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Abstract. In the present study, a rule-based fuzzy inference system is used to predict
heat transfer and entropy generation of strati�ed air-water 
ow in horizontal mini-channel
as a function of a wide range of important parameters. Numerical data of our recent study
are used to develop and test the system. The GK clustering algorithm is used to cluster
the data. Fuzzy rules are generated based on the Sugeno-Yasukawa algorithm by using
trapezoidal membership functions. The FATI and FITA approaches are implemented in
the inference engine and, �nally, the combination of the two approaches is defuzzi�ed.
The Mamdani and logical methods with the Yager operators are used and uni�ed in both
approaches. The parametric form of the system is a feature of the present study, which
can be used as an e�ective tool to improve the accuracy of the results. The novelty of the
present study is the presentation of the generalized diagrams for the developing region of
the channel, which seems to be useful for engineering applications. In addition, generalized
diagrams of average Nusselt numbers as well as total entropy generation can identify the
appropriate ranges for the volumetric 
ow rate ratio and the Reynolds number.
© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

In strati�ed two-phase 
ows, which occur in many
industrial and scienti�c applications, two 
uids move
in the same direction in low 
ow rates, creating a
free interface between the upper and lower phases [1-
4]. Free interface modeling is a complex step of the
studies dealing with two-phase 
ows; therefore, extra
computations are required to handle the interface in
addition to solve the governing equations such as the
continuity, momentum, and energy equations.
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Here, some of the studies relevant to the smooth
strati�ed two-phase 
ow in channels are reviewed.
Hansen and Vested [5] developed a two-dimensional
model to study smooth and wavy strati�ed two-phase

ows in a horizontal channel while the free interface was
assumed to be moving wall. In addition, the velocity
pro�les of the phases were composed of two logarithmic
functions. Their model showed a good accuracy in the
smooth strati�ed 
ow in comparison with experimental
data. Yap et al. [6] studied smooth gas-liquid and
vapor-liquid 
ows in channel by using the level set
method to capture the interface. They implemented a
mass correction term to overcome the level set method
problems satisfying the continuity. Datta et al. [7]
performed a numerical study to model two-phase 
ow
in a plane channel and a square duct by using the
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level set method. In addition, they presented analytical
solutions for the fully developed region of the domain
in which the governing equations could be simpli�ed.
They examined the e�ects of several parameters such as
viscosity ratio of the phases and the Reynolds number
while the densities of the phases were assumed to be
equal. Gada et al. [8] investigated the heat transfer
of strati�ed 
ow of two immiscible 
uids in a plane
channel by implementing the level set method besides
the momentum and energy equations. An analytical so-
lution was also proposed for the fully developed region
of the channel. Zehtabian-Rezaie et al. [9] performed
a numerical study in the �eld of 
ow, heat transfer,
and entropy generation of developing liquid-liquid and
gas-liquid strati�ed two-phase 
ows in mini-channel.
They used the Volume Of Fluid method (VOF) to
model the free interface between the upper and lower
phases. In addition, they presented analytical solutions
for the momentum, energy, and entropy generation
equations in the fully developed region of the channel.
They presented generalized diagrams for the pressure
gradient, interface height, and upper and lower Nusselt
numbers in the fully developed region as functions
of important parameters. According to the literature
review, it seems that no generalized diagrams have been
provided in any studies to present the material about
the developing region of the strati�ed two-phase 
ow.
Most of the numerical results of the studies present
limited data, which are obtained by execution of the
developed codes for speci�c cases. It seems that there
is a large demand for the studies presenting generalized
diagrams to simplify the results of the studies by other
researchers and engineers. As a result of the complexity
of the numerical studies as well as the high cost of
experiments, arti�cial intelligence can play a vital role
in generation of the outputs for the cases that cannot
be experimentally performed or numerically calculated.
Application of arti�cial intelligence in 
uid 
ow and
heat transfer prediction has been performed in several
studies [10-14]. It seems that entropy generation
analysis of strati�ed gas-liquid 
ow is not extensively
considered in the literature; however, multiple studies
focus on entropy generation in liquid 
ow [15,16].

