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KEYWORDS Abstract. In this paper, we study static bending and free vibration behaviors of
Bernoulli-Euler microbeams with a single delamination using the modified couple stress
theory. The delaminated beam is modeled by four interconnected sub-beams using the
delamination zone as their boundaries. The free and constrained mode theories are utilized
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as well as compatibility conditions are satisfied between the neighboring sub-beams. After
verification of the results for some case studies with available solutions, the effects of various
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todels length-scale parameter, and boundary conditions, on the static bending and free vibration
characteristics of the size-dependent microbeam, have been investigated in detail.
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1. Introduction eter in its subcomponents (e.g., characteristic size of

crystal lattices, molecules of polymers, and particles of
granular materials), the well-known classical theories
are inadequate to capture the size dependency of these
substructures; thus, they no longer present an accurate
mathematical framework to study the real physics of
the whole model. Therefore, several higher order (non-
local) theories, such as micro polar, strain gradient,
couple stress, as well as modified couple stress theories,
have been proposed for isotropic elastic materials in
which the role(s) of material length-scale parameter/s
is/are involved in the constitutive equations.

Microstructure-dependent structural components and
their mechanical behavior have attracted considerable
research efforts among scholars in recent years. This
is due to the wide application of small-scale systems to
various engineering disciplines where miniaturized sub-
structures, such as microbeams, micro-plates, and/or
microbars, are their key building blocks. In particular,
when the overall spatial resolution of system is com-
parable to the size of the material length-scale param-
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force microscopes [3], and carrying micro-particles [4]).
In this regard, the couple stress elasticity theory
was presented in 1960s for the first time where this
model introduced two higher-order material length-
scale parameters, in addition to the two classical Lamé
constants, in the governing equations of motion [5,6].
In 2002, this model was modified by Yang et al. [7]
to develop the modified couple stress theory in which
the constitutive equations contain only one additional
material length scale, creating symmetric couple stress
tensor. These two properties of the modified couple
stress theory (i.e., the inclusion of a symmetric couple
stress tensor and the involvement of only one length-
scale parameter) are two advantages of this model over
the classical couple stress theory. Therefore, in the past
decade, many researchers have studied the behavior of
microbeams based on this novel and convenient theory.
For instance, modified couple stress theory for bending
analysis of Bernoulli-Euler beams was presented using
the minimum total potential energy principle [8]. Ma
et al. [9] developed size-dependent Timoshenko bheam
model based on the modified couple stress theory.
They also investigated the Poisson’s effect on the static
bending and free vibration of a simply supported beam.
However, later, it was shown that considering Poisson’s
effect can lead to erroneous results, and the results
obtained by omitting Poisson’s effect are much closer
to the experimental data [10,11]. Kahrobaiyan et
al. [12] used modified couple stress theory to obtain
the dynamic characteristics of atomic force microscopes
cantilevers. Asghari et al. investigated the static and
free vibration analyses of nonlinear Timoshenko beam
based on the modified couple stress theory [13]. Akgdz
and Civalek reported on the stability of axially loaded
microbeams based on the strain gradient elasticity
and modified couple stress theory [14]. Simsek and
Reddy [15] examined the static and dynamic behaviors
of the functionally graded microbeams based on the
modified couple stress theory, compared with other
nonlocal beam theories. Akgoz et al. studied the vi-
bration responses of non-homogenous and non-uniform
microbeams within the framework of Bernoulli-Euler
beam model and modified couple stress theory [16]. In
addition, Mohammad Abadi and Daneshmehr inves-
tigated the buckling analyses of laminated composite
beams based on the Bernoulli-Euler and Timoshenko
beam theories by the modified couple stress theory [17].
Darijani and Mohammadabadi proposed a new beam
deformation theory using the modified couple stress
theory by considering the shear deformation with two
unknown functions [18§].

Similar to the aforementioned linear models, the
nonlinear static and dynamic analyses of microbeams
were investigated using the numerical and theoretical
methods by many researchers based on the modified
couple stress theory [19-23]. Dai et al. developed

a new nonlinear theoretical model for cantilever mi-
crobeams [19] to explore the nonlinear dynamic behav-
ior. Mohammad-Abadi and Daneshmehr [20] reported
on the buckling analysis of microbeams based on the
Bernoulli-Euler beam, Timoshenko beam, and Reddy
beam theories. By employing the principle of minimum
total potential energy, they derived the governing dif-
ferential equations and corresponding boundary condi-
tions. Generalized differential quadrature method was
employed to solve the governing differential equations.
Simsek [21] used the modified couple stress theory to
study the static and nonlinear vibration analyses of
microbeams rested on a three-layered nonlinear elastic
foundation. The Bernoulli-Euler beam theory along
with the von-Karman’s geometric nonlinearity was
used in this study. Ghayesh et al. numerically studied
the nonlinear resonant dynamics of a microbeam [22]
for straight beam, and Farokhi et al. [23] did the same
for an initially curved beam. The Galerkin method
along with appropriate eigenfunctions was used to dis-
cretize the nonlinear partial differential equation of mo-
tion into a set of nonlinear ordinary differential equa-
tions, and subsequently, the pseudo-arc length contin-
uation technique was utilized to solve these equations.

