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Abstract. Combined e�ects of hydrodynamic partial slip, thermal radiation due to solar
energy, and nanoparticles volume fraction on natural convection and entropy generation
of atmospheric ultra�ne aerosols sample enclosed within a two-sided lid-driven cavity
are studied numerically in the present contribution. Partial slip e�ect is taken into
account along the two horizontal moving walls, and thermal radiation is considered
through Rosseland approximation. The governing equations are solved using an accurate
�nite volume method based on SIMPLE algorithm. The impact of Brownian motion
of nanoparticles is also considered in this study, whereby KKL (Koo-Kleinstreuer-Li)
correlation is utilized for simulating the e�ective thermal conductivity and viscosity of
nanouid. The heatline visualization technique is also utilized to study the energy ux
within the cavity. A comprehensive study is conducted on the controlling parameters,
including partial slip coe�cient (� = 0 � 5), radiation parameter (Rd = 0 � 2), and
nanoparticles volume fraction (� = 0 � 4%), which inuence the ow and heat transfer
characteristics. Results show that the partial slip usually eliminates the e�ect of mechanical
forces provoked by the moving lids. Moreover, thermal radiation homogenizes the medium
thermally, which results in decreasing the average entropy generation. It is also observed
that the e�ect of carbon-black nanoparticles on the atmospheric heat transfer manifests a
wide variety of fashions mainly dependent on the presence or absence of thermal radiation
due to solar energy.
© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

Suspended particulate matter in air, or the atmospheric
aerosol, is one of the major ambient air pollution
and smog component with natural or anthropogenic
sources. Due to the rapid growth of industrializa-
tion, urbanization, transportation, deforestation and
volcanic eruption, an enormous amount of particles,
such as soot and carbon dust emission, is released into
the atmosphere in the form of ultra�ne aerosol parti-
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cles. The nanometer-sized aerosols have considerable
e�ects on health and climate changing. The ultra�ne
aerosols, with generally larger thermal conductivities
than the air, inuence the thermal conductivity of the
atmospheric environment and a�ect the earth's energy
balance. One of the vital parts of atmospheric aerosols
is soot, produced by incomplete combustion of fossil
fuel and biomass. Carbon soot has relatively larger
thermal conductivity than the pure air, and so has
considerable e�ects on the heat transfer and uid char-
acteristics of the carrier uid. However, nanometer-
sized particles were added to uids called nanouids
by Choi [1]. Study of free convection heat transfer
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of nanouids in a partitioned cavity has also received
signi�cant attention due to its wide engineering ap-
plications such as solar collectors, thermal insulation,
lubrication technologies, food processing, and cooling
of nuclear reactors [2-5]. During recent years, numerous
investigations have been conducted on the heat transfer
enhancement using nanouids, considering di�erent
utilized numerical methods, various combinations of
imposed temperature gradients, and di�erent cavity
con�gurations.

Among the literature published on this subject,
Jena & Mahapatra [6] considered the interaction be-
tween surface radiation and natural convection of black
carbon-air nanouid in the presence of transverse mag-
netic �eld. Results show that increasing the volume
fraction of the carbon-black particles causes an en-
hancement in the heat transfer rate of the atmosphere,
which has adverse e�ect on both climate and living
creatures. Mejri et al. [7] treated the e�ect of magnetic
�eld on the heat transfer and the entropy generation
of Al2O3-water nanouid inside an enclosure with
sinusoidal heating on both sides of walls. It has
been shown that the proper choice of Rayleigh number
and solid volume fraction of nanoparticles could be
able to maximize heat transfer rate and minimize
the entropy generation simultaneously. Mahmoudi et
al. [8] investigated numerically the natural convection
and entropy generation of Cu-water nanouid in a
trapezoidal enclosure by using the control volume
method. They found that the external magnetic
�eld has a tendency to slow down the convection
ow within the enclosure. Moumni et al. [9] utilized
an accurate �nite volume method to study Cu, Ag,
Al2O3, and TiO2-water nanouids in a two-sided lid-
driven cavity including discrete heat sources. Results
indicate that the nanoparticles with larger thermal
conductivity usually cause larger enhancement in heat
transfer rate of nanouid. Chen et al. [10] studied
on the entropy generation of double di�usive natural
convection of nanouid in a rectangular enclosure.
They found that the total entropy generation is a
monotonic decreasing function of nanoparticles volume
fraction. Mliki et al. [11] utilized the Lattice Boltz-
mann Method (LBM) to analyze the buoyancy-driven
heat transfer enhancement of the nanouids in an L-
shaped cavity. It has been shown that the presence
of high thermal conductive metallic nanoparticles in
nanouids improves the heat transfer and reducing the
aspect ratio enhances this e�ect. Mliki et al. [12] also
used the LBM to study natural convection of CuO-
water nanouid in the cavity submitted to di�erent
heating modes on its wall in the presence of a uniform
heat generation/absorption. Results show that at high
Rayleigh numbers, the e�ect of heat generation or
absorption can be ignored. Mahin et al. [13] estimated,
both theoretically and experimentally, the values of the

