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Abstract. Alkali -Aggregate Reaction (AAR) is a deteriorative phenomenon for 

concrete that impresses the performance of structures. This study focuses on the 

seismic and post-earthquake behavior of an AAR-affected dam. A computer program 

is developed for simulating the structural behavior of AAR-affected dams including 

the seismic and post-earthquake durations. A thin high double-curvature arch dam is 

selected as case study and is modeled in a series of analyses within the assumed 30-

year operating period. Each analysis includes an earthquake excitation in a different 

specified time. In each analysis, the seismic record is applied to the dam at different 

status of AAR progression considering the proposed ARI index. The results show that 

AAR affects seismic performance of the dam, i.e. with the AAR progression; the 

dynamic responses are significantly changed. On the other side, the effect of 

earthquake occurrence time on the dam post-earthquake behavior is not noticeable. 

This may be explained by the linear elastic behavior assigned to the body material in 

the provided FE model. 
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1. Introduction 

The AAR-affected dams show unusual behavior that is intensified with the passage of 

structure lifetime. This different behavior originates from two main factors, one is the 

AAR gel expansion and another is degradation of the concrete mechanical properties. 

Both of the aforementioned factors are time-dependent. On the other side, seismic 

loading is followed by significant effects on the structural reactions of any dam. With 

such a point of view, coupling between AAR effects and seismic loading, i.e. seismic 

loading effects on the performance of the AAR-affected dam and AAR effects on 

seismic responses, is probable and followed as a subject for current research. Several 

studies have been previously presented on AAR-affected structures. But few of them 

had tendencies to the dynamic performances. 

The earliest phenomenological model presented by Charlwood et al. [1] is widely used 

to analyze AAR-affected dams. Chemo-mechanical modeling was developed [2, 3]. 

Malla and Wieland modeled a rather small arch-gravity dam in both linear and 

nonlinear conditions. In their research, the volume expansion due to AAR was 

simulated using equivalent temperature and was taken uniform over the whole dam 

body [4]. Parvini et.al investigated the seismic behavior of an AAR affected hydraulic 

structure as a case study. They performed the dynamic analysis after a period of 

transient static one (with consideration of AAR phenomenon), the analyses with AAR 

involved only the pre-earthquake duration, meanwhile the post-earthquake analysis 

were not included in the study [5]. Introducing a new phenomenological model for 

AAR, Saouma and Perotti developed a numerical computer program for simulating 
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structural effects of AAR. Verifying the proposed model, they simulated an AAR-

affected arch-gravity dam, which led to the accurate and reliable results. In their 

research, seismic behavior of the structure was not accounted for [6]. Grimal et al. 

used a numerical model developed by Electricité de France (EDF) and modeled 

successfully the expansion in damaged structures. The researchers considered the 

concrete creep, the stresses induced by the AAR gel and the mechanical damage to 

predict the experimental behavior of several beams subjected to AAR [7]. Tokmechi 

studied the probability of crack distribution and cracked zones percentage due to 

Normal Alkali Silica Reaction in a sample RCC dam. He used Monte Carlo Method to 

solve the stochastic system. His study did not deal with seismic loads of the mentioned 

dam [8]. In the study presented by Jinting et al., the seismic safety of an arch dam 

suffering from aging effects was evaluated using a proposed model. The reduction in 

the structural safety and intensification of the tensile cantilever stresses were approved 

during the performed analyses [9]. Based on the Saoumaôs model, a chemo-damage 

model is proposed by Pan et al. [10, 11], and the model is used to analysis the long-

term behavior of AAR-affected gravity dams and arch dams. More modeling of AAR 

in concrete is referred to [12]. 

In the current research, a computer code prepared previously by the authors was 

developed for analyzing the AAR-affected structures under seismic excitations. The 

program is based on Finite Element procedure and is able to analyze the structures in 

three different phases: the pre-earthquake static (but transient) phase; the dynamic 

analyses due to seismic loading and; resuming the static analysis in the post-

earthquake phase. During the static phases, AAR progression is numerically simulated 

following a sigmoid curve based on an adopted comprehensive AAR model. During 

the earthquake period, no growth in AAR gel or degradation in mechanical properties 
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is expected but variations in the subsequent effects of the reaction are accounted for. 