On the other hand, it is well known that the
beam-like elements may encounter different types of
damages during their manufacturing process or service
life.  Among them, delamination (or through-the-
width crack) is found to be a common failure mode
in beams where it is well known that the incidence of
the delamination in a structure changes its dynamic
characteristics such as natural frequencies and dynamic
response. Accordingly, there has been a growing inter-
est in studying the vibrational behavior of delaminated
beams. Wang et al. [24] investigated the free vibra-
tions of an isotropic beam with a through-the-width
delamination by splitting the whole beam into four
intact Bernoulli-Euler beams called sub-beams that are
joined together. In their study, the delaminated layers
were assumed to deform ‘freely’ without any interaction
over the delamination surfaces (free mode model); thus,
they have different transverse deformations. According
to this modeling, the dramatic interpenetration of the
sub-beams located in the delaminated region may occur
in the case of off mid-plane delamination, which is
physically impossible. To avoid this kind of inconsis-
tency, a new model was presented by Mujumdar and
Suryanarayan [25], which is based on the assumption
that the delaminated layers are constrained to have
the same transverse deformations (constrained mode
model). However, this constrained model cannot pre-
dict the opening in the mode shapes found in the ex-
periments by Shen and Grady [26]. Afterwards, many
researchers have used the free and constrained models
to study the dynamics of delaminated beams. For
instance, Della et al. presented an analytical solution
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to the free vibrations of a beam with two overlapped
delaminations [27]. The fundamental frequency and
linear normal mode of the beam, influenced by the size
and location of delamination, were investigated in their
study. Manoach and Warminski [28] presented dy-
namic behavior of a composite Timoshenko beam with
a single delamination. Kargarnovin et al. studied on
the transient response of a delaminated composite Tim-
oshenko beam under the action of moving loads and
moving oscillating masses [29,30]. In these studies, the
contact interactions between the delaminated surfaces
were modeled using the constrained mode model [29]
and piecewise linear contact springs [30] (the contact
springs were used to investigate two extreme cases, i.e.
free and constrained models). The effects of different
parameters, such as the size and depth of the delamina-
tion, the load velocity, the different ply configurations,
and the Poisson’s effect on the dynamic response of the
beam, were studied. Moreover, Szekrényes investigated
the free vibration analysis of delaminated composite
beams based on the Timoshenko and Bernoulli-Euler
beam theories [31]. In this study, it was shown
that the delaminated beam vibration is a coupled
flexural-longitudinal vibration, and the delamination
opening is due to the dynamic buckling phenomenon.
Furthermore, Szekrényes [32] also presented a finite-
element model for delaminated composite beams to
investigate the existence of a system response to the
parametric excitation, and bifurcation, and stability
analysis of the possible solution. Recently, Attar et
al. [33,34] have studied non-smooth static and dynamic
behaviors of structural components interacting with
the unilateral elastic foundations. They proposed a
shooting technique to obtain the non-linear normal
modes of beams interacting with the tensionless elastic
supports. In these studies, the damaged (non-smooth)
contact interactions at the interface of beam and
foundation can be interpreted as the delamination
damage compared to the corresponding system with
a perfect bilateral connection between the beam and
elastic supports at their interface.

Although there are numerous publications on the
dynamic behavior of damaged classical structures or
the role of size dependency in the dynamics of intact
microbeams, we can observe from the literature survey
that there is no contribution to the static and dynamic
analyses of delaminated microbeams. Hence, the main
contribution of the present work is to analyze the bend-
ing and vibration characteristics of a Bernoulli-Euler
microbeam with a single delamination. In this study,
we utilize both free and constrained mode theories to
model the delaminated surfaces. Subsequently, some
numerical examples are presented to investigate the
effects of different delamination parameters, such as
the damage length, size, and thicknesswise location,
on the static and dynamic behaviors of the system.