average Nusselt number and heat transfer coe�cient
ratio for natural convection of silica-water nanouid
in the square or triangular cavities. Kefayati [14] uti-
lized the Finite Di�erence Lattice Boltzmann Method
(FDLBM) to study heat transfer and the entropy
generation of non-Newtonian nanouids in a porous
square cavity. His results show that heat transfer
and entropy generation increase as Rayleigh number
enhances. Shermet et al. [15] performed numerical
simulations to study natural convection of nanouids
in an inclined wavy cavity with corner heaters in the
presence of a transverse magnetic �eld. Results indi-
cated that the variation of the cavity inclination angle
leads to essential changes in uid ow and heat transfer.
Shermet et al. [16] investigated numerically the entropy
generation in natural convection of nanouid inside
a square cavity having hot solid block. The entropy
generation due to MHD natural convection of nanouid
inside the entrapped trapezoidal cavities was examined
numerically by Selimefendigil et al. [17]. Results
show that the magnetic �eld is more e�ective in the
reduction of the natural convection at the highest value
of Rayleigh number.

Most of the atmospheric convection processes deal
with the inuence of solar energy, thermal radiation,
as well as the hydrodynamic partial slip. One of
the unsettled questions in the literature is: what is
the inuence of thermal radiation and hydrodynamic
partial slip on the uid characteristics, heat transfer,
and the entropy generation of nanouids containing
ultra�ne aerosol particles? Study of the inuence
of thermal radiation on the natural convection of
nanouids is also important in space technology and
high-temperature processes. It plays a considerable
role in controlling heat transfer processes and polymer
processing industry. On the other hand, there are
some important practical situations where partial slip
has to be taken into account such as uoroplastic
coating resist adhesion. Meanwhile, partial slips over
a moving surface occur for uids with particulates
such as suspensions, emulsions, foams, and polymer
solutions. Hence, the answer to this question is also
of interest due to wide applications in various �elds
such as di�usion technology, transpiration cooling,
hemodialysis processes, ow control in nuclear reactors,
and certain problems of the movement of conductive
physiological uids.

The inuence of solar energy radiations on the
nanouid ow over a nonlinearly stretching sheet is
addressed by Hady et al. [18]. Zhang et al. [19]
analytically studied the ow of nanouid in the porous
medium with variable surface heat ux, chemical reac-
tion, and an external magnetic �eld. Results indicate
that both of magnetic �eld and radiation greatly a�ect
velocity and temperature �elds. Mushtaq et al. [20]
investigated the radiation e�ects due to solar energy
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on the stagnation-point ow of nanouid. They found
that the temperature and wall temperature gradient
are enhanced with the radiation parameter. Mahmoodi
& Kandelousi [21] treated the heat transfer and entropy
generation of kerosene-alumina nanouid in a channel
with thermal radiation. Results demonstrate that
the Bejan number has a direct relationship with the
radiation parameter. Ib�a~nez et al. [22] utilized the
numerical methods to analyze the combined e�ects
of hydrodynamic slip, magnetic �eld, thermal radi-
ation, nanoparticles volume fraction, and convective
boundary conditions on the heat transfer in a viscous
electrically conducting nanouid ow through a micro-
channel with permeable plates. Bhatti et al. [23] stud-
ied numerically the entropy generation with radiation
on non-Newtonian Carreau nanouid towards a shrink-
ing sheet. Results indicate that thermal radiation
a�ects an opposite behavior towards the temperature
pro�le. Sheikholeslami et al. [24] performed numerical
simulations to investigate free convection of Al2O3-
water nanouid considering thermal radiation in an
enclosure with constant ux heating elements. Results
show that heat transfer has improved with further
enhancement of radiation parameter. Mixed convec-
tion of nanouid in the cavity with partial slip and
subjected to a constant heat ux and inclined magnetic
�eld was numerically studied by Ismael et al. [25]. They
actually used a constant set of partial slip coe�cient
during their study, and found that natural convection
was decreased with increasing the length of the heat
source for all the ranges of the studied parameters.
However, there is no open literature available which
studies the inuence of partial slip or thermal radiation
on the entropy generation of nanouid's convection.

