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Abstract. Forced convection uid ow and heat transfer were investigated in a porous
channel with expanding or contracting walls, which was �lled with Al2O3-Cu/water
micropolar hybrid nanouid in the presence of magnetic �eld. In order to solve the
governing equations analytically, the least square method was employed. The hot bottom
wall was cooled by the coolant uid, which was injected into the channel from the top
wall. The range of nanoparticles volume fraction (90% Al2O3 and 10% Cu by volume) was
between 0% and 2%. The e�ects of consequential parameters such as Reynolds number,
Hartmann number, micro rotation factor, and nanoparticles volume fraction on velocity
and temperature pro�les were examined. The results show that with increasing Reynolds
number, the values of temperature and micro rotation pro�les decrease. Furthermore, when
the hybrid nanouid is used, compared to common nanouid, the heat transfer coe�cient
will increase signi�cantly. It is also observed that when the Hartmann number increases,
Nusselt number increases, too.

© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

As long as obtaining the solution to nonlinear dif-
ferential equations is di�cult, the weighted residual
methods emerge as new powerful and straightforward
approaches to solve these kinds of equations. The most
famous weighted residual method, which has commonly
been used in recent years, is Least Square Method
(LSM). In recent years, numerous problems have been
solved by the least square method. Aziz and Bouaziz [1]
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employed the least square method to prognosticate
the performance of the longitudinal �ns. They found
that the least square method was simpler than other
analytical methods. Hatami and Ganji [2] used the
least square method to investigate heat transfer in a
microchannel heat sink, which was cooled by Cu-water
nanouid. They also studied natural convection of a
non-Newtonian nanouid ow between two vertical at
plates through this method [3]. Electrohydrodynamic
ow in a circular cylindrical conduit was examined
by Ghasemi et al. [4]. They demonstrated that
results of the least square method coincided with the
numerical results, but the least square method was
more acceptable and simpler, and needed fewer compu-
tations than homotopy analysis method did. Hatami
et al. [5] analytically studied magneto-hydrodynamic
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Je�ery-Hamel nanouid ow in non-parallel walls using
Di�erential Transformation Method (DTM) and least
square method. They showed that the least square
method was more accurate than di�erential transfor-
mation method. In other analytical investigations,
Fakour et al. [6,7] employed the least square method
to study ow �eld and heat transfer in a porous
channel in the presence of a transverse magnetic �eld.
The e�ect of thermal radiation on ow �eld and heat
transfer in a thin liquid �lm in a porous medium was
investigated by Darzi et al. [8] using the least square
method.

Enhancement of heat transfer in industrial and
engineering applications is a consequential issue which
many researchers have dealt with over the past few
years. Although many methods, such as using pure
nanouids [9-12], have been introduced to enhance
heat transfer in such applications, using the hybrid
nanouid is an innovative means which has received
striking consideration in the last decade. As early
as 1999, Wang et al. [13] measured e�ective thermal
conductivity of mixtures of uids and nanoparticles.
They used water as a base uid and CuO and Al2O3
nanoparticles. They demonstrated that the thermal
conductivity of nanoparticle-uid mixture was higher
than that of nanouid. Selvakumar and Suresh [14]
experimentally investigated the e�ect of using Al2O3-
Cu/water hybrid nanouid in cooling of electronic com-
ponents. They observed that the convective heat trans-
fer coe�cient of the heat sink signi�cantly increased
when hybrid nanouid was used as the working uid in-
stead of water. In another experimental investigation,
Madhesh et al. [15] studied the heat transfer potential
of Cu-TiO2 hybrid nanouids in a tube-type counter-
ow heat exchanger. The experimental correlation for
Cu-TiO2 hybrid nanouid which they found antici-
pated the experimental data with maximum deviations
of +7% and �4% in all volume concentrations. They
also demonstrated that the convective heat transfer
coe�cient increased by 52% when hybrid nanouids
were used. Esfe et al. [16] found an experimental
correlation for Ag-MgO/water hybrid nanouid with
the particle diameters of 40(MgO) and 25(Ag) nm and
nanoparticle volume fraction range between 0% and
2%. Other researches dedicated to the use of hybrid
nanouid in heat transfer are presented in [17-24].