Intact region

Delamination region

Intact region

Figure 1. The schematic model of a delaminated
microbeam.

T
I & Sub-beam 2 T
= v
I Sub-beam 1 i Sub-beam 4 3
< &S| Sub-beam 3 l
! i
Ly Lg Ly
L

Figure 2. Representation of a delaminated microbeam
with four sub-beams.

2. Assumptions

The considered microbeam with length L has a rectan-
gular cross-section of height h and width b, as depicted
in Figure 1. There is an embedded delamination of
length Ly located at a distance L; from the left end
and a depth of hy with respect to the upper edge. The
delaminated beam can be modeled as a combination of
four sub-beams connected at delamination boundaries,
iie. x = Ly and x = Ly + Ly, as demonstrated in
Figure 2. Thus, we have four sub-beams numbered
from 1 to 4 with the lengths of L; and thicknesses of
hi, where ¢ = 1"'4, L2 :L3 :Ld, hl :h4 :h, and
Ly=L—- (L + Ly).

3. Formulations

3.1. Preliminaries

The modified couple stress theory that was proposed
in [7] is used in this study. In fact, this theory
is an extension of the classical couple stress theory.
Accordingly, the strain energy, U, of an isotropic linear
elastic material with the total volume of Q can be
expressed as follows:

U= %fjjﬂ(o:s—l—m:x)dv, (1)

where dv is the differential volume element, ¢ is the
Cauchy stress tensor, ¢ is the strain tensor, m is the
deviatoric part of the couple stress tensor, and y is
the symmetric curvature tensor. These parameters are
defined as follows:
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£ = % [Vu+ (V)] , (2)
o = Mr(e)T + 2pe, (3)
v =5 [V6+(V6)7], @)
m = 20%px, (5)

where 6 is the rotation vector defined by Eq. (6) as
follows:

6= %curl(u), (6)

where u is the displacement vector, £ is the material
length scale, and A and p are the Lamé’s constants so
that they are related to both Young’s modulus, E, and
Poisson’s ratio, v, as follows:

Ev
A= Troa-) )
E
k) ?

3.2. Governing equations

According to the Bernoulli-Euler beam theory, the dis-
placement field for the ith sub-beam can be expressed
as follows:

N (L1 C2%)
dx
wi:wi(xat)7 Z:17 747 (9)

where w;, v;, and w,; are the components of dis-
placement vector in the directions of z, y, and z,
respectively. By substituting Eq. (9) into Eq. (2), the
strain components of the 7th sub-beam can be obtained
as follows:

o Pwi(t)
Epx; = — Ta
Eyyi = €2z, = Eay; = Eyz; = Ez2a; = 0. (10)

Furthermore, using Eqs. (3)-(8), one can obtain the
stress components, rotation vector, symmetric curva-
ture tensor, and deviatoric part of the couple stress

tensor as follows:
2

d wW;

Opp; = —()\+2M)Z 02

82w1~

Oyy, = 02z, = —AZ 922’
Ouy; = Oyz; = Ozz; = 0, (11)

i J ok

_1 ) o 2| _ dw;

91'—5 2z 9y az—<07_ax70 , (12)

—288% 0 w;

1 0%w;
02 T2 0z2 0
Xi=|-39% 0 0 (13)
0 0 0
0 CuZ 0
R 2, 07 w;
mi = |—(?p 9 0 0|- (14)
0 0 0

By substituting Eqs. (10)-(14) into Eq. (1), the expres-
sion for strain energy of four sub-beams can be obtained

as follows:
L, 52 5
w1
A+2u) | —=
{( +2u)hh ( 922 )

1
U1:§/
0

) 9w, \°
ﬂwm(&g)}m, (15)
Li+Lg
1 w; 2
Ly
) 2
+pl? A; ( 5 ;) }da; i=2,3, (16)
L
1 ?ws\’
Us =5 / O\ + 200) I ( a“f)
Li+Lg
) 92wy \ >
ﬂw&(&g)}m, (17)
where
I = HA 2dA, =14, (18)

and A, is the cross-sectional area of the ith sub-beam.
Furthermore, the kinetic energy of sub-beams can be
expressed as follows:

1 L 6w1 2
T = - Ay | — 1
=y [ e (%) an (19)
1 [Li+la Oow: \ 2
s [ e () anim2a )
1 L 87.04 2
Ty = - Ay | — . 21
=5 () e (21)

Finally, the work done by external forces and moments
can be obtained as [8]:

W = !J(fu +c.0)dv + ajg(tu + s.0)da, (22)

where f, ¢, t, and s are the body force, body couple,
surface traction, and surface couple, respectively, and
0N is the surface of Q.
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3.2.1. Static analysis
In this section, the static bending analysis of the
delaminated microbeam is presented. The differential
equations for each sub-beam are derived using the
principle of minimum total potential energy, which can
be expressed as [35]:

SIL = 86(U — W) =0, (23)

where ¢ is the variational operator. Moreover, by
definition, the total potential energy (II) is written as
follows:

nN=U-W=U,+Us+U3+U;—W. (24)

The related equations according to both constrained
and free modes are presented in the following subsec-
tions.