On the other hand, most of the studies reported
in the literature have presented their results through
the streamlines and isotherms. In fact, streamlines
signi�cantly illustrate the uid ow, whereas isotherms
depict only temperature distribution which may not be
adequate for the visualization of heat transfer. Heatline
visualization is an e�ective technique to visualize the
convective as well as the conductive heat transport in
the system. This technique was introduced �rstly by
Kimura & Bejan [26]. However, although there are
enormous studies on natural convection of nanouids in
the literature reporting their results through isotherms,
the corresponding research utilizing heatline visualiza-
tion is sparse. Recently, Basak & Chamkha [27] used
the Galerkin �nite element method to conduct the
heatline analyses on natural convection of nanouid
in a square cavity. Alsabery et al. [28] treated the
problem of natural convection in a trapezoidal cavity
partly �lled with nanouid by the heatline visual-
ization. Bondareva et al. [29] used this technique
to study the natural convection of nanouid in an
inclined wavy open porous cavity. Alsabery et al. [30]

utilized heatline visualization technique to investigate
natural convection of nanouid in a square cavity with
sinusoidal temperature variations on both horizontal
walls.

However, the study of energy ux through heat-
lines of natural convection of nanouid inside the
cavity with both of partial slip and thermal radia-
tion has not been undertaken yet. Meanwhile, no
proper study is found in the literature which discusses
comprehensively the e�ect of partial slip and thermal
radiation on uid characteristics and heat transfer of
nanouids' natural convection. The present article
deals with the investigation of ow �eld behaviour and
heat transfer characteristics of ultra�ne aerosol species
con�ned inside the cavity in the presence of thermal
radiation due to solar energy and hydrodynamic partial
slip. The aerosol is treated as a nanouid, in which
nanometer-sized carbon black particles are suspended
in air as the base uid. A numerical solution is
developed to solve the problem, and the e�ects of
embedded parameters are addressed in the current
research. Graphical results through the streamlines,
isotherms, and heatlines are presented and discussed
to deeply understand the physics of the problem.
The analysis of entropy generation is also conducted
in this study to investigate the e�ect of pertinent
parameters on the various uid irreversibility cases and
demonstrate the thermodynamic optimization of the
nanouid natural convection. This work is very useful
in many engineering applications such as metallurgical
processes, microelectronics, etc.

2. Mathematical modelling

A sample of ultra�ne aerosol spices is enclosed within
a two-sided lid-driven square cavity with a side equal
to L (L = 1), as shown in Figure 1. The vertical

Figure 1. Physical con�guration of studied problem and
Cartesian coordinates, where L = 1.
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Table 1. Thermo-physical properties of base uid and suspended nanoparticles [6].

Physical properties � (kgm�3) Cp (kJkg�1K�1) k (Wm�1K�1) � (K�1)

Pure air 1.225 1.005 0.025 3:4� 10�3

Carbon-black 2000 0.710 2000 7 � 10�6

walls have constant temperatures, i.e. Tc and Th (Th >
Tc), while the top and bottom walls are maintained
adiabatically and move towards the right and left with
constant speed, U0, respectively. It was assumed that
Tc = 288:5 K and Th = 298:5 K. The base uid
and suspended nanometer-sized particles are in the
thermal equilibrium with each other and no-slip occurs
between them. The nanouid ow is assumed to be
incompressible, steady, and laminar in the working
range of parameters, and all physical properties except
the density in the buoyancy term are assumed to be
constant. In other words, the Boussinesq approxima-
tion is utilized during this study. Ultra�ne carbon
particles with �xed diameter of 40 nm are assumed
as the suspended aerosols, and the physical properties
of the base uid (pure air with Pr = 0:71) and
suspended nanoparticles are provided in Table 1. Joule
heating and viscous dissipation are also neglected.
Under the above assumptions, the continuity equation,
conservation equation of linear momentum, and energy
for nanouid can be obtained as follows:
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where qrx and qry are radiative heat uxes in x and y
directions, respectively. According to the Rosseland's
approximation, qrx = � 4�e