In order to get a better insight into the behavior
of uid ow, it is necessary to consider the e�ect of
rotating micro-constituents on uid and that is where
the use of micropolar theory comes to the scene. In
1966, the theory of micropolar uids was introduced by
Eringen [25]. Nadeem et al. [26] studied axisymmetric
stagnation ow of a micropolar nanouid in a moving
cylinder with �nite radius. They investigated the
e�ect of micro rotation parameter on the velocity and
temperature pro�les, and found that when the microp-

olar parameter increased, the velocity and temperature
pro�les showed increasing behavior. Flow �eld and
heat transfer of an incompressible micropolar uid in
a channel with expanding or contracting walls was
investigated by Si et al. [27]. They demonstrated
that the microrotation velocity was zero at the center
of the channel due to the opposite directions of the
microrotation velocity. They also observed that for
a speci�ed boundary condition, the values of the
microrotation velocity were not zero at the walls.
Bourantas and Loukopoulos [28] theoretically studied
di�erentially heated natural convection of micropolar
nanouid of Al2O3-water in a cavity. They observed
that the micro rotation of nanoparticles in suspension
decreased the overall heat transfer. Sheikholeslami et
al. [29] conducted an analytical solution to investigate
micropolar uid ow in a channel subject to a chemical
reaction. According to their results, the velocity and
micro rotation pro�les decreased as Reynolds number
increased. Very recently, Cao et al. [30] studied the
ow of a micropolar uid through a porous channel
with deforming walls. They examined the e�ect of
expansion ratio on micro rotation pro�les and found
out that the micro rotation change was concavity at
the center of the channel.

In view of the above-mentioned literature, it can
be found that the ow �eld and heat transfer of
micropolar hybrid nanouid in a porous channel have
not received attention and examination of them still
remains to be addressed. Therefore, in the present
study, the ow �eld and heat transfer of Al2O3-
Cu/water micropolar hybrid nanouid are investigated
in a channel with porous wall in the presence of
magnetic �eld. The e�ects of various parameters
such as Reynolds number, Hartmann number, and
expanding ratio on velocity, temperature, and micro
rotation pro�les are studied. Moreover, the analytical
results are compared with fourth-order Runge-Kutta-
Fellberg numerical method and a good conformity is
achieved.

2. Problem formulation

A two-dimensional laminar ow of Al2O3-Cu/water mi-
cropolar hybrid nanouid is studied in porous channel
using the least square method. The geometry of the
problem is depicted in Figure 1. The bottom wall is
hot and is cooled by the micropolar hybrid nanouid,
which is injected into the channel from the porous top
wall. The distance between the two walls is a(t) and the
x-axis coincides with the bottom wall. The bottom and
top walls of the channel are maintained at temperatures
of T2 and T1, respectively. Thermo-physical properties
of water as a base uid and Al2O3 and Cu nanoparticles
are presented in Table 1.

The range of nanoparticles volume fraction (90%
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Table 1. Thermo-physical properties of water as a base uid and Al2O3 and Cu nanoparticles [34,42].

� (kg/m3) cp (j/kg K) K (W/mK) � (
.m)�1 Pr

Al2O3 3970 765 25 1� 10�10 |
Cu 3954 383 400 5:96� 107 |

Pure water 997.1 4179 0.613 0.05 6.2

Figure 1. Schematic of the problem.

Al2O3 and 10% Cu by volume) is between 0% and
2%. The hybrid nanouid density [31,32], heat ca-
pacity [32,33] electrical conductivity [34,35], viscosity,
and thermal conductivity [18] are obtained from the
following relations, respectively:

�nf = (1� �)�f + ��s; (1)

�nfcpnf = (1� �)cpf �f + �cps�s; (2)

�nf
�f
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3
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= �1283�2 + 8431�+ 0:9454; (4)

knf
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= �151:5�2 + 8:916�+ 1:004: (5)

It is noteworthy to say that Relations (4) and (5)
are derived from an experimental model [18]. In
order to correlate these relations, two graphs are
�tted to the experimental data, which is illustrated in
Figure 2.