The main purpose of this paper is to complete
our earlier work [9] by presenting generalized diagrams
for the 
ow, heat transfer, and entropy generation
characteristics in the developing region of the smooth
strati�ed air-water 
ow, which is done for the �rst
time in the literature to the best knowledge of the au-
thors. A fuzzy inference system based on the extensive
numerical data obtained from our recent study [9] is
developed to predict the desirable results in the format
of generalized diagrams without imposing high compu-
tational cost. Presentation of the generalized diagrams
for interface height, maximum axial velocity, and upper
and lower Nusselt numbers in the developing region

as well as average upper and lower Nusselt numbers
and total entropy generation in the whole channel for
a wide range of 
ow conditions such as volumetric

ow rate ratio and the Reynolds number facilitates the
application of the results by other researchers. The
Gustafson and Kessel clustering algorithm [17] is used
to cluster the data as the �rst step of the fuzzy inference
system development. Fuzzy rules are generated based
on the Sugeno-Yasukawa algorithm [18] by using the
trapezoidal membership functions. The FATI (First
Aggregate Then Infer) and FITA (First Infer Then
Aggregate) approaches are implemented in the infer-
ence engine and, �nally, the combination of the two
approaches is defuzzi�ed. The Mamdani and logical
methods with the Yager operators are used and uni�ed
in both approaches. The parametric form of the fuzzy
inference system is another feature of the present study,
which can be used as an e�ective tool to improve the
accuracy of the results.

2. Problem description

The schematic illustration of the problem is shown in
Figure 1. Upper and lower 
uids, which are assumed to
be incompressible 
uids with constant thermo-physical
properties, 
ow into the mini-channel with uniform
velocity and temperature. The ratio of the volumetric

ow rate of the upper 
uid to the volumetric 
ow
rate of the lower 
uid at the channel inlet is named
volumetric 
ow rate ratio, which is an important
parameter in the strati�ed two-phase 
ows. Constant
heat 
uxes are applied on the upper and lower walls.
The height of the free interface constructed between the
phases varies in the developing region of the channel. In
the developing region, the axial velocity pro�le varies
in the x-direction as well. As the hydro-dynamically
fully developed conditions occur, the interface height
remains �xed [9].

Non-dimensional forms of the governing equations
including the continuity, momentum, energy, and en-
tropy generation equations are presented in Eqs. (1)
to (5):

� Continuity:

r:~V = 0: (1)

Figure 1. Schematic view of the problem [9].
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The dimensionless parameters of Eq. (6) are used
to derive the aforementioned equations:
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where D and L are height and length of the mini-
channel, respectively; uin is the axial inlet velocity;
P is the dimensionless pressure; u and v are the
dimensionless velocities in x and y directions; T is the
dimensionless temperature; Sgen is dimensionless en-
tropy generation; �, �, k, and cp are the dimensionless
density, viscosity, thermal conductivity, and constant-
pressure speci�c heat, respectively; and Re, PrL, �,
and � are the Reynolds number, Prandtl number of
the lower 
uid, and the two dimensionless parameters
used in entropy generation equation [9].

3. Numerical data used

The numerical data used in the present study were
extracted from the recent study by the same authors [9]
in which the aforementioned equations were solved
numerically and analytically. A fully staggered grid
was utilized to solve the continuity and Navier-Stokes
equations by using the second-order �nite di�erence
method based on the projection algorithm proposed
by Chorin [20]. The volume of 
uid method was
implemented to reconstruct the interface through the
advection equation (Eq. (7)), which updates the vol-
ume fraction �eld in each time step using the velocity
�eld [21-25]. Important parameters of the study are
presented in Table 1. The recent study by Zehtabiyan-
Rezaie et al. [9] can be employed to generate large
amount of data to develop a fuzzy inference system.
Then, the fuzzy inference system can be used to predict
the two-phase 
ow characteristics in the developing
region as generalized charts. The algorithm of the nu-
merical method in Zehtabiyan-Rezaie et al.'s study [9]
is presented in Figure 2.

@f
@t

+r:(fV )� fr:V = 0:0: (7)

Table 1. Important parameters of the study [9].

Parameter Unit Value

D m 0.001
L m 0.01
�r | 0.1160
�r | 0.0218
kr | 0.0426
cpL | 0.2417
PrL | 5.8890
q00L; q00U W/m2 1000000.0
�L kg/m3 1001.0
�L kg/(m.s) 0.0008527
kL W/(m.K) 0.6019
cpL J/(kg.K) 4156.0
Tin K 300.0
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Figure 2. Algorithm of the numerical study of Zehtabiyan-Rezaie et al. [9] .