3�R
@T 4

@x and qry = � 4�e
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@y ,
where �e and �R are Stephan-Boltzmann constant and
mean absorption coe�cient, respectively. Following
Rapits [31], the uid-phase temperature di�erences
within the ow are assumed to be small enough,
whereby temperature variation T 4 may be expanded in
a Taylor's series. Neglecting higher order terms yields
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c , and so:
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where k� is the Rosseland mean absorption coe�cient.
The e�ective density at the reference temperature,
thermal di�usivity, the heat capacitance, and the
thermal expansion coe�cient of the nanouid based on
classical models can be written as follows [9]:

�nf = (1� �)�f + ��p; (6)

�nf =
knf

(�Cp)nf
; (7)

(�Cp)nf = (1� �)(�Cp)f + �(�CP )p; (8)

(��)nf = (1� �)(��)f + �(��)p; (9)

where � is the solid volume fraction of the nanopar-
ticles. It is well known that Brownian motion has
signi�cant impact on the thermal conductivity of
nanouid containing ultra�ne aerosol particles. Koo,
Kleinstreuer and Li [32,33] proposed two parts for
thermal conductivity of a nanouid including Brownian
motion e�ects, whereby it can be written as follows:

knf = kstatic + kBrownian; (10)

where kstatic is the static thermal conductivity based
on Maxwell-Garnett classical correlation [34] and can
be de�ned as follows:

kstatic = kf
ks + 2kf � 2�(kf � ks)
ks + 2kf + �(kf � ks) : (11)

However, kBrownian is de�ned by introducing two em-
pirical functions, � and f , whereby they can be written
as follows:

kBrownian = 5� 104���fCPf

s
�bT
�pdp

f(T; �); (12)

f(T; �)=(�6:04�+0:4705)T+(1722:3��134:63);
(13)

� = 0:0137(100�)�0:8229; for � < 1%; (14)

� = 0:001(100�)�0:7272; for � � 1%: (15)
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The e�ective viscosity of nanouid was also considered
according to Koo and Kleinstreuer model [32]. They
proposed:

�e� =�static+�Brownian =�static+
kBrownian

kf
�f
Pr
; (16)

where �static = �f
(1��)2:5 is the viscosity of the nanouid

proposed originally by Brinkman [35].
The boundary conditions, including partial slip

on horizontal walls, are:

On the left wall:

u = v = 0; T = Th;

On the right wall:

u = v = 0; T = Tc;

On the top wall (partial slip):

v = 0; u = �tU0 +N�nf
@u
@y
;

@T
@y

= 0;

On the bottom wall (partial slip):

v = 0; u = �bU0 +N�nf
@u
@y
;

@T
@y

= 0:

Introducing the following dimensionless variables:
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and using Eqs. (6)-(16), the dimensionless forms of the
governing equations are written as follows:
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The problem of natural convection is characterized here
by the following dimensionless parameters:

Ri =
Gr
Re2 =

g��TL3=�2
f

U0L=�f
; Pr =

�f
�f
;

Rd =
4�eT 3

c
�R�b

;

where Ri, Gr, Re, Pr, and Rd are Richardson, Grashof,
Reynolds, Prandtl numbers, and radiation parameter,
respectively. The dimensionless boundary conditions
are also given as follows:

On the left wall:

U = V = 0; � = 1; (22)

On the right wall:

U = V = 0; � = 0; (23)

On the top wall (partial slip):

V = 0; U = �t + St
�nf
�f

@U
@Y

;
@�
@Y

= 0; (24)

On the bottom wall (partial slip):

V = 0; U = �b + Sb
�nf
�f

@U
@Y

;
@�
@Y

= 0; (25)

where St = Sb = N
L . In this study, St = Sb = � is

called partial slip coe�cient and �t = ��b = 1. The
local and average Nusselt numbers of nanouid along
the heated vertical wall can be de�ned as follows:

Nul(Y ) = �
�
knf
kf

��
1 +

4
3
Rd
�
kf
knf

��
@�
@X
jY=0;

Nu =
Z 1

0
Nu(Y )d:Y: (26)

To evaluate the rate of variation due to adding
nanoparticles to the nanouid, the following average
Nusselt numbers are de�ned by imposing partial slip
boundary conditions on horizontal walls and applying
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thermal radiation:

Nu� =
Nu(�)�Nu(pure air)

Nu(pure air)
;

Nuy =
Nu(�)�Nu(� = 0))

Nu(� = 0))
;

Nuyy =
Nu(Rd)�Nu(Rd = 0))

Nu(Rd = 0))
: (27)

