 0 and Wi00 = 0 for the simply supported type,
Wi00 = 0 and Wi000 = 0 for the free end conditions where
i = 1 and 4. Note that, in the aforementioned relations,
the prime sign denotes di erentiation with respect to
x-coordinate. The continuity conditions of de ection
and slope at two ends of the delamination zone are
also identi ed as follows:
w1 = w2 ;
w10 = w20 ;
at x = L1 ;
(38)
w4 = w2 ;

w40 = w20 ;

at x = L1 + Ld :

(39)

Moreover, the compatibility conditions of shear force
can be expressed:
D1 w1000 = (D2 + D3 )w2000 ;
at x = L1 ;
(40)
D4 w4000 = (D2 + D3 )w2000 ;

at x = L1 + Ld :

(41)

Finally, the compatibility conditions of bending moments are obtained as follows:
!
h21 W10 (L1 ) W40 (L1 + Ld )
00
00
D1 W1 =(D2 + D3 )W2
;
4Ld (+21)A2 + (+21)A3
at x = L1 ;
D4 W400 =(D2 + D3 )W200

at x = L1+ Ld ;

(42)
!

h21 W10 (L1 ) W40 (L1 + Ld )
;
4Ld (+21)A2 + (+21)A3

(43)

where Eqs. (38)-(43) along with four boundary conditions provide 12 homogenous equations for 12 unknown
coecients Ci , Si , Qi , and Ri (i = 1, 2 and 4).
Substituting Eq. (36) into these conditions leads to
the matrix-form equations [A]fC1 ; S1 ;    ; Q4 ; R4 gT =
f0g. To obtain a nontrivial solution to the unknown
coecients, the determinant of coecient matrix [A]
must be zero, which forms the characteristic equation
for the system natural frequencies. In fact, the
eigenvalues and eigenvectors of the above matrix-form
equations are the natural frequencies and the corresponding mode shapes of the delaminated microbeam,
respectively.

Free mode

For the free mode, the equations of motion are derived
as follows:
@2w
@4w
i = 1    4:
(44)
Di 4i + Ai 2 i = 0;
@x
@t
The solution forms for the free mode model are identical to the constrained mode. Note that there are
16 unknown coecients that can be determined by 4
boundary conditions and 12 continuity and compatibility conditions. The boundary conditions for the free
mode are identical to those that are presented for the
constrained mode. Moreover, the continuity conditions
for de ection and slope and also compatibility conditions for the shear forces and bending moments are as
follows:
The continuity conditions of the transverse de ection:
w1 = w2 ;
w1 = w3 ;
at x = L1 ;
(45)
w4 = w2 ;
w4 = w3 ;
at x = L1 + Ld :
The continuity conditions of the slope:
w10 = w20 ;
w10 = w30 ;
at x = L1 ;
w0 = w0 ;
w0 = w0 ;
at x = L1 + Ld :
4

2

4

3

(46)
(47)
(48)

The compatibility conditions of the shear forces:
D1 w1000 = D2 w2000 + D3 w3000 ;
at x = L1 ;
(49)
D4 w4000 = D2 w2000 + D3 w3000 ;
at x = L1 + Ld : (50)
The compatibility conditions of the bending moments:
D1 W100 = D2 W200 + D3 W300
!

h21 W10 (L1 ) W40 (L1 + Ld )
;
4Ld (+21)A2 + (+21)A3
D4 W 00 = D2 W 00 + D3 W 00
4

2

at x = L1 ; (51)

3

!

h21 W10 (L1 ) W40 (L1 + Ld )
;
4Ld (+21)A2 + (+21)A3

at x = L1+ Ld :
(52)
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Eqs. (45)-(52) and four appropriate boundary conditions make a set of 16 simultaneous linear homogenous
algebraic equations for 16 unknown coecients Ci ,
Si , Qi , and Ri (i = 1 4). The frequencies and
corresponding mode shapes can be obtained in a similar
way that is described for the constrained mode model.
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mentioning that, in this gure and also in Figures 68, the blue lines in the left and right sides of the
delamination region refer to the de ection of sub-beams
2 and 3, respectively. It is obvious that the beam's
de ection directly depends on the delamination length
so that it increases when the delamination length

4. Numerical results
The beam model assumed here is taken to be made of
epoxy with E = 1:44 GPa, v = 0:38,  = 1220 kg/m3 ,
and ` = 17:6 m as elastic modulus, Poisson's ratio,
density, and length-scale parameter, respectively [8].
The veri cations and results for the static case and free
vibration case are presented in the next sections. Since
incorporating the Poisson's ratio causes underestimation of de ection due to the overestimation of bending
rigidity of microbeam [10,11], the Poisson's ratio is
assumed here to be zero. For all considered examples,
unless mentioned otherwise, the beam's dimensions
are L = 20h1 and b = 2h1 . Di erent delamination
parameters vary, and their e ects on the microbeam
behavior are investigated.