In this regard, a new redistribution of the AAR gel expansion may be expected. This is 

due to the new imposed confinement (i.e. new stress state) during the seismic loading 

what leads to changes in the AAR load vector. Furthermore, the material behavior is 

assumed to be linear elastic. So, when one changes the earthquake excitation time, 

coupling between AAR and seismic loading and subsequent effects on the post-

earthquake responses may be ignorable. But the conditions may be different during the 

seismic loading. However, this point of view would be considered during the current 

research. 

2. Governing Equations and Ground Motion Loading 

Clearly, seismic loading of a dam-reservoir-foundation system is followed by a 

coupled problem. The coupled mathematical problem should be solved through the 

numerical procedures such as Finite Element method. In the aforementioned system, 

the Helmoltz equation governs the reservoir medium, given as [13]: 

2
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where, p, C and t are the hydrodynamic pressure, the pressure wave velocity in the 

liquid domain and the time, respectively. For solving Equation 1, the boundary 

conditions are required to be applied on the reservoir medium [14]. The equations of 

the dam-foundation (as the structure) and the reservoir take the following form: 

 
(2) 

where [M], [C] and [K] are the mass, damping and stiffness matrices of the structure 

including the dam body and its surrounding foundation medium and [G], [Cǋ] and [Kǋ] 
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are matrices representing the mass, damping and stiffness equivalent matrices of the 

reservoir, respectively. The matrix [Q] is the coupling matrix; {f1} is the vector 

including both the body and the hydrostatic force; {P} and {U} are the vectors of 

hydrodynamic pressures and displacements, respectively and {} is the ground 

acceleration vector.  

In the current research, all three components of a ground motion record, scaled in 

DBE (design basis earthquake), are applied simultaneously to the provided finite 

element model. For decreasing the computation cost, only the strong motion duration 

is accounted for. Figure 1 shows the time history of the aforementioned earthquake 

during strong motion interval. 

The conducted seismic analyses include 583 steps with a time interval of 0.02. For 

computing damping matrix using Rayleigh method, the damping ratio (proportional to 

the structure stiffness and mass matrices) is assumed 5%, meanwhile  hand ̡  factors 

are taken as 0.94248 and 0.00199, respectively. It is worth mentioning that PGA is 0.2 

for the horizontal components and 0.11 for the vertical direction based on the dam site 

specifications. 

The utilized Newton-Raphson equilibrium iterations provide convergence at the end of 

each load increment within the defined tolerance limits. In this study, for the solid 

elements with concrete material, the convergence criteria are based on the force and 

displacement, while for the reservoir fluid elements are based on the pressure. For 

dynamic analyses, the Newmark-  ̡ method is utilized for direct integration of the 

coupled equations along the subsequent time steps. 

3. Formulation of the AAR model 
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For simulating AAR effects within the current developed code, the phenomenological 

model of Saouma and Perotti is used. This model has relatively comprehensive 

formulation involving various aspects of the reaction. It profits by both of state of the 

art theoretic and new experimental achievements. The reaction kinetics is assumed to 

follow a sigmoid curve (Figure 2) which is expressed by Equation 3. 
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where, ɝ is an index for AAR progression which ranges from 0 to 1, two limits for 

minimum and maximum reaction advancement; t is the analysis time (or the dam 

lifetime), ̒  is the internal temperature of AAR-affected material; and finally, ̱c and ̱ l 

are the characteristic and latency times, respectively (see Figure 2 for more details). 

AAR has two main effects that impress the history of structural responses, one is 

inflation of the AAR gel and another is degradation of the elastic modulus and tensile 

strength. Equation 4 presents a relation for computing the expansion rate in every time 

step[15]. 

 (4) 

where, ũt represents a descendent factor because of forming macro cracks. Similar 

effect is exerted by ũc due to forming of micro cracks; f(h) is the effect of moisture 

deficiency (may be taken as unity in the structures such as concrete dams);  ˅ is 

attained by Equation 3; and ʁ
Ð
 is the maximum of free volumetric expansion, 

measured in the reference temperature[15]. Considering Equation 4 and through a 

simple Finite Difference Method, the gel expansion value in every time step may be 

computed. The attained expansion value is indeed the free volumetric strain and 
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should be distributed in linear free strains within the provided numerical procedure. 