The similar variation rates are also examined and
reported for the entropy generation. In this study, the
analysis of entropy generation is also conducted. For
this purpose, the local entropy generation is de�ned as
follows:
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The �rst term of the right-hand side of the above
equation represents the local entropy generation due to
heat ow, while the second one is due to uid friction.
Using the variables introduced before (Eq. (17)), the
dimensionless form of the local entropy generation can
be written as follows:
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where Ec is the local Eckert number, and T �, S, and
Ec are de�ned as follows:

T � =
Tckf
L

; S = S0L
2

kf
; Ec =

U2
0

(CP )f�T
:
(30)

The contribution of irreversibility due to heat ow
in the total entropy generation is usually de�ned by
the Bejan number, which is Be = ST

S . The average
entropy generation and Bejan number are calculated
by integrating S and Be in the whole volume occupied
by the cavity. In this study, the heat ow pattern is
also analyzed through the energy ux vector. The heat

ow within the cavity can be visualized by the heat
function, which is the combination of convective and
conductive heat uxes. Following Hooman [36], the
scaled heat function H, scaled by (Th � Tc)kf , is given
as follows:
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The �rst and second terms of the right-hand side of
Eqs. (31) & (32) represent, respectively, the convective
and conductive heat uxes along x, y directions. Heat
function H satis�es the following Poisson equation:

r2H = RePr
(�CP )nf
(�CP )f

�
@(U�)
@Y

� @(V�)
@X

�
: (33)

The heat function is determined by solving the above
Poisson equation subjected to the boundary conditions.
It is worthwhile to note that the non-homogenous
Dirichlet boundary condition was implied with the heat
function.

3. Numerical method, grid in-dependency test,
and code validation

The governing equations (Eqs. (18)-(21)) subjected to
the boundary conditions (Eqs. (21)-(24)) are solved nu-
merically using an accurate �nite volume method. The
central di�erence and the �rst upwind approaches have
been utilized to estimate the di�usive and convective
terms, respectively. The resulting discretized equations
have been solved using the SIMPLE algorithm [37,38].
In this study, several grid testing cases are performed
for di�erent uniform grids, namely, 100�100, 128�128,
and 140�140 and for a typical case dealing with � = 0:1
and Ri = 10. Minor di�erences of less than 0:3% are
detected between produced results by di�erent used
grids. Therefore, considering simulated accuracy and
CPU time in the range of variables, the uniform grid
of 128 � 128 found enough �ne to ensure the grid-
independent solution.

The convergence criterion for the termination is
also implemented, whereby the following criterion is
satis�ed for all computations:

max
���s+1
i;j � �si;j

�� � 10�7; (34)

where s is the iteration number, and � stands for the
set of U , V , and �. Subscript sequence (i; j) denotes
the space coordinates of the grid nodes. In order to
verify the accuracy of the present methods, the code
is validated with the former published results in three
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Table 2. Comparison of the average Nusselt numbers for natural convection pure air.

Ra Hortmann et al. [39] Ismail & Scalon [40] Barakos & Mitsoulis [41] Present study

104 2.245 2.256 2.245 2.257

105 4.522 4.651 4.510 4.611

Table 3. Comparison of the absolute value of primary vortex, j maxj.
Re Barragy & Carey [42] Schreiber & Keller [43] Ismael et al. [44] Present study

1 0.10005 0.10006 0.10002 0.10006

100 0.10330 0.10330 0.10357 0.10361

400 0.11389 0.11297 0.11212 0.11350

1000 0.11861 0.11603 0.11866 0.11870

Figure 2. Comparison of the average temperature on the
mid plane of the cavity obtained by the present method
and results of Khanafer et al. [45], when Gr = 104 and
� = 0:1.

steps. First, the average Nusselt number for natural
convection in the absence of partial slip and thermal
radiation was evaluated and compared with the exis-
tence benchmark results available in the literature in
Table 2. As can be remarked, results obtained from the
present method is in good agreement with these results.
Then, the absolute value of stream function at primary
vortex when Ri = 10 was calculated and compared by
former published results in Table 3. It should be noted
that no-slip boundary conditions were imposed on the
walls of the cavity. Acceptable agreement was achieved
within the results obtained by various investigators.
Furthermore, the variation of average temperature at
the mid plane of the cavity for natural convection of
Cu-water nanouid for Gr = 104 and � = 0:1 was
computed and compared with the results of Khanafer
et al. [45] in Figure 2. This comparison shows an
acceptable agreement between the results obtained by
the present method and those of the previous studies.