4. Fuzzy Inference System (FIS) development

Before selecting the fuzzy logic as a tool to handle
the problem, a semantic analysis of the problem must
be performed to �nd the most appropriate method.
In the present problem, extensive output results are
generated through the Fortran code developed for the
earlier study of the authors [9]; it seems that the
amount of data as well as the dependencies between the
inputs and outputs leaves no other way but using fuzzy
logic, which was proposed by Zadeh [26] for the �rst
time in 1965. In addition, since the fuzzy intelligence
systems have no presupposition about the statistical
distribution of the result, it may give good outputs in
comparison with the common statistical methods [13].

As shown in Figure 3, the main objective of
the fuzzy inference system development in the present
study is prediction of the interface height, maximum
axial velocity, and upper and lower Nusselt numbers of
strati�ed air-water 
ow in the developing region of the
mini-channel as well as the average upper and lower
Nusselt numbers and the total entropy generation in
the whole channel as functions of the volumetric 
ow
rate ratio and the Reynolds number.

4.1. Clustering the data
The �rst step of the system development is clustering

of the data. Gustafson and Kessel algorithm [17]
is selected to cluster the data and �nd the cluster
membership function matrix. The objective function
of the GK algorithm is given in Eq. (8):

JmGK(U;A; V;X) =
cX
i=1

NX
k=1

umikd(xk; vi): (8)

The main steps of the algorithm are as follows, which
are extensively explained by Fazel Zarandi et al. [27]:
- Step 1: Compute cluster prototypes:
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�
u(l�1)
ik

�m : (9)

- Step 2: Compute the cluster covariance matrices:

Fi =

NP
k=1

�
u(l�1)
ik

�m �
xk � v(l)

i

��
xk � v(l)

i

�T
NP
k=1

�
u(l�1)
ik

�m :
(10)

- Step 3: Compute the distances:
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�
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- Step 4: Update the partition matrix:
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Figure 3. Fuzzy inference system.

Figure 4. Validity indices as a function of cluster
numbers in GK method for a speci�c data set.

u(l)
ik =

1
cP
j=1

�
DikAj=DikAi

� 2
m�1

: (12)

In the present study, the value of weighting
exponent (m) is assumed to be equal to 2. In order to
�nd the appropriate number of clusters, several cluster
validity indices are proposed. In this study, the par-
tition coe�cient and partition entropy validity indices
are utilized, which are formulated by Bezdek [28]. In
Figure 4, two cluster validity indices are plotted versus
number of clusters for one of the data sets of the
numerical data. It can be seen that selection of 5
clusters for that set can satisfy both of the indices.

4.2. Extraction of the rules
To this step, the clusters are generated using the GK
method [17]. By transferring the output membership
functions into the input space and projecting the fuzzy
cluster onto the X1(Vr) and X2(Re) spaces, the mem-
bership functions of the inputs as well as the outputs
are produced [18] and the fuzzy set is approximated
with trapezoidal type membership functions as shown
for one of the data sets in Figure 5.

4.3. Inferring with parametric operators and
FATI-FITA combination

As illustrated in Figure 6, the Yager parametric oper-
ators are used as t-norms and s-norms. The FATI and
FITA approaches are implemented in inference mod-
ule, each utilizing the Mamdani's logical and uni�ed
method. Finally, a combination of the FATI and FITA
approaches is computed as the �nal output. The FATI
and FITA approaches are combined through Eq. (13).

CombFATI�FITA = FATI � (1� �) + FITA � �: (13)

At the end, defuzzifying is performed by using Eq. (14);
in this equation, the parameter � generalizes the
formula. In this problem, � (defuzzifying parameter),
� (Mamdani-Logical combination parameter), � (FATI-
FITA combination parameter), and ! (Yager operators
parameter) are the parameters that must be tuned:

y� =

y`R
y0

y[�F (y)]�dy

y`R
y0

[�F (y)]�dy
: (14)

5. Results and discussion

The numerical data were divided into two groups; 75%
of the whole data were used to construct the system
and 25% were used to test it and tune the parameters.
In order to evaluate the system, 3 cases were used,
which were not among the system development and
testing data. In Figure 7, developing of interface
height, maximum axial velocity, and upper and lower
Nusselt numbers extracted from FIS is compared with
the results of CFD study [9]. It seems that the FIS
results show good accuracy and the developed system
can be utilized to achieve the aims of the study.