The governing equations of the problem are given
by [36,37]:
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Figure 2. Fitting graphs to the experimental data.



M. Mollamahdi et al./Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 208{220 211

�nf
�
@N
@t

+ u
@N
@x

+ v
@N
@y

�
= ��

j

�
2N+

@u
@y
� @v
@x

�
+
�
�nf +

�
2

��@2N
@x2 +

@2N
@y2

�
; (9)

�nf
�
@T
@t

+ u
@T
@x

+ v
@T
@y

�
=
knf
cpnf

@2T
@y2 ; (10)

where u and v are the velocity components in the x and
y directions, respectively. � is electrical conductivity,
� is uid density, � is dynamic viscosity, cp is speci�c
heat at constant pressure, j is the micro rotation
viscosity, � is the vortex viscosity, k is the thermal
conductivity, and N is micro rotation velocity. The
boundary conditions of the problem can be expressed
as follows:

u = 0; v = 0; T = T1;

N = �s@u
@y

= 0; at y = 0; (11)

u = 0; v = �vw; T = T2;

N = �s@u
@y

= 0; at y = a(t): (12)

N = 0 represents that the microelements, which
are close to the wall, are impotent to rotate. The
temperature of the uid at distance � from the wall
is de�ned as follows:

T = T1 +
X

Cm(x=a)m�m(�); (13)

along with the corresponding boundary conditions:

�m(0) = 1; �m(1) = 0: (14)

When the wall temperature is expressed as a polyno-
mial variation (Eq. (13)), calculating a single value for
the heat transfer coe�cient along the hot wall is not
possible. Therefore, the hot wall temperature should
be considered as:

T2 = T1 +
X

Cm(x=a)m�m(0): (15)

The similarity parameters are de�ned as:
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a
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When the above parameters are put in Eqs. (6) to (10),
by using the relations of Majdalani et al. [38], these

equations change as follows (Eqs. (17) to (19)):�
1+

q
A2

��
A2

A1

�
f (4)� q

A1
g00 + 3�f 00+��f 000

+(f 0f 00�ff 000)R�A5

A1
Ha2f 00=0; (17)�

1 +
q

2A2

��
A2

A1

�
g00 + �� (3g + �g0) +R�f 0g

�R�fg0� q
A2

�
A2

A1

�
(2g�f 00)=0; (18)

�00 =Pr
�
A4

A3

�
(��) (m�m + ��0m)

� Pr
�
A4

A3

�
R (mf 0�m + f�0m) ; (19)

where q = �=�f and � = j=a2. � = a _a=vf is
the expansion ratio and it is positive when we have
expansion and negative when we have contraction;
also, m is the temperature power index. The other
parameters are as follows:

A1 =
�nf
�f

; A2 =
�nf
�f

; A3 =
(�cp)nf
(�cp)f

;

A4 =
knf
kf

; A5 =
�nf
�f

; (20)

f =
F
R
; g =

G
R
; Re =

vw
vf
;

Ha2 =
�fB2a2

�f
: (21)

It is worth mentioning that the Reynolds number
is positive for suction and negative for injection. Ha is
the Hartmann number.

The boundary conditions are:

�(1) = 0; f(1) = 1;

f 0(1) = 0; g(1) = 0; (22)

�(0) = 1; f(0) = 0;

f 0(0) = 0; g(0) = 0: (23)

In this case, the non-dimensional Nusselt number is
given by:

Nu = �A3
@T
@�

=(T2 � T1) = �A3�00m(0): (24)
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3. Analysis of the least square method

One of the approximation techniques for solving dif-
ferential equations is the Weighted Residual Methods
(WRMs). The weighted residual methods are general
and powerful methods to obtain approximate solutions
to Ordinary Di�erential Equations (ODEs) or Partial
Di�erential Equations (PDEs). Consider the following
(partial) di�erential equation:

Lm(�) = f in 
; (25)

where Lm denotes the di�erential operator with the
highest order of derivative m in the 
 domain, � is the
unknown function, and f is a given function. The aim
of the solution is to seek a solution for �, which satis�es
Eq. (25).