4. Results and discussions

The main aim of the current study is the solution to the
problem embracing the natural convection of carbon-
black solid aerosol particles of the nanometer range
suspended in atmospheric air when thermal radiation
due to solar energy and hydrodynamic partial slip are
all involved. The aerosol is treated as a nanouid in
this study, and Maxwell-Garnetts model accompanied
by Koo & Kleinstreuer model for Brownian motion
is utilized for estimating the nanouid viscosity and
thermal conductivity. The detailed ow �eld, temper-
ature distribution, energy ux, and natural convection
heat transfer of nanouid are presented and discussed.
The heatline visualization technique is also utilized to
study the heat transfer within the cavity in detail.
The analysis of entropy generation is also conducted to
study the e�ects of pertinent parameters on the energy
loss within the cavity. The studied parameters which
pertinently a�ect the ow and thermal �elds inside the
studied cavity are: partial slip parameter � = 1 � 5,
radiation parameter Rd = 1 � 2, and solid volume
fraction of carbon-black concentration � = 0 � 4%.
Reynolds number Re = 100, Grashof number Gr = 105,
and Prandtl number Pr = 0:71 are kept �xed for all
computations. According to Richardson number value
Ri = 10, the ow is dominated by natural convection.
Note that the study with the assumed parameter ranges
has practical applications in the study of extrusion
processes [20] and also many metallurgical processes
including the drawing of continuous �laments through
quiescent uids, annealing and tinning of copper wires,
etc. [44].

4.1. E�ect of hydrodynamic partial slip
To study the e�ect of partial slip coe�cient, zero
value is assumed for the radiation parameter during
the process. Figures 3(a) to 3(c) present the stream-
lines, isotherms, and heatlines for di�erent partial slip
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Figure 3a. Streamlines evolution by hydrodynamic partial slip coe�cient and solid volume fraction of nanoparticles,
when Ri = 10 and Rd = 0.

coe�cients and various solid volume fractions. For
each �gure, going from left to right, the solid volume
fraction is varied from 0 to 3%, while descending from
upper to lower, the partial slip parameter is increased
from 0 to 5. However, for � = 0, the streamlines
are formed into three vortices, a counter-clockwise one
in the core of the cavity con�ned by two clock-wise
vortices. The clockwise vortices at the top and bottom
half of the cavity are formed by shear forces introduced
by moving lids, while the central counter-clockwise
vortex is caused by thermal buoyancy forces. In fact,
contour level labels designate the direction of the uid
ow and also the strength of the ow.

In the cases of no-slip boundary conditions (� =
0), with increasing solid volume fraction of nanoparti-
cles, the counter-clockwise and clockwise vortices are
shrunk and expanded, respectively, whereby the whole
cavity is occupied by an unicellular clockwise vortex
when � is achieved as 3%. Moreover, the stream func-
tion values of counter-clockwise and clockwise vortices

are decreased and increased with increasing � value,
respectively. It is well known that the inertial forces,
viscosity, and thermal conductivity of the nanouid are
enhanced by adding nanoparticles with relatively large
density and thermal conductivity. Increasing inertial
forces with increasing � leads the cavity to be occupied
by a clockwise vortex in cases of large � values, � � 3%.
When the tangential shear stresses at the horizontal
boundaries are initiated, � increases to 0.5, and in
cavities �lled with pure air � = 0, the clockwise vortices
are disappeared and cavity is occupied by an unicel-
lular counter-clockwise vortex. Moreover, the stream
function value of the primary vortex is increased with
further enhancement of partial slip coe�cient. This
fact absolutely shows that the hydrodynamic partial
slip eliminates signi�cantly the e�ect of shear forces.
A similar trend has not been observed in the cavities
�lled with nanouids, especially at larger values of �. It
can be seen that the inuence of hydrodynamic partial
slip coe�cient on uid intensity of nanouids seems to
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Figure 3b. Isotherms evolution by hydrodynamic partial slip coe�cient and solid volume fraction of nanoparticles, when
Ri = 10 and Rd = 0.

be insigni�cant. This fact will be also observed further
when the variation of the entropy generation due to
uid friction as a function of � is studied.