4.1. Static analysis

As shown in Figure 3, a cantilever beam with central
delamination, which is subjected to a vertical force
at the free end, is considered here. The central
delamination refers to a delamination whose center
coincides with the beam center. In order to verify
the present formulations, the delamination length is
considered in nitesimally small (i.e., Ld = 0:01L),
and the constrained mode model is applied. For all
numerical examples in the static analysis, the load
magnitude is taken to be P = 100 N [8].
The de ection of the microbeam based on the
present formulation is depicted in Figure 4. We can observe that the de ection of the delaminated microbeam
with extremely small delamination length is identical
to the result reported previously by Park et al. [8] for
an intact microbeam with the same conditions.
The e ect of delamination length on the de ection
of the microbeam is investigated in Figure 5. In
this case, the central delamination is placed on the
mid plane of the beam (i.e., h2 = h3 ). It is worth

Figure 4. Static bending de ection for the cantilever

microbeam subjected to a point load at its free end (see
Figure 3 with P = 100 N). In order to verify our model,
the delamination length is considered very small (i.e.,
Ld = 0:01L) and the beam de ection is compared with the
static deformation of intact microbeam obtained in [8].
Note that SBi is abbreviated for ith sub-beam (i = 1; 4),
and the delamination region is referred to sub-beams 2
and 3.

Figure 5. E ect of delamination length on the de ection
Figure 3. The cantilever beam with the central

delamination subjected to a point load P at its free end.

of cantilever micro beam (see Figure 3) with h2 = h3 and
P = 100 N. Note that the solid blue line refers to the
de ection of the sub-beams 1 and 4, before and after the
delamination zone.
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Figure 6. E ect of delamination thicknesswise location

on the de ection of cantilever microbeam (see Figure 3)
with Ld = 0:7L and P = 100 N. Note that the solid blue
line refers to the de ection of sub-beams 1 and 4, before
and after the delamination zone.

Figure 7. E ect of length-scale parameter on the

de ection of cantilever microbeam (see Figure 3) with
h2 = h3 = 0:5h1 , Ld = 0:5L, P = 100 N, h1 = 20 m and
n = h1 =`. Note that the solid blue line refers to the
de ection of the sub-beams 1 and 4, before and after the
delamination zone.

increases. This occurrence is because the delamination
decreases the beam's overall sti ness.
Figure 6 illustrates the e ect of thicknesswise
location of the delamination on the static de ection
of the delaminated microbeam. In this case, the
length of the central delamination is considered to be
Ld = 0:7L, and three di erent thicknesswise locations
are considered. Therefore, it is observed that as the

Figure 8. E ect of length-scale parameter on the

de ection of the cantilever microbeam (see Figure 3) with
h2 = h3 = 0:5h1 , Ld = 0:5L and P = 100 N. Note that
the solid blue line refers to the de ection of sub-beams 1
and 4, before and after the delamination zone.

delamination gets closer to the mid-plane of the beam,
the corresponding de ection of the beam is higher.
The e ect of length-scale parameter on the deection of the delaminated microbeam is depicted in
Figure 7. For this example and the next one, a central
delamination (h2 = h3 = 0:5h1 ) is considered, and its
length is considered to be Ld = 0:5L. It is found
that as the value of the length-scale parameter (` =
h1 =n) increases, the static de ection of the delaminated
microbeam decreases due to the sti ening e ect of the
couple stress theory.
As the nal example of static section, the de ections predicted by the modi ed couple stress theory and
the classical theory are compared in Figure 8. Also, it is
worth mentioning that by letting ` = 0, the expressions
for the classical Bernoulli-Euler beam theory can be
achieved from the expressions obtained in this study.
From Figure 8, it is clear that the beam modeled on
the basis of the modi ed couple stress theory is sti er
than those predicted by the classical beam theory.