Assume that � is approximated by a function, ��
(trail solution), which is a linear combination of basic
functions chosen from a linearly autonomous set. That
is:

� �= �� =
nX
i=1

ci�i: (26)

By substituting Eq. (26) into Eq. (25), the result
of the operations is not generally f . It results in the
so-called residual, Rs, de�ned as:
Rs = Lm(��)� f: (27)

We can use some techniques to properly obtain
an approximate function so as to make the residual
as \small" as possible; we push the residual toward
zero in an average sense by setting weighted integrals
of residuals to zero. For instance, we impose:Z




RsWid
 = 0; i = 1; 2; 3; � � � ; n: (28)

Note that in WRMs, the number of weight
functions, Wi, always equals the number of unknown
constants, ci, in ��. This yields n algebraic equations
for the unknown constants, ci. In the LSM method,
the sum of all the squares of the residues should be
minimized:

� =
Z
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In order to achieve a minimum of the functional �,
the derivatives of � with respect to all the unknown
parameters must be zero. That is:
@�
@ci

= 2
Z



Rs
@R
@ci

d
 = 0: (30)

The weight functions are obtained in comparison

with Eq. (28) (The Eq. (30) should be zero. So, the
constant number of 2 cannot be considered):

Wi =
@Rs
@ci

: (31)

In order to use the least square method in this
problem, the considered functions must satisfy the
boundary conditions of the problem. These functions
are generally considered as Eqs. (38) to (41):

f =y2 + c1(y2 � y3) + c2(y2 � y4) + c3(y2 � y5)

+ c4(y2 � y6) + c5(y2 � y7); (32)

f 0 =2y + c1(2y � 3y2) + c2(2y � 4y3)

+ c3(2y�5y4) + c4(2y�6y5) + c5(2y�7y6);
(33)

g = c6(y�y2)+c7(y�y3)+c8(y�y4)+c9(y�y5);
(34)

q =1� y + c10(y � y2) + c11(y � y3)

+ c12(y � y4) + c13(y � y5): (35)

By introducing these equations into Eqs. (17)
to (19), the residual function is obtained and by substi-
tuting the residual functions into Eqs. (32) to (35), a set
of equations will be obtained; by solving these algebraic
equations, coe�cients c1-c13 will be determined.

In order to make a comparison between the nu-
merical results and the previous literature, the results
of Sheikholeslami et al. [35] have been used. They ex-
amined the ow of nanouid in a semi-porous channel
by using the least square and Galerkin methods. In
Figure 3, our results and those of Sheikholeslami et
al. [35] have been presented for Re = 0:5, Ha = 0:5,
and � = 0:05.

4. Numerical method

In order to solve the governing equations numerically,
the fourth order Runge-Kutta-Fellberg method is em-
ployed. This method is applicable to the problems
with de�nite boundary conditions. Moreover, in this
method, the equations are solved for two time steps
of h and h=2, and the results of the larger time
step are compared with the smaller ones until the
problem reaches the considered accuracy. Indeed, this
method is employed to solve various engineering and
mathematical equations [39].

5. Results and discussion

In this study, ow �eld, heat transfer, and micro rota-
tion of Al2O3-Cu/water micropolar hybrid nanouid
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Figure 3. The comparisons of (a) the V velocity and (b) the U velocity, for Re = 0:5, Ha = 0:5, and � = 0:05.

are examined in a porous channel with expanding
or contracting wall in the presence of a magnetic
�eld. The e�ect of considering the micro rotation of
nanoparticles is compared with when it is not taken
into account. Moreover, the e�ects of parameters such
as Re, Ha, �, q, and � on the ow �led and heat transfer
are investigated. The study is performed with Re = 1
to 7; Ha = 0 to 6; � = �1, 0, and 1; q = 0:1, 0.3, and
0.5; � = 0:00 to 0.02; Pr = 6:2; m = 4; and � = 1.