Constrained mode

According to constrained mode model [25], sub-beams
located in the delamination region have identical trans-
verse displacement, i.e. ws = ws. Using Eq. (23), the
governing equations for the static bending of sub-beams
in this case are obtained as follows:

d*w;(x) .
At ¢(z) =0, =14, (25)
d*wo(z
(D2 + D) T2 0y = 0, (26)
x
where:
Di= 2L+ plA;,  i=1-4, (27)

In addition, ¢; (+ = 1,2, and 4) is the external
load applied to the 7th sub-beams. The linear non-
homogeneous differential Eqs. (25) and (26) can be
integrated to obtain the following solutions:

wi(x) :Dii (jf jf ¢:(z)dzdxdxdz + %ﬁ

+C;i$2+03ix+04i> R 1=1 and 4,
(28)
1
wa () :m (fj fj g2 (x)dxdxdrdx
C C:
—l—%aﬁ + %IZ + Csx + C42> ) (29)

where coefficients C;; are unknown constants that
can be determined by applying appropriate boundary,
continuity, and compatibility conditions (details are
presented in Section 3.2.2). Note that Egs. (28)
and (29) represent the closed-form solution for the
static deflection of the delaminated microbeam.

Free mode
In the free mode model, as mentioned before, sub-
beams 2 and 3 were allowed to move freely without

touching each other. Thus, they have different trans-
verse displacements. By employing a similar process
as used in the previous subsection, the governing
equations of the sub-beams can be obtained as follows:

dwi(z)
bodat
By integrating Eq. (30), the static deflection of the de-

laminated microbeam will be obtained by the following
formula:

w;(x) :Dii (fff gi(z)dzdrdxdx + %:ﬁ

—qi(z) =0, 1=1,--- 4. (30)

Cy; . .
+22$2+O3i$+c4i)7 t=1,--,4.

3.2.2. Free vibration analysis

In this section, the free vibration analysis of delami-
nated microbeam based on the Bernoulli-Euler beam
model is studied by employing the modified couple
stress theory. To this end, the differential equations
of motion for the problem in hand can be obtained by
applying the Hamilton’s principle to the whole system
as follows [35]:

5/?T—mﬁ:a (32)

where #1 and ¢, are two arbitrary time instants. Substi-
tuting Eqs. (15)-(17) and Egs. (19)-(21) into Eq. (32)
leads to the equations of motion that are presented in
the subsequent sections for the constrained and free
mode models.

Constrained mode

For the constrained mode model, the governing differ-
ential equations of motion for the free vibration can be
derived as follows:

dwi | Pu .
0*w: 5% w:
(Da+ Ds) 57 + oAz + As) 55 = 0. (34)

Using the separation of variables technique, the solu-
tion to Egs. (33) and (34) can be written as follows:

w;(x,t) = W;(x) cos(wt), (i=1,2,4), (35)

where w and W;(z) are the natural frequency and
corresponding mode shape of the ith sub-beam, respec-
tively. Substituting Eq. (35) into Eqs. (33) and (34)
and, subsequently, dividing both sides by cos(wt), we
obtain the following fourth-order ordinary differential
equation:

) M) =0,

o i=1,4, (36a)
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d4WQ(I)
gt A Wa(x) =0, (36b)
where:
pA;wW?
A= =14
(2 D,L ) =y
A= p(As + Az)w?
27 Dy+ Dy
We assume a solution to the form W;(z) = Ce®®.