4.2. Free vibration analysis

E ects of delamination parameters on the free vibration characteristics of the microbeam are investigated
in this section. In this study, applied three types
of boundary conditions are as follows: Clamped-Free
(CF), Simple-Simple (SS), and Clamped-Simple (CS).
Similar to the static bending case, the Poisson's e ect
is not included in calculating the numerical results.
It is obvious that by letting delamination length be
very small, the results of the delaminated microbeam
tend to the intact one. This can be used in order to
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Figure 9. Fundamental natural frequency of the simply
supported intact microbeam.

Figure 10. The e ect of length-scale parameter on the

fundamental natural frequency (in HZ) of the delaminated
simply supported microbeam with h2 = h3 = 0:5h1 ,
Ld = 0:5L, h1 = 20 m, and L1 = L4 .

verify the present vibration analysis of the delaminated
microbeam.
In order to verify present formulations, a microbeam with SS boundary conditions is considered [9].
The fundamental natural frequency of this microbeam
is compared with that reported by Ma et al. [9]
and depicted in Figure 9. We can clearly observe
excellent agreement between the present results and
those obtained by Ma et al. [9].
The e ect of length-scale parameter on the
dynamic characteristics of the delaminated microbeam
based on the free and constrained mode models is
presented in Figure 10. In order to obtain this gure,
the value of ` is varied and the beam's thickness
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is kept constant (i.e., h1 = 20 m). It is obvious
from the gure that the frequencies obtained by the
free mode model are smaller than those derived by
the constrained mode model are. In other words
and as discussed in [27-30] for classical delaminated
beams, the free and constrained mode models can
be considered as the lower and upper bounds of the
natural frequencies, respectively (neglecting the nonliner e ects due to the contact interaction between the
two surfaces of delamination). Likewise, by decreasing
the material length-scale parameter, the fundamental
natural frequency decreases. In addition, the di erence
between the natural frequencies predicted by free and
constrained mode models increases by decreasing the
material length-scale parameter. This indicates that
the role of opening phenomenon in the mode shapes
of the free model is more distinct in the lower values
of material length-scale parameter.
The e ects of delamination length and its
thicknesswise location on the rst natural frequency of
the microbeam with central delamination are presented
in Figure 11 for three di erent boundary conditions.
The results of these gures are obtained based on the
constrained model. It is observed that by increasing
the delamination length, the fundamental natural
frequency of the delaminated microbeam decreases.
As stated before, this is due to the reduction in beam's
overall sti ness. Moreover, it should be mentioned that
as the delamination length becomes larger, the rate
of the frequency changes becomes higher. In addition,
the e ect of thicknesswise location of delamination is
clearly shown in these gures. Results show that the
microbeams with the mid-plane delamination have the
lower natural frequencies compared to the microbeams
with the delamination closer to the free surfaces.
The e ects of spanwise location of delamination
on the rst natural frequencies of microbeam are
illustrated in Figure 12. The results are obtained
based on the constrained mode model for three di erent
thicknesswise locations of h2 =h1 = 0:1, 0.2, and 0.5. In
this case, a constant delamination length Ld = 0:4L
is considered. It is deduced that the presence of
delamination in the vicinity of the restricted supports
(e.g., clamped or hinged) leads to the reduction of the
overall system sti ness; consequently, the fundamental
frequency of the microbeam reduces too. In other
words, when the delamination is shifted towards either
of the restricted supports, the natural frequencies
would decrease accordingly. Moreover, by referring
to Figure 12(b), the maximum natural frequency for
the beam with SS end conditions occurs when the
delamination is placed at the middle of the beam.
However, for the beams with CF (Figure 12(a)) and
CS (Figure 12(c)) boundary conditions, the maximum
points can be found when the delamination is close to
the free end and simple end of the beam, respectively.
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Figure 11. Fundamental frequencies versus dimensionless

delamination length for di erent thicknesswise locations of
delamination in microbeams with h1 = 20 m and
L1 = L4 .

The fundamental natural frequencies of simply
supported beams with a central delamination are presented in Figure 13 based on the free and constrained
mode models. The results have been obtained with

Figure 12. Fundamental frequencies versus spanwise

location of the delamination for the microbeam with
Ld = 0:4L, h1 = 20 m, L1 = L4 and three di erent
thicknesswise locations h2 =h1 .

respect to two di erent thicknesswise locations of
h2 =h1 = 0:1 and 0.4. We can observe that the lower and
upper bounds of the natural frequencies are obtained
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Figure 13. Fundamental natural frequencies based on the
free and constrained mode theories for a simply supported
microbeam with h1 = 75 m, and L1 = L4 .