In Tables 2 and 3, the components of velocity
(axial velocity f and normal velocity f 0), temperature
(�), and micro rotation (g), which are obtained from
LSM, are compared with those of NUM method with
� = 0:02, q = 0:2, Re = 1, and � = �1. The relative
di�erence between the values obtained from LSM and
NUM results is negligible and ensures accuracy of the
modeling results.

The plots in Figure 4 elucidate the e�ect of
Reynolds number on velocity, temperature, and micro
rotation pro�les with � = 0:02, q = 0:2, and � = �1.

It would be obvious that with increasing Reynolds
number, the axial velocity component increases and the
temperature of the hybrid nanouid decreases. The
normal velocity component for � < 0:5 increases as
Reynolds number increases and its behavior is reverse
for � > 0:5. Also, the micro rotation parameter
decreases as Reynolds number increases near the hot
wall and by approaching the porous wall, the amount
of micro rotation increases when Reynolds number
increases. It is worth mentioning that according to
the considered boundary conditions (S = 0), the micro
rotation value near the walls becomes zero. The plot in
Figure 5 represents the e�ect of expanding ratio (�) on
velocity, temperature, and micro rotation pro�les with
� = 0:02, q = 0:2, and Re = 1. � > 0 corresponds
to expanding and � < 0 indicates contracting. As
can be seen in Figure 5, the axial velocity component
is in direct relation to expanding ratio. The normal
velocity component and the temperature of the hybrid
nanouid increase up to a de�nite � and after that, they

Table 2. Comparison of LSM and NUM results for velocity pro�les with � = 0:02, q = 0:2, Re = 1, and � = �1.

�
f(�) f 0(�)

LSM NUM Error LSM NUM Error

0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

0.1 0.02917309 0.02917295 0.00047989 0.54827581 0.55050308 0.40458923

0.2 0.10679572 0.10679441 0.00122664 0.96545463 0.96686954 0.14633963

0.3 0.21922307 0.21922037 0.00123162 1.25830152 1.25781497 0.03868196

0.4 0.35410971 0.35410737 0.00066081 1.43190349 1.42976114 0.14983999

0.5 0.50000000 0.50000000 0.00000000 1.48941470 1.48663604 0.18690899

0.6 0.64589029 0.64589263 0.00036229 1.43190349 1.42976114 0.14983995

0.7 0.78077693 0.78077963 0.00034581 1.25830152 1.25781497 0.03868188

0.8 0.89320428 0.89320559 0.00014666 0.96545462 0.96686954 0.14633973

0.9 0.97082691 0.97082705 0.00001442 0.54827580 0.55050308 0.40458934

1.0 1.00000000 1.00000000 0.00000000 0.00000000 0.00000000 0.00000000
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Table 3. Comparison of LSM and NUM results for temperature and micro rotation pro�les with � = 0:02, q = 0:2,
Re = 1, and � = �1.

� g(�) �(�)
LSM NUM Error LSM NUM Error

0 0.00000000 0.00000000 0.00000000 1.00000000 1.00000000 0.00000000
0.1 0.00633552 0.00632298 0.19793166 0.66112939 0.65901257 0.32121087
0.2 0.00833333 0.00830308 0.36300015 0.42079717 0.41804123 0.65925076
0.3 0.00722040 0.00718557 0.48238325 0.25783505 0.25709804 0.28666496
0.4 0.00410151 0.00407876 0.55467377 0.15306938 0.15442755 0.87948685
0.5 0.00000000 0.00000000 0.00000000 0.09062197 0.09131136 0.75498821
0.6 -0.00410151 -0.00407876 0.55467377 0.05321083 0.05350100 0.54236369
0.7 -0.00722040 -0.00718557 0.48238325 0.03085096 0.03099348 0.45983865
0.8 -0.00833333 -0.00830308 0.36300015 0.01715511 0.01715060 0.02629646
0.9 -0.00633552 -0.00632298 0.19793166 0.00763459 0.00771571 0.24469556
1.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