Substituting the assumed solution into the differential
equations (36a) and (36h), one can obtain s = £,
s = =+1 A (I is the complex variable). After some
simplifications, the appropriate solution for the mode
shape can be obtained as follows:

Wl(I) =C; COS(/\I'I) +.5; Sin</\ﬂ7) + Q; COSh(/\iI)

+ R; sinh(\;z), i1=1,2,4. (37)

It is clear that, in this case, we have 12 unknown
coefficients C;, S;, @i, and R; (1 = 1,2, and 4).
These coefficients can be determined by 4 boundary
conditions as well as 8 continuity and compatibility
relations. The appropriate boundary conditions that
can be applied at the support ends (i.e., x = 0 and z =
L) are W; = 0 and W/ = 0 for the clamped condition,
W; = 0 and W/ = 0 for the simply supported type,
W/ =0 and W)" = 0 for the free end conditions where
1 = 1 and 4. Note that, in the aforementioned relations,
the prime sign denotes differentiation with respect to
z-coordinate. The continuity conditions of deflection
and slope at two ends of the delamination zone are
also identified as follows:

W, = Wy, w] = wh, at v = Ly, (38)

Wy = Wo, wy = wh, at x =L + Ly. (39)

Moreover, the compatibility conditions of shear force
can be expressed:

Dlwi" = (D2 + 1)3)105”7 at z = Ll, (40)

Dywy" = (D3 + D3)wy’, at e =Ly + L, (41)

Finally, the compatibility conditions of bending mo-
ments are obtained as follows:

h2 (W) -W(L +L

DW= (Do+D3) 2”—4Ll< il 11) +4( ; d)>,
N\ OwAr T ORp)As

at x=11, (42)
h2 (WIHL)=Wi(Li+L

D4W4/:(D2+D3)Wél—4£< 1( 11) +4( 11 d)>7
d\ Dzp)ds T Od2p)As

at t=L1+ Ly, (43)

where Eqgs. (38)-(43) along with four boundary condi-
tions provide 12 homogenous equations for 12 unknown
coefficients C;, S;, Q;, and R; (i = 1, 2 and 4).
Substituting Eq. (36) into these conditions leads to
the matrix-form equations [A]{C1, Sy, -+, Q4, Ra}T =
{0}. To obtain a nontrivial solution to the unknown
coeflicients, the determinant of coefficient matrix [A]
must be zero, which forms the characteristic equation
for the system natural frequencies. In fact, the
eigenvalues and eigenvectors of the above matrix-form
equations are the natural frequencies and the corre-
sponding mode shapes of the delaminated microbeam,
respectively.

Free mode
For the free mode, the equations of motion are derived
as follows:

(9411]1' 32101-
Digia T rdign
The solution forms for the free mode model are iden-
tical to the constrained mode. Note that there are
16 unknown coefficients that can be determined by 4
boundary conditions and 12 continuity and compati-
bility conditions. The boundary conditions for the free
mode are identical to those that are presented for the
constrained mode. Moreover, the continuity conditions
for deflection and slope and also compatibility condi-
tions for the shear forces and bending moments are as

follows:

=0, i=1---4. (44)

74

The continuity conditions of the transverse deflection:

w1 = Wy, w1 = ws, atx:Ll, (45)

Wy = Wa, Wy = W3, at x =L, + Lg. (46)

The continuity conditions of the slope:
at © = Ly, (47)

[ P
W) = Wy, w; = ws,

wy = wh, wy = wi, at v =Ly + Lg.  (48)
The compatibility conditions of the shear forces:

Diw!" = Dyw}" + D3yw}’, at x = Ly, (49)

Dyw}" = Dywl' + D3w}’, at v =Ly + Lq. (50)
The compatibility conditions of the bending moments:

DyW/' = DaW) + DsWY

" (W{(L1>—W4<L1+Ld>

i T , atxz=Ly, (51)
4La o T omaa )

D4Wil = DQW; + D3Wél

at z=Li+Ly.

1
4L, (52)

1
(M2p) Az + (M2p)As

o (W{<L1>—W4<L1+Ld>>
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Eqgs. (45)-(52) and four appropriate boundary condi-
tions make a set of 16 simultaneous linear homogenous
algebraic equations for 16 unknown coefficients Cj,
Siy, Q;, and R;(i = 1 — 4). The frequencies and
corresponding mode shapes can be obtained in a similar
way that is described for the constrained mode model.

4. Numerical results

The beam model assumed here is taken to be made of
epoxy with E = 1.44 GPa, v = 0.38, p = 1220 kg/m?,
and { = 17.6 pm as elastic modulus, Poisson’s ratio,
density, and length-scale parameter, respectively [8].
The verifications and results for the static case and free
vibration case are presented in the next sections. Since
incorporating the Poisson’s ratio causes underestima-
tion of deflection due to the overestimation of bending
rigidity of microbeam [10,11], the Poisson’s ratio is
assumed here to be zero. For all considered examples,
unless mentioned otherwise, the beam’s dimensions
are L = 20h; and b = 2h;. Different delamination
parameters vary, and their effects on the microbeam
behavior are investigated.