The isotherms associated with nanouid natural
convection ow with and without partial slip boundary
conditions are shown in Figure 3(b). It can be seen
that the concentration of isotherms near the heated
wall and the local temperature at the core of the cavity,
isotherm line values, are augmented and attenuated by
increasing solid volume fraction of nanoparticles, re-
spectively. As observed in Table 1, the ultra�ne aerosol
particles have relatively larger thermal conductivity
than the pure air. This fact has led the convective
current of heat across the cavity, which corresponds
to the thickness of the thermal boundary layer in
vicinity of the heated wall, to improve by adding more
volume fraction of nanoparticles. The accumulation of
isotherm lines near the heated wall reduces the local
temperature at the core of the cavity. However, it
seems that the inuence of partial slip on isotherms

of cavities �lled by pure air is insigni�cant. When � is
increased to 0.5 in cavities �lled with nanouid, a steep
temperature gradient close to the right wall appears,
and the central isothermal zone expands to occupy
larger part of the cavity with increasing � value. The
e�ect of further enhancement of � value on temperature
distribution seems to be insigni�cant.

The e�ects of various values of partial slip co-
e�cients and solid volume fractions of nanoparticles
on the heatlines are presented in Figure 3(c). When
the natural convection of pure air in cavities with no-
slip boundary conditions is considered, � = � = 0,
it can be seen that a singular counter-clockwise heat
vortex is con�ned by two clock-wise heat vortices. The
ow of energy through the closed loop indicates the
dominance of convective heat transfer. Hence, this
�gure shows that the energy is transferred across the
cavity mainly due to convective current at the core.
Increasing partial slip coe�cient has an aiding e�ect on
the convective current of energy in cavities �lled with
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Figure 3c. Heatlines evolution by hydrodynamic partial slip coe�cient and solid volume fraction of nanoparticles, when
Ri = 10 and Rd = 0.

pure air, whereby heat function values are increased
with increasing �. In other words, tangential shear
stresses imposed by horizontal walls have an opposing
action against convective current of heat at the core of
the cavity. Moreover, heat function values of nanouids
are enhanced with further enhancement of solid volume
fraction of nanoparticles. The existence of nanoparti-
cles with relatively larger thermal conductivity than
the pure air improves convective current of heat within
the studied enclosure.

In order to evoke careful estimation of what
happened along the interesting changes of thermal
�elds when the partial slip coe�cient is varied, average
Nusselt number, Nu, along the heated wall is evaluated
and illustrated in Figure 4(a). It can be seen that
Nu is sharply enhanced when � changes from zero
to 0.5, and then a smooth variation is observed with
further increasing of � value. This result resembles
that of Ismael et al. [25] for the cavity �lled with
pure water. When the partial slip is employed, the lid

e�ect is confused by tangential shear stress along the
horizontal walls. In other words, partial slip increases
the natural convection across the cavity because it
will attenuate the e�ect of shear forces introduced by
moving lids. On the other hand, Figure 4(a) depicts
that the average Nusselt number increased with adding
more minor volume fraction of nanoparticles, while the
opposite is observed when no-slip boundary conditions
are imposed. It has been found that the existence
of high thermal conductive nanoparticles produces a
nanouid with higher viscosity, higher density, and
higher thermal conductivity. The �rst two proper-
ties improve the viscous and inertial forces, while
the enhanced thermal conductivity improves the heat
transfer. Therefore, the variation of the local Nusselt
number shows that the enhanced thermal conductivity
dominates both of the enhanced viscous and inertial
forces when partial slip is taken into account.

The variation of the average entropy generation
as a function of partial slip coe�cient is illustrated in
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Figure 4(b). First, it can be seen that the average
entropy generation enhances with further enhancement
of nanoparticles volume fraction. Adding nanopar-
ticles increases the thermal conductivity as well as
the viscosity of the nanouid. This feature causes
an enhancement in the irreversibility due to the heat
ow and uid friction, and so it increases the average
entropy generation. On the other hand, Savg values
decrease sharply when � changes from 0 to 0.5, and
then the average entropy generation is insensitive to
� variation. Therefore, it can be concluded that the
partial slip has an opposing action against one or all
of the uid irreversibility cases, which will be fairly
discussed further.

The variations of the average entropy generation
due to uid friction, SF , the contribution of uid
irreversibility due to the heat ow in the total entropy
generation, and the average Bejan number are illus-
trated in Figure 4(c) and (d), respectively. Figure 4(c)
elucidates that the inuence of solid volume fraction
on SF values seems to be insigni�cant. Nevertheless,
it can be seen that the cases with smaller minor
volume fraction of nanoparticles have slightly smaller
SF values when no-slip boundary conditions are ap-