5.1. Interface height in the developing region
In Figure 8, the developing interface height is presented
as a function of the volumetric 
ow rate ratio and the
Reynolds number. Decreasing the Reynolds number
lessens the development length. In the air-water strat-
i�ed two-phase 
ow, the maximum velocity is located
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Figure 5. Membership functions of the Re, Vr (inputs) and yi (outputs) for a speci�c data set.

Figure 6. Inference module of the developed FIS.

in the upper 
uid (air); therefore, the conservation of
mass forces the interface to move towards the upper
wall until the fully developed conditions are achieved.

5.2. Maximum axial velocity in the developing
region

In Figure 9, the generalized diagram of the developing
maximum axial velocity is shown. It is evident that
for the volumetric 
ow rate ratios less than 0.5 at
x = 3 and 4, fully developed conditions are achieved;
therefore, the interface height is nearly independent of
the Reynolds number.

5.3. Heat transfer coe�cient in the developing
region

The total bulk temperature and the local Nusselt
numbers that are de�ned at the upper and lower walls

are calculated by using Eqs. (15) and (16) [9]:

Tbulk =
Z 1

0
�cpuTdy=

Z 1

0
�cpudy; (15)

NuU = hU
D
kU

=

�
q00r
kr

�
(TwallU � Tbulk)

;

NuL = hL
D
kL

=
1:0

(TwallL � Tbulk)
: (16)

In Figure 10, the upper Nusselt number is presented for
wide ranges of the Reynolds and volumetric 
ow rate
ratio. The upper Nusselt number decreases along the
developing region of the mini-channel. By increasing
the Reynolds number, the fully developed conditions
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Figure 7. Validation of the FIS with the numerical results of Zehtabiyan-Rezaie et al. [9]: (a) Local interface height in the
developing region, (b) local maximum axial velocity in the developing region, (c) local lower Nusselt number in the
developing region, and (d) local upper Nusselt number in the developing region.

Figure 8. Generalized diagram of developing interface height of strati�ed air-water 
ow as a function of the volumetric

ow rate ratio and Reynolds number at x = 1, 2, 3, and 4 from channel inlet.
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Figure 9. Generalized diagram of developing maximum axial velocity of strati�ed air-water 
ow as a function of the
volumetric 
ow rate ratio and Reynolds number at x = 1, 2, 3, and 4 from channel inlet.

Figure 10. Generalized diagram of developing lower Nusselt number of strati�ed air-water 
ow as a function of the
volumetric 
ow rate ratio and Reynolds number at x = 1, 2, 3, and 4 from channel inlet.
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Figure 11. Generalized diagram of developing upper Nusselt number of strati�ed air-water 
ow as a function of the
volumetric 
ow rate ratio and Reynolds number at x = 1, 2, 3, and 4 from channel inlet.

Figure 12. Generalized diagram of average Nusselt numbers of strati�ed air-water 
ow as a function of the volumetric

ow rate ratio and Reynolds number: (a) Lower average Nusselt number, and (b) upper average Nusselt number.

occur far from the inlet; therefore, higher Nusselt num-
bers are observed by enhancing the Reynolds number.
A decrease in the volumetric 
ow rate ratio increases
the di�erence between the lower wall temperature and
the bulk temperature in the lower 
uid, which imposes
a reduction in the lower Nusselt number.

In Figure 11, the generalized diagram of the upper
Nusselt number is shown. By decreasing the volumetric


ow rate ratio, enhancement of the upper Nusselt
number is observed, which is because of reduction in
the di�erence of the upper wall temperature and the
total bulk temperature.