4.1. Static analysis

As shown in Figure 3, a cantilever beam with central
delamination, which is subjected to a vertical force
at the free end, is considered here. The central
delamination refers to a delamination whose center
coincides with the beam center. In order to verify
the present formulations, the delamination length is
considered infinitesimally small (i.e., Ly = 0.01L),
and the constrained mode model is applied. For all
numerical examples in the static analysis, the load
magnitude is taken to be P =100 uN [8].

The deflection of the microbeam based on the
present formulation is depicted in Figure 4. We can ob-
serve that the deflection of the delaminated microbeam
with extremely small delamination length is identical
to the result reported previously by Park et al. [8] for
an intact microbeam with the same conditions.

The effect of delamination length on the deflection
of the microbeam is investigated in Figure 5. In
this case, the central delamination is placed on the
mid plane of the beam (i.e., ho = hz). It is worth

P
Yy o i
— 1 T3~
| L J .
- L > v

Figure 3. The cantilever beam with the central
delamination subjected to a point load P at its free end.

mentioning that, in this figure and also in Figures 6-
8, the blue lines in the left and right sides of the
delamination region refer to the deflection of sub-beams
2 and 3, respectively. It is obvious that the beam’s
deflection directly depends on the delamination length
so that it increases when the delamination length

—— SB; and SB4
‘‘‘‘‘‘‘‘ Delamination region
o Intact microbeam (Park et al. [8])

0.14 L

0.12

0.10 |

0.04 +

Deflection/thickness, W/hy

0.045
9.9 10.0 10.1
1

0.00 L L !
0 5 10 15 20

Length/thickness, @ /h1

Figure 4. Static bending deflection for the cantilever
microbeam subjected to a point load at its free end (see
Figure 3 with P =100 uN). In order to verify our model,
the delamination length is considered very small (i.e.,

Lq =0.01L) and the beam deflection is compared with the
static deformation of intact microbeam obtained in [8].
Note that SB; is abbreviated for ith sub-beam (i = 1,4),
and the delamination region is referred to sub-beams 2

and 3.
—— SB; and SB4
0.16F| e Ly = 0.8L
o La=0.5L
0.14 La=02L
o Intact microbeam

Deflection/thickness, W/hy
o
o
Qo

1‘5 2’0
Length/thickness, = /hy

Figure 5. Effect of delamination length on the deflection

of cantilever micro beam (see Figure 3) with hs = h3 and

P =100 pN. Note that the solid blue line refers to the

deflection of the sub-beams 1 and 4, before and after the

delamination zone.



682 R.-A. Jafari-Talookolaei et al./Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 675-688

016+ | __ SB; and SB4
=== ho = 0.5h1
o ha =0.25h
i4k ha = 0.1h;
o Intact microbeam

Deflection/thickness, W/hq

0 5 1‘0 1‘5 20
Length/thickness, = /hq

Figure 6. Effect of delamination thicknesswise location

on the deflection of cantilever microbeam (see Figure 3)

with Ly =0.7L and P =100 uN. Note that the solid blue

line refers to the deflection of sub-beams 1 and 4, before

and after the delamination zone.
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Figure 7. Effect of length-scale parameter on the
deflection of cantilever microbeam (see Figure 3) with

hy = hs = 0.5hy, Lqg =0.5L, P =100 puN, hy = 20 pm and
n= hl/ﬁ. Note that the solid blue line refers to the
deflection of the sub-beams 1 and 4, before and after the
delamination zone.

increases. This occurrence is because the delamination
decreases the beam’s overall stiffness.

Figure 6 illustrates the effect of thicknesswise
location of the delamination on the static deflection
of the delaminated microbeam. In this case, the
length of the central delamination is considered to be
L, = 0.7L, and three different thicknesswise locations
are considered. Therefore, it is observed that as the
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Figure 8. Effect of length-scale parameter on the
deflection of the cantilever microbeam (see Figure 3) with
ha = hg = 0.5h1, Lg = 0.5L and P = 100 uN. Note that
the solid blue line refers to the deflection of sub-beams 1
and 4, before and after the delamination zone.

delamination gets closer to the mid-plane of the beam,
the corresponding deflection of the beam is higher.

The effect of length-scale parameter on the de-
flection of the delaminated microbeam is depicted in
Figure 7. For this example and the next one, a central
delamination (hy = hg = 0.5h;) is considered, and its
length is considered to be Ly = 0.5L. It is found
that as the value of the length-scale parameter (¢ =
hi/n) increases, the static deflection of the delaminated
microbeam decreases due to the stiffening effect of the
couple stress theory.