This is performed by three corresponding weight factors, wi, so that[15]: 

= =AAR
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For example, the weight factor associated with principal direction ñkò consists of [15]: 
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Considering Figure 3, w1 to w4 corresponds to nodes of the rectangle where represents 

the current stress state; and a and b are sides of this rectangle (see [15] for more 

details).  

Following the aforementioned procedure, a vector of free strains is attained what leads 

to an additional force vector within the utilized Finite Element procedure. 

On the other side, AAR degrades the solidity and tensile strength of the AAR-affected 

concrete. In this regard, Equations 7 and 8 are proposed in the utilized model: 

[ ]0
( , ) 1 (1 ) ( , )= - -

E
E t E tq b x q (7) 

[ ],0
( , ) 1 (1 ) ( , )= - -

t t f
f t f tq b x q (8) 

in which, E0 and ft,0 are the initial elastic modulus and tensile strength, respectively; E̡ 

and ̡ f are the corresponding residual fractional values when AʁAR tends to 
AARe¤ . The 

later equations, along with Equation 4 describe the dependency of AAR-affected 

structure behavior to the dam lifetime. This may lead to different seismic behaviors for 

the structure when it experiences the same excitation at different moments of its 

lifetime. This is the main challenge considered in the current study.  



8 
 

The currently developed computer program involves all of the formulations presented 

in the sections 2 and 3. The accuracy of this program in simulating of AAR-affected 

concrete structures and seismic loading has been previously verified in the separate 

research [14, 16, 17]. 

3. Case Study- Dez Dam 

Dez dam is a thin double-curvature high arch dam located in 20km NE of Andimeshk, 

Iran (Figure 4(a)). Its height is 203m from the foundation and 190m from the riverbed. 

For the dam crown cantilever, the thicknesses at the crest elevation and base are 4.5m 

and 21m, respectively. Crest length is 212m and its altitude is 354masl. After the 

optimization program conducted on the dam performance and hydropower generation 

plants, the reservoir normal water level was raised up to 352masl [18]. It is worth 

noting that the reinforced concrete saddle, referred to as pulvino, was provided 

between the dam body and foundation rock for facilitating distribution of the applied 

loads on the surrounding rock. Figure 4(b) shows the downstream view of the Dam 

and its surrounding environment. 

In the provided Finite Element model, the dam body and its pulvino are modeled using 

648 and 144 elements, respectively (see Figure 5(a)). The dam foundation rock and 

reservoir affect the seismic analysis; they are modeled with 3770 and 3660 elements, 

respectively. Finally, the total number of elements in the model would be 8522 (see 

Figure 5). The utilized elements for modeling the concrete dam, its pulvino and the 

foundation rock are 8-node brick elements with 8 integration points. Each node has 

three translational degrees of freedom in the global directions, x, y and z. Furthermore, 

the reservoir is modeled using 8-node fluid brick elements. Pressure is the nodal 

degree of freedom for the fluid elements (Figure 5(b)). 
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Elasticity modulus, Poisonôs ratio, density and thermal expansion coefficient for the 

dam body concrete are assumed 40GPa, 0.2, 2400Kg/m
3
 and 6×10

-6
/C

°
, respectively. 

The moduli of deformations for the saturated and unsaturated parts of the foundation 

medium are taken 13GPa and 15GPa, respectively. The pressure wave velocity in 

water is taken 1440m/s, and the wave reflection coefficient for the reservoir peripheral 

boundary is assumed 0.8. All the above-mentioned mechanical parameters were 

extracted from a comprehensive calibration procedure conducted on the provided 

model by the second author and his co-workers [18]. A list of material properties 

assumed for modeling of the dam for static and dynamic conditions are separately 

presented in Table 1. 

The utilized values for parameters of the AAR model are assumed as presented in 

Table 2. More details about these parameters may be found in the study by Saouma 

and Perotti [15]. 