using the eigenvalue solutions for the `free' and `constrained' modes of the delaminated layers, respectively.
If the delamination is located close to the beam midplane, the natural frequencies of the beam obtained by
the free and constrained modes are almost the same.
This is due to the fact that no \opening mode" is
observed for this case. However, when the delamination
is located close to the free surface of the beam, the role
of so-called \opening modes" is distinctive. This can be
explained by the fact that the sti nesses of the second
and third sub-beams are close when the delamination
is placed at h2 =h1 = 0:4. On the other hand, when
the delamination is placed at thicknesswise location
h2 =h1 = 0:1, the di erence between the sti nesses of
sub-beams 2 and 3 is relatively high.
In order to compare the results predicted by
the modi ed couple stress theory with those obtained
from the classical theory, the fundamental natural
frequencies of a cantilever microbeam versus the dimensionless delamination length are depicted in Figure 14.
For this purpose, the thickness of h1 = 20 m and
delamination's thicknesswise location of h2 =h1 = 0:2
are considered. The results are calculated based on the
constrained mode model. It is obvious from the gure
that the frequencies obtained by classical beam theory
are less than half of those predicted by the modi ed
couple stress theory. This can clearly demonstrate that
the results obtained according to the classical theory
are not accurate enough for the present system, since
the role of length-scale parameter is not incorporated.
The rst mode shapes of a microbeam with
clamped-clamped boundary conditions and based on
the free mode models are depicted in Figure 15. The
single delamination with two di erent delamination
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Figure 14. First natural frequency versus dimensionless

delamination length for a cantilever microbeam based on
the modi ed couple stress and classical theories
(h1 = 20 m, L1 = L4 , h2 =h1 = 0:2, and the constrained
mode model is used).

lengths is positioned at two di erent thicknesswise
locations. From these diagrams, one can observe that
the rst mode shape of the beam does not show any
opening behavior when the delamination is located
near the mid-plane (see Figure 15(a) and (b)) and
also when the short delamination is placed near the
free surface (see Figure 15(c)). However, once the
longer delamination is located near the free surface (see
Figure 15(d)), we can clearly see the opening mode
phenomenon in the delamination region. Therefore,
the delamination length and its thicknesswise location
have signi cant e ects on the occurrence of opening
mode phenomenon for the fundamental mode.
Finally, the e ects of delamination spanwise location on the mode shape of a clamped-clamped microbeam are illustrated in Figure 16. It is clearly
demonstrated that when the delamination spanwise
location is not central, the normal mode shape loses
its symmetry and becomes asymmetric.

5. Conclusions
An analytical solution for the static and dynamic
analyses of the delaminated microbeams based on the
modi ed couple stress theory was presented in this
work. We evaluated the e ects of delamination geometry and locations on the static and dynamic responses
of the delaminated non-classical size-dependent beamlike components. Since this study is the rst to deal
with the delaminated microbeams, we believe that
the results presented in this study can be used as a
benchmark for similar works in the future. Based on
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Figure 15. First normal mode shape of the delaminated clamped-clamped microbeam with di erent delamination lengths
and thicknesswise locations (L1 = L4 and the free mode model are used).

2.

3.

4.

Figure 16. First mode shape of the delaminated

microbeam (h2 = 0:2h1 , Ld = 0:5L, L1 = 0:1L, and the
free mode model are used).

5.
6.

the obtained results, the following observations have
been made:
1. It is found that the static and dynamic responses
of microbeam are sensitive to the delamination
parameters. The existence of such a delamination

7.

can increase the microbeam's de ection in static
and dynamic cases;
For the delaminated microbeam, when the delamination shifts towards the mid-plane of beam crosssection, higher static transverse deformation has
been observed for the beam;
Once the delamination length is more than half
of the beam's length, signi cant changes will be
obtained in the microbeam's natural frequencies. In
other words, as the delamination length increases,
the natural frequencies decrease;
By moving the delamination closer to the midplane of beam cross-section, the natural frequencies
decrease further;
The fundamental frequency decreases as the delamination shifts towards the restricted supports;
The di erence between the natural frequencies obtained from the free and constrained mode models
can indicate that the presence of opening mode
phenomenon between the delaminated layers can
signi cantly change the microbeam's free vibration
characteristics;
It has been observed that the natural frequencies
of microbeam decrease as the material length-scale
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parameter decreases. In addition, the di erence
between the frequencies obtained from the free and
constrained mode models increases when the value
of length-scale parameter decreases.
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