As the final example of static section, the deflec-
tions predicted by the modified couple stress theory and
the classical theory are compared in Figure 8. Also, it is
worth mentioning that by letting ¢ = 0, the expressions
for the classical Bernoulli-Euler beam theory can be
achieved from the expressions obtained in this study.
From Figure 8, it is clear that the beam modeled on
the basis of the modified couple stress theory is stiffer
than those predicted by the classical beam theory.

4.2. Free vibration analysis

Effects of delamination parameters on the free vibra-
tion characteristics of the microbeam are investigated
in this section. In this study, applied three types
of boundary conditions are as follows: Clamped-Free
(CF), Simple-Simple (SS), and Clamped-Simple (CS).
Similar to the static bending case, the Poisson’s effect
is not included in calculating the numerical results.
It is obvious that by letting delamination length be
very small, the results of the delaminated microbeam
tend to the intact one. This can be used in order to
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fundamental natural frequency (in HZ) of the delaminated
simply supported microbeam with hy = hs = 0.5h1,
Lqg=0.5L, hy =20 pm, and L1 = La.

verify the present vibration analysis of the delaminated
microbeam.

In order to verify present formulations, a mi-
crobeam with SS boundary conditions is considered [9].
The fundamental natural frequency of this microbeam
is compared with that reported by Ma et al. [9]
and depicted in Figure 9. We can clearly observe
excellent agreement between the present results and
those obtained by Ma et al. [9].

The effect of length-scale parameter on the
dynamic characteristics of the delaminated microbeam
based on the free and constrained mode models is
presented in Figure 10. In order to obtain this figure,
the value of ¢ is varied and the beam’s thickness

is kept constant (i.e., hy = 20 pm). It is obvious
from the figure that the frequencies obtained by the
free mode model are smaller than those derived by
the constrained mode model are. In other words
and as discussed in [27-30] for classical delaminated
beams, the free and constrained mode models can
be considered as the lower and upper bounds of the
natural frequencies, respectively (neglecting the non-
liner effects due to the contact interaction between the
two surfaces of delamination). Likewise, by decreasing
the material length-scale parameter, the fundamental
natural frequency decreases. In addition, the difference
between the natural frequencies predicted by free and
constrained mode models increases by decreasing the
material length-scale parameter. This indicates that
the role of opening phenomenon in the mode shapes
of the free model is more distinct in the lower values
of material length-scale parameter.

The effects of delamination length and its
thicknesswise location on the first natural frequency of
the microbeam with central delamination are presented
in Figure 11 for three different boundary conditions.
The results of these figures are obtained based on the
constrained model. It is observed that by increasing
the delamination length, the fundamental natural
frequency of the delaminated microbeam decreases.
As stated before, this is due to the reduction in beam’s
overall stiffness. Moreover, it should be mentioned that
as the delamination length becomes larger, the rate
of the frequency changes becomes higher. In addition,
the effect of thicknesswise location of delamination is
clearly shown in these figures. Results show that the
microbeams with the mid-plane delamination have the
lower natural frequencies compared to the microbeams
with the delamination closer to the free surfaces.

The effects of spanwise location of delamination
on the first natural frequencies of microbeam are
illustrated in Figure 12. The results are obtained
based on the constrained mode model for three different
thicknesswise locations of hy/h; = 0.1, 0.2, and 0.5. In
this case, a constant delamination length Ly = 0.4L
is considered. It is deduced that the presence of
delamination in the vicinity of the restricted supports
(e.g., clamped or hinged) leads to the reduction of the
overall system stiffness; consequently, the fundamental
frequency of the microbeam reduces too. In other
words, when the delamination is shifted towards either
of the restricted supports, the natural frequencies
would decrease accordingly. Moreover, by referring
to Figure 12(b), the maximum natural {requency for
the beam with SS end conditions occurs when the
delamination is placed at the middle of the beam.
However, for the beams with CF (Figure 12(a)) and
CS (Figure 12(c)) boundary conditions, the maximum
points can be found when the delamination is close to
the free end and simple end of the beam, respectively.
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The fundamental natural frequencies of simply
supported beams with a central delamination are pre-
sented in Figure 13 based on the free and constrained
mode models. The results have been obtained with
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Figure 12. Fundamental frequencies versus spanwise
location of the delamination for the microbeam with
Lqg=0.4L, hy =20 um, L1 = L4 and three different
thicknesswise locations ha/hi.