4. Analyses Results and Discussion 

Developing the desired program and modeling the case study, a couple of analyses are 

performed within the assumed 30-year operation period. All of the analyses involve 

both of the static (pre-earthquake and post-earthquake analyses) and dynamic phases 

(during earthquake occurrence) at the same procedure. The specified time for 

earthquake occurrence is different for each analysis. The performed analyses are 

named here as: 

- Case A: earthquake is occurred passing 1 years of the dam life time (with ARI=0.2%) 

- Case B: earthquake is occurred passing 6 years of the dam life time (with ARI=20%) 

- Case C: earthquake is occurred passing 9 years of the dam life time (with ARI=38%) 

- Case D: earthquake is occurred passing 12 years of the dam life time (with ARI=57%) 
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- Case E: earthquake is occurred passing 15 years of the dam life time (with ARI=73%) 

- Case F: earthquake is occurred passing 26 years of the dam life time (with ARI=99%) 

 

It's worth mentioning that occurrence of the earthquake in the above cases is arranged 

to be at the different ARI levels. ARI may be a suitable index for evaluating the 

reaction progression in any AAR-affected dam. This index is proposed by the authors 

as the weighted average of the reaction kinetics index thorough all elements of the 

dam body and is computed using Equation 9: 
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where, Vn is volume of the n
th
 element; RIn is the reaction kinetic index of the n

th
 

element and nel is the total number of dam body elements. Figure 6 presents the 

diagram of ARI versus time for the modeled arch dam. This figure is prepared based 

on a similar transient static analysis. Indicated in Figure 6, AAR reaches its extreme 

level after 22 years passing the dam service life. The earthquake excitation times for 

all of the cases are marked in Figure 6. It is tried that the analyses cover occurrence of 

earthquake at different conditions of AAR progression in the considered dam. 

It should be noted that a transient thermal analysis is performed before the structural 

analyses. Solar radiation is modeled in the aforementioned simulations using a precise 

formulation utilized by the authors during the previous studies [19, 20]. Meanwhile, 

variation of the reservoir surface level was accounted for based on the recorded 

history in the dam site. In all of the cases, seismic loading is assumed to occur in 

summer which is commonly known as the critical season for earthquake excitations in 

arch dams.  
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Figure 7 shows the displacement history extracted from the performed analyses in all 

of the three directions, x, y and z. 

 

 

 

Indicated in the diagrams of Figure 6, it's inferred that the time of earthquake 

excitation does not impress the history of post-earthquake crest displacements. But, 

when the stress contours of final analyses steps (post earthquake phase) are assessed, 

some few differences may be observed (see the contours in Figures 8 and 9).  

The rest of the presented results include the structural responses during the seismic 

loading. Figures 10 and 11 show history of the crest displacements during earthquake 

for all of the performed analyses. 

 

Un-concurrent Envelopes of the 1
st
 and 3

rd
 principal stresses during the earthquake 

excitation concerning all of the performed seismic analyses are presented in Figures 

12 to 15. 

Based on what is observed in Figures 12 to 15, occurrence of the same earthquake at 

different moments of the lifetime would result in different reactions in the considered 

dam. In Table 3, a summary of the extreme values of the section 4 is presented. 

The analyses results imply that occurrence of the same earthquake will result in 

different seismic reactions in the considered dam. However, the effects are 

considerably milder when one considers the post-earthquake responses. This may be 

explained by the assumption of linear elastic behavior for the body material. Simply, 
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during the short period of the earthquake there is not enough time for the AAR-

affected concrete elements to experience further reduction in the elastic modulus. On 

the other word, when one assumes non-linear behavior for the model, impressibility of 

the post-earthquake responses is expected to be intensified. However, this part is left 

for development of the current research. The results presented in section 4 show that 

estimating the responses of an AAR-affected dam is complicated when it experiences 

earthquake during its service life. Meanwhile, it is indicated that the critical or 

extreme values of the different structural responses do not occur at the same case. This 

point of view can be considered more during the future extensions of the current 

study. 

5. Conclusion 

Using the new developed code, numerical simulations of AAR-affected dams are 

possible in both of the static and dynamic phases. Using the aforementioned computer 

program, several analyses, with assumption of the same earthquake excitation is 

conducted. Each of the analyses includes simulation of the earthquake excitation at a 

different time step, which corresponds different status for the AAR progression. The 

modeled AAR-affected case study shows significant dependency of the seismic 

responses to the earthquake excitation time. It is observed that before almost 50% of 

the reaction progression, earthquake effects on the stresses is significant (cases A, B 

and C) but the dependency is decreased when earthquake assumes to occur at any time 

after passing an ARI of about 50% (cases C, D and E). However, the differences are 

milder when one traces the post-earthquake responses. More reliable judgment about 

current conclusions should be left for further considerations. Finally, it may be 
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inferred that evaluating behavior of the AAR-affected dams under seismic loadings is 

complicated and only case-by-case simulations may be proposed. 