Average Nusselt number is one of the favorite
output results of the studies dealing with heat trans-
fer analysis. In Figure 12, the average upper and
lower Nusselt numbers in the whole mini-channel are
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presented. As shown in Figure 12(a), in a Reynolds
number equal to 5.0, an optimum value for the volu-
metric 
ow rate ratio is observed, which maximizes the
average lower Nusselt number. The same phenomenon
happens for a volumetric 
ow rate ratio of 1.2 in a
speci�c Reynolds number. In Figure 12(b), the average
upper Nusselt number is presented as a function of the
Reynolds number as well as the volumetric 
ow rate
ratio. If heat transfer enhancement is the objective
of the design, in a Reynolds number of 50.0, the
volumetric 
ow rate ratio of 1.0 should be avoided
because it minimizes the average upper Nusselt num-
ber. Figure 12 reveals the importance of the parameter
selection in the air-water strati�ed 
ow in a mini-
channel.

5.4. Total entropy generation
The total entropy generation is calculated by integra-
tion of the local entropy generation in channel domain
as stated in Eq. (17) [9]:

Sgen,total =
x

Sgen(x; y; )dxdy: (17)

Total entropy generation in the whole mini-channel
is illustrated in Figure 13. It can be seen that in
each volumetric 
ow rate ratio, a speci�c Reynolds
number maximizes the total entropy generation. The
reason of this phenomenon is extensively explained by
Zehtabiyan-Rezaie et al. [9].

Figures 12 and 13 should be utilized in parameter
selection, simultaneously, since the heat transfer and
total entropy generation are both very important in
the mechanical systems.

6. Conclusion

This study presents generalized diagrams for some of
the most important characteristics of the strati�ed

Figure 13. Generalized diagram of total entropy
generation of strati�ed air-water 
ow as a function of the
volumetric 
ow rate ratio and Reynolds number.

air-water 
ow, heat transfer, and entropy generation
in mini-channel by using a rule-based fuzzy inference
system. Result analysis demonstrates that the system
is an e�ective tool to avoid the considerable computa-
tional costs of the numerical codes. The main novelty
of the study lies in the presentation of the generalized
diagrams, which enhance the applicability of the results
by other researchers. In a Reynolds number equal to
5.0, an optimum value for the volumetric 
ow rate
ratio was observed, which maximized the average lower
Nusselt number. The same phenomenon happened for
a volumetric 
ow rate ratio of 1.2 in a speci�c Reynolds
number. In addition, in a Reynolds number of 50.0,
the volumetric 
ow rate ratio of 1.0 minimized the
average upper Nusselt number. Another interesting
result of the study is the generalized diagram of the
total entropy generation, which reveals that a careful
analysis should be applied in selection of the Reynolds
number as well as the volumetric 
ow rate ratio.

Nomenclature

c Number of clusters
cp Dimensionless speci�c heat at constant

pressure
D Mini-channel height (m)
Dik Mahalanobis distance
f Volume fraction
Fi Cluster covariance matrices
h Heat transfer coe�cient (W/m2.K)
JGK The objective function of the GK

algorithm
k Dimensionless thermal conductivity
L Mini-channel length (m)
m Weighting exponent
N Number of data
Nu Nusselt number
P Dimensionless pressure
Pr Prandtl number
q00 Heat 
ux (W/m2)

q00r =
q00U
q00L

Heat 
ux ratio

Re Reynolds number
S Dimensionless entropy
t Dimensionless time
T Dimensionless temperature
u Dimensionless axial velocity
uik Cluster membership function
v Dimensionless normal velocity
vi Cluster prototype
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Vr =
_VU
_VL

Volumetric 
ow rate ratio

_V Dimensionless volumetric 
ow rate
~V Dimensionless velocity �eld
x Dimensionless axial distance from inlet
y Dimensionless normal distance from

lower wall
y� Defuzzi�ed output

Greek symbols

� Thermal di�usivity (m2/s)
� Mamdani's Logical method

combination parameter
� Dimensionless parameter in entropy

generation equation
� Dimensionless viscosity
� Kinematic viscosity (m2/s)
� Dimensionless density
! Yager operators parameter
� Dimensionless parameter in entropy

generation equation
� FATI-FITA combination parameter

Subscripts

avg Average
bulk Bulk temperature of 
uid
F.D Fully Developed
gen Generation
in Inlet
i Interface
L Lower 
uid
r Ratio of upper 
uid properties to lower


uid properties
U Upper 
uid

Superscripts
0 Dimensional array variables
000 Per volume
_ Rate form
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