respect to two different thicknesswise locations of
ho/hy = 0.1 and 0.4. We can observe that the lower and
upper bounds of the natural frequencies are obtained
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Figure 13. Fundamental natural frequencies based on the
free and constrained mode theories for a simply supported
microbeam with hy = 75 pm, and L1 = La.

using the eigenvalue solutions for the ‘free’ and ‘con-
strained’ modes of the delaminated layers, respectively.
If the delamination is located close to the beam mid-
plane, the natural frequencies of the beam obtained by
the free and constrained modes are almost the same.
This is due to the fact that no “opening mode” is
observed for this case. However, when the delamination
is located close to the free surface of the beam, the role
of so-called “opening modes” is distinctive. This can be
explained by the fact that the stiffnesses of the second
and third sub-beams are close when the delamination
is placed at ho/hy = 0.4. On the other hand, when
the delamination is placed at thicknesswise location
ho/h1 = 0.1, the difference between the stiffnesses of
sub-beams 2 and 3 is relatively high.

In order to compare the results predicted by
the modified couple stress theory with those obtained
from the classical theory, the fundamental natural
frequencies of a cantilever microbeam versus the dimen-
sionless delamination length are depicted in Figure 14.
For this purpose, the thickness of Ay = 20 pum and
delamination’s thicknesswise location of he/hy = 0.2
are considered. The results are calculated based on the
constrained mode model. It is obvious from the figure
that the frequencies obtained by classical beam theory
are less than half of those predicted by the modified
couple stress theory. This can clearly demonstrate that
the results obtained according to the classical theory
are not accurate enough for the present system, since
the role of length-scale parameter is not incorporated.

The first mode shapes of a microbeam with
clamped-clamped boundary conditions and based on
the free mode models are depicted in Figure 15. The
single delamination with two different delamination

x10°
3.5
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3
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[
E
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Figure 14. First natural frequency versus dimensionless

delamination length for a cantilever microbeam based on

the modified couple stress and classical theories

(h1 =20 pm, L1 = L4, ha/h1 = 0.2, and the constrained

mode model is used).

lengths is positioned at two different thicknesswise
locations. From these diagrams, one can observe that
the first mode shape of the beam does not show any
opening behavior when the delamination is located
near the mid-plane (see Figure 15(a) and (b)) and
also when the short delamination is placed near the
free surface (see Figure 15(c)). However, once the
longer delamination is located near the free surface (see
Figure 15(d)), we can clearly see the opening mode
phenomenon in the delamination region. Therefore,
the delamination length and its thicknesswise location
have significant effects on the occurrence of opening
mode phenomenon for the fundamental mode.

Finally, the effects of delamination spanwise lo-
cation on the mode shape of a clamped-clamped mi-
crobeam are illustrated in Figure 16. It is clearly
demonstrated that when the delamination spanwise
location is not central, the normal mode shape loses
its symmetry and becomes asymmetric.

5. Conclusions

An analytical solution for the static and dynamic
analyses of the delaminated microbeams based on the
modified couple stress theory was presented in this
work. We evaluated the effects of delamination geome-
try and locations on the static and dynamic responses
of the delaminated non-classical size-dependent beam-
like components. Since this study is the first to deal
with the delaminated microbeams, we believe that
the results presented in this study can be used as a
benchmark for similar works in the future. Based on
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Figure 16. First mode shape of the delaminated
microbeam (he = 0.2h1, Lqg = 0.5L, L1 = 0.1L, and the
free mode model are used).

the obtained results, the following observations have
been made:

1. It is found that the static and dynamic responses
of microbeam are sensitive to the delamination
parameters. The existence of such a delamination

can increase the microbeam’s deflection in static
and dynamic cases;

For the delaminated microbeam, when the delami-
nation shifts towards the mid-plane of beam cross-
section, higher static transverse deformation has
been observed for the beam;

Once the delamination length is more than half
of the beam’s length, significant changes will be
obtained in the microbeam’s natural frequencies. In
other words, as the delamination length increases,
the natural frequencies decrease;

By moving the delamination closer to the mid-
plane of beam cross-section, the natural frequencies
decrease further;

The fundamental frequency decreases as the delam-
ination shifts towards the restricted supports;

The difference between the natural frequencies ob-
tained from the free and constrained mode models
can indicate that the presence of opening mode
phenomenon between the delaminated layers can
significantly change the microbeam’s free vibration
characteristics;

It has been observed that the natural frequencies
of microbeam decrease as the material length-scale
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parameter decreases. In addition, the difference
between the frequencies obtained from the free and
constrained mode models increases when the value
of length-scale parameter decreases.
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