Figure 4. E�ects of Reynolds number on velocity, temperature, and micro rotation pro�les with � = 0:02, q = 0:2, and
� = �1.

decrease. Figure 5(d) shows the e�ect of expanding
ratio on micro rotation parameter. Generally, when
the walls are expanded, the micro rotation parameter
increases. Moreover, two critical points in the distance
between two walls of channel are observed in this �gure;
moreover, micro rotation near the center of the channel
has inection point and its value in this point is zero.

The e�ect of q on velocity, temperature, and micro
rotation pro�les for � = 0:02, � = �1, and Re = 1
are depicted in Figure 6. According to this �gure,
the impact of this parameter on the velocity and tem-
perature components is negligible. Furthermore, with
increasing q, the micro rotation parameter increases.
In di�erent values of q, the micro rotation curve still
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Figure 5. E�ects of expanding ratio on velocity, temperature, and micro rotation pro�les with � = 0:02, q = 0:2, and
Re = 1.

Figure 6. E�ects of expanding ratio on velocity, temperature, and micro rotation pro�les with � = 0:02, � = �1, and
Re = 1.
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Figure 7. E�ects of volume fraction of nanoparticles on velocity, temperature, and micro rotation pro�les with q = 0:2,
� = �1, and Re = 1.

has three points that are zero, which indicates that,
in addition to the top and bottom walls which have
the micro rotation, in the center of the channel, this
characteristic is zero, too. Figure 7 displays the
inuence of nanoparticles volume fraction on velocity,
temperature, and micro rotation distribution for q =
0:2, � = �1, and Re = 1. As can be concluded
from this �gure, the axial velocity component decreases
with increasing the volume fraction of nanoparticles in
lower amounts of �. The normal velocity components
decrease as the volume fraction increases through the
channel with the exception of the center of the channel.
As expected, the temperature of micropolar hybrid
nanouid is in direct relation to volume fraction of
nanoparticles. By adding more nanoparticles to the
uid, the micro rotation parameter diminishes, but
the critical point and inection points in the curve
remain �xed. In order to have a better insight into the
temperature power index, Figure 8 shows the variation
of temperature versus � in di�erent temperature power
indices. The e�ect of temperature power index on
temperature distribution is more perceptible in the
center of the channel; as it increases, the amount of
temperature decreases. Variation of Nusselt number in
terms of volume fraction of nanoparticles with di�erent
Hartmann numbers is illustrated in Figure 9. As it has
been proven in the literature, with increasing volume

Figure 8. E�ects of temperature power index on
temperature distribution with q = 0:2, � = �1, and
Re = 1.

fraction of nanoparticles, Nusselt number increases.
Also, in order to �nd out the e�ect of magnetic �eld
on ow �eld and heat transfer, the Hartmann number
has been introduced. When the Hartmann number
increases, Nusselt number increases and, as a result,
the heat transfer increases. Therefore, in these types
of problems, increasing the Hartmann number is an
approach to enhance heat transfer. In Figure 10,
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Figure 9. Variation of Nusselt number in terms of
volume fraction of nanoparticles with di�erent Hartmann
numbers.