References 

1. Charlwood, R.G., R.R. Steele, Z.V. Solymar, and D.D. Curtis, "A Review of alkali-

aggregate reaction in hydro-electric plants and dams", in Int. Conf. on Alkali-

Aggregate Reactions in hydro-electric plants and dams: New Brunswick, Canada 

(1992). 

2. Huang, M. and S. Pietruszczak, "Modeling of thermomechanical effects of alkali-

silica reaction". Journal of engineering mechanics. 125(4): pp. 476-485 (1999). 

3. Ulm, F., C. J., O, L. Kefei, and C. Larive, "Thermo-Chemo-Mechanics of ASR 

expansion in concrete structure". Journal of Engineering Mechanics. pp. 232-242 

(2000). 

4. Malla, S. and M. Wieland, "Analysis of an archïgravity dam with a horizontal crack". 

Computers & Structures. 72(1ï3): pp. 267-278 (1999). 

5. Parvini, M., S. Pietruszczak, and V. Gocevski, "Seismic analysis of hydraulic 

structures affected by alkali-aggregate reaction: a case study". Canadian Journal of 

Civil Engineering. 28(2): pp. 332-338 (2001). 

6. Saouma, V., L. Perotti, and T. Shimpo, "Stress analysis of concrete structures 

subjected to alkali-aggregate reactions". ACI structural journal. 104(5): pp. 532-541 

(2007). 

7. Grimal, E., A. Sellier, S. Multon, Y. Le Pape, and E. Bourdarot, "Concrete modelling 

for expertise of structures affected by alkali aggregate reaction". Cement and 

Concrete Research. 40(4): pp. 502-507 (2010). 

8. Tokmechi, "The probability of RCC Dams Cracking Due to NASR". Aust. J. Basic 

Appl. Sci. 5(5): pp. 768-775 (2011). 

9. Wang, J., F. Jin, and C. Zhang, "Seismic safety of arch dams with aging effects". 

Science China Technological Sciences. 54(3): pp. 522-530 (2011). 

10. Pan, J., Y. Xu, F. Jin, and C. Zhang, "A unified approach for long-term behavior and 

seismic response of AAR-affected concrete dams". Soil Dynamics and Earthquake 

Engineering. 63: pp. 193-202 (2014). 

11. Pan, J., Y. Feng, Y. Xu, F. Jin, C. Zhang, and B. Zhang, "Chemo-damage modeling 

and cracking analysis of AAR-affected concrete dams". Science China Technological 

Sciences. 56(6): pp. 1449-1457 (2013). 

12. Pan, J., Y. Feng, J. Wang, Q. Sun, C. Zhang, and D. Owen, "Modeling of alkali-silica 

reaction in concrete: a review". Frontiers of Structural and Civil Engineering. 6(1): 

pp. 1-18 (2012). 

13. Mirzabozorg, H., "Staggered solution scheme for three-dimensional analysis of dam 

reservoir interaction". Dam engineering. (3): pp. 147-179 (2003). 

14. Hariri-Ardebili, M. and H. Mirzabozorg, "Numerical simulation of reservoir 

fluctuation effects on nonlinear dynamic response of concrete arch dams". Advances 

in Fluid Mechanics VIII (AFM), WIT Press, Algarve, Portugal. pp. 427-438 (2010). 

15. Saouma, V. and L. Perotti, "Constitutive model for alkali-aggregate reactions". ACI 

materials journal. 103(3): pp. 194 (2006). 



14 
 

16. Lamea, M. and H. Mirzabozorg, "Simulating Nonlinear Behavior of AAR-Affected 

Arch Dams Including Detection of Crack Profiles". Arabian Journal for Science and 

Engineering. pp. 1-13 (2014). 

17. Hariri-Ardebili, M. and H. Mirzabozorg, "Feasibility study of Dez arch dam 

heightening based on nonlinear numerical analysis of existing dam". Archives of Civil 

Engineering. 59(1): pp. 21-49 (2013). 

18. Hariri-Ardebili, M.A. and H. Mirzabozorg, "Feasibility Study of Dez Arch Dam 

Heightening Based on Nonlinear Numerical Analysis of Existing Dam". Archives of 

Civil Engineering. 59(1): pp. 21-49 (2013). 