Figure 10. Variations of Nusselt number in terms of
Reynolds number with di�erent Hartmann numbers.

variation of Nusselt number with Reynolds number
in di�erent Hartmann numbers is shown. Increasing
the Reynolds number leads to increase in the Nusselt
number and Hartmann numbers. In order to compare
the e�ects of using Al2O3 nanoparticles and hybrid
of Al2O3-Cu nanoparticles, the proportion of the hy-
brid nanouid Nusselt number to pure-uid Nusselt
number in terms of Reynolds number is indicated
in Figure 11. It is obvious in this �gure that the
hybrid nanouid has better thermal conductivity than
common nanouid; thus, it improves heat transfer.
Also, it should be mentioned that the properties of
nanofuid are determined using Maxwell model [40] and
Brickman model [41]. In cases in which the magnetic
�eld is applied, using hybrid nanouids is preferred to
using ordinary nanouids. Moreover, it is observed
that due to higher electrical conductivity of water-Cu

Figure 11. Comparison of using Al2O3 and Cu
nanoparticles and hybrid of Al2O3-Cu nanoparticles with
� = 0:02.

nanouid than that of water-Al2O3 nanouid as well
as the reverse e�ect of the magnetic �eld on the heat
transfer, the di�erence between the Nusselt numbers of
the two nanouids is reduced compared with the case
that there is no magnetic �eld.

Comparisons of applying micropolar model of
hybrid nanouid with non-micropolar model are illus-
trated in Figure 12. When the micropolar theory is
considered, the axial and normal velocities are less
than those when the micropolar theory is not taken
into account near the hot wall, but this behavior
is reverse near the porous wall. In addition, the
amount of temperature is high when the micropolar
theory is considered. Also, the e�ect of Hartmann
number on velocity and temperature pro�les is visible
in this �gure. With increasing the Hartmann number,
the axial velocity close to the hot wall increases and
by approaching the porous wall, it decreases. In
the absence of magnetic �eld, the normal velocity is
maximum in the center of the channel. Furthermore,
the magnetic �eld has reduction e�ect on temperature
distribution.

6. Conclusion

Forced convection ow and heat transfer of Al2O3-
Cu/water micropolar hybrid nanouid were studied
in a porous channel in the presence of a magnetic
�eld. In order to solve the governing equations,
the LSM analytical method and fourth order Runge-
Kutta-Fellberg numerical method were used and an
excellent agreement between these two methods was
observed. The impact of di�erent parameters such
as Reynolds number, Hartmann number, expanding
ratio, and volume fraction of nanoparticles on velocity,
temperature, and micro rotation pro�les was examined.
Furthermore, the e�ects of employing hybrid nanouid
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Figure 12. Comparison of applying micropolar model of hybrid nanouid and non-micropolar model for (a) f , (b) f 0, and
(c) �.

and applying micropolar theory on ow �eld and heat
transfer were investigated. According to the results:

� With increasing the Reynolds number, the temper-
ature of hybrid nanouid decreases;

� As the wall is expanded, the micro rotation param-
eter decreases;

� When the nanoparticles are added to the base uid,
the temperature of the hybrid nanouid and Nusselt
number increase signi�cantly;

� Hartmann number is in direct relation to the Nusselt
number;

� When the hybrid nanouid is used instead of com-
mon nanouids, the heat transfer increases consid-
erably.
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Nomenclature

f Dimensionless stream function
g Dimensionless micro rotation
LSM Least Square Method
NUM Fourth order Runge-Kutta-Fellberg

numerical method
j Micro-inertia density
N Micro rotation/angular velocity
a Distance between parallel walls
a(t) Expand or contract function
cp Speci�c heat at constant pressure

(jkg�1K�1)
A1�5 Constant parameters in nanouids
k Coe�cient of thermal conductivity

(Wm�1K�1)
m Temperature power index

Nu Nusselt number
P Pressure (Pa)
Pr Prandtl number
Ha Hartmann number
q Micro rotation factor
Rs Residual function
Re Reynolds number
T Temperature (K)
u; v Velocity components in x and y

direction
vw Velocity of cooling injection uid
x Horizontal axes coordinate
y Vertical axes coordinate

Greek symbols

� Similarity variable
� Electrical conductivity
� Expansion ratio
� Nanoparticle volume fraction
� Dimensionless temperature
� Density(kgm�3)
� Dynamic viscosity
� Kinematic viscosity
� Coupling coe�cient
 Stream function(m2s�1)
�� Trial function

Subscripts

f Fluid
nf Nanouid
s Solid
p Particle
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