19. Mirzabozorg, H., M. Hariri-Ardebili, M. Shirkhan, and S. Seyed-Kolbadi, 

"Mathematical Modeling and Numerical Analysis of Thermal Distribution in Arch 

Dams considering Solar Radiation Effect". The Scientific World Journal. 2014 (2014). 

20. Lamea, M. and H. Mirzabozorg, "Evaluating Sensitivity of an AAR-Affected 

Concrete Arch Dam to the Effects of Structural Joints and Solar Radiation". Strength 

of Materials. 47(2): pp. 341-354 (2015). 



15 
 

Mohsen Lamea is now assistant professor in civil engineering department, Islamic 

Azad University-Kashan branch, Kashan, Iran. He has received his Phd in structural 

engineering from K.N.Toosi University of Technology, Tehran, Iran. His research 

interests include dam engineering, computational mechanics and numerical 

simulations. 

Hasan Mirzabozorg is now associate professor in civil engineering department, K.N.Toosi 

University of Technology, Tehran, Iran. He received his PhD from Sharif University of 

Technology at Tehran. His research interests are dam engineering, computational 

mechanics and numerical simulations. 

List of Captions: 

Figure 1. Scaled strong motion duration of the earthquake records in three directions; a) cross 

stream, b) stream and c) vertical 

Figure 2. Reaction Progression in constant temperature [15] 

Figure 3. Weight regions [15] 

Figure 4. (a) Satellite photo of Dez Dam and lake (Google map, 2017); (b) General view of dam, 

river and reservoir [18] 

Figure 5. Details of the geometric modelling (a) Finite element mesh of the dam body (b) FE 

mesh of the reservoir; (c) FE mesh of the foundation ;(d) Cubed and prism solid-thermal elements 

Figure 6. Diagram of ARI (Average of Reaction kinetic Index) for the analyzed case study 

Figure 7. History of crest displacements in; a) cross-stream direction, b) horizontal direction, c) 

vertical direction 

Figure 8. Contours of 1st principal stresses at the last step of the analyses (in DS face, Pa) 

Figure 9. Contours of 3rd principal stresses at the last step of the analyses (in DS face, Pa) 

Figure 10. History of displacements in US/DS direction for all cases during earthquake (mm) 

(crest displacements versus analysis steps) 

Figure 11. History of displacements in US/DS direction for all cases during earthquake (mm) 

(crest displacements versus analysis steps) 

Figure 12. Envelopes of 1st principal stresses on down-stream face 



16 
 

Figure 13. Envelopes of 1st principal stresses on up-stream face (Pa) 

Figure 14. Envelopes of 3rd principal stresses on down-stream face (Pa) 

Figure 15. Envelopes of 3rd principal stresses on up-stream face 

 

Table 1. Material properties of the mass concrete and foundation rock of Dez arch dam  

Table 2. Values of AAR parameters, based on the model Saouma and Perotti 

Table 3. Summary of the analyses results during earthquake 

 

  



17 
 

(a)  

(b)  

(c)  

Figure 1. Scaled strong motion duration of the earthquake records in three directions; a) cross 

stream, b) stream and c) vertical 
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Figure 2. Reaction Progression in constant temperature [15] 
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Figure 3. Weight regions [15] 
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(a) 

 

(b) 

Figure 4. (a) Satellite photo of Dez Dam and lake (Google map, 2017); (b) General view of dam, river 

and reservoir [18] 
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(a) (b) 

 

 

(c) (d) 

Figure 5. Details of the geometric modelling (a) Finite element mesh of the dam body (b) FE mesh of 

the reservoir; (c) FE mesh of the foundation ;(d) Cubed and prism solid-thermal elements 
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Figure 6. Diagram of ARI (Average of Reaction kinetic Index) for the analyzed case study 
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(a) (a) 

(b) (b) 

(C) (C) 

Figure 7. History of crest displacements in; a) cross-stream direction, b) horizontal direction, c) vertical 

direction 
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Case C Case B Case A 

   
Case F Case E Case D 

 
 

 Figure 8. Contours of 1
st
 principal stresses at the last step of the analyses (in DS face, Pa) 
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Case C Case B Case A 

   
Case F Case E Case D 

 
 

Figure 9. Contours of 3
rd
 principal stresses at the last step of the analyses (in DS face, Pa) 

 

  