plied. It seems that increasing solid volume fraction
of nanoparticles enhances the viscosity of nanouids,
and so improves uid friction across the cavity with
no-slip boundary conditions. However, it can also be
seen that applying partial slip boundary conditions
to the horizontal walls causes a sharp reduction in
the average entropy generation due to uid friction.
Applying partial slip boundary conditions decreases
resistance imposed by moving lids and strengths of free
convection ow within the cavity. In other words, it
reduces the total uid friction, and so decreases SF
value. Meanwhile, after initiation of hydrodynamic
partial slip, in cases with � 6= 0, the inuence of
partial slip coe�cient on uid intensity, SF , values
seems to be insigni�cant. This feature has been also
observed before in Figure 3(a). Figure 4(d) depicts the
variation of the average Bejan number as a function
of partial slip coe�cient for various � values. It is
obvious that adding more high thermal conductive solid
nanoparticles will generate a nanouid with a higher
thermal conductivity which transfers better thermal
energy. Hence, the contribution of irreversibility due
to heat ow in the total entropy generation increases
with further enhancement of solid volume fraction of

Figure 4. E�ects of hydrodynamic partial slip coe�cient and solid volume fraction of nanoparticles on the average (a)
Nusselt number, (b) entropy generation, (c) entropy generation due to uid friction, and (d) Bejan number, when Ri = 10
and Rd = 0.
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Figure 5. E�ects of hydrodynamic partial slip coe�cient and solid volume fraction of nanoparticles on the variation in
rates of the average (a) Nusselt number and (b) entropy generation due to adding nanoparticles, and the variation in rates
of average (c) Nusselt number and (d) entropy generation due to applying partial slip boundary conditions, when Ri = 10
and Rd = 0.

nanoparticles. Furthermore, the value of Be increases
with the increase of partial slip coe�cient. It may
be noted that with the increase of �, the shear e�ect
reduces and the buoyancy e�ect increases for which the
irreversibility due to heat transfer increases.

Figure 5 illustrates the variation in rates of
the average Nusselt number and entropy generation
due to adding minor volume fraction of nanoparticles
and applying partial slip boundary conditions. Fig-
ure 5(a) elucidates that adding high thermal conductive
nanoparticles to the base uid increases heat transfer,
whereby all Nu� values are larger than zero. Mean-
while, after an enhancement of the average Nusselt
number due to applied partial slip boundary condi-
tions, Nu� values are insensitive to variation of � values.

Figure 5(b) shows that the inuence of nanopar-
ticles on the average entropy generation is reduced by
applying partial slip boundary conditions. Figure 5(c)
depicts the e�ect of solid volume fraction of nanopar-
ticles on the heat transfer enhancement rate due to
applied partial slip boundary conditions. It can be
seen that Nuy values increase greatly when 2% more
nanoparticles are added to the nanouid. The existence
of ultra�ne atmospheric aerosols has also developed
the entropy generation reduction rate due to applying

partial boundary conditions, whereby Savg
y values have

been enhanced with further increase of � values. In
other words, the ultra�ne aerosol particles suspended
in the atmosphere improve the heat transfer on one side
and develop energy balance on the other.

4.2. E�ect of thermal radiation due to solar
energy

To reveal the e�ect of thermal radiation due to solar
energy on the natural convection of nanouid in the
presence of partial slip, in this subsection, we set Ri =
10 and � = 1, while 0 � Rd � 2. Figure 6 presents
streamlines, isotherms, and heatlines, whereby for each
�gure, going from left to right, the solid volume fraction
of nanoparticle � is varied from 0 to 3%, while descend-
ing from upper to lower, the radiation parameter in-
creases from 0 to 2. As mentioned and discussed before,
the streamlines are usually formed into three vortices, a
single counter-clockwise one in the core caused by tem-
perature gradient con�ned by two clockwise vortices
caused by mechanical forces. However, Figure 6(a)
shows that the intensity of single counter-clockwise vor-
tex formed by thermal buoyancy forces is augmented
with increasing thermal radiation parameter, while
the opposite is observed for clockwise vortices. In
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Figure 6a. Streamlines evolution by thermal radiation parameter and solid volume fraction of nanoparticles, when
Ri = 10 and � = 1.

other words, when Rd is increased, the uid movement
improves due to natural convection and may attenuate
the inuence of the shear forces due to lids movement.
The aiding e�ect of Rd parameter on the uid intensity
of natural convection has been also observed before in
the experimental study of Naghib et al. [46], where
the natural convection induced by solar radiation in
a water-�lled square cavity was investigated. They
observed that uid intensity enhances as the time of
solar radiation increases. The time of radiation has a
direct relationship with the radiation parameter. This
correspondence may be utilized to justify the use of the
Rosseland's approximation in the present study.

It can also be seen that the stream function
value of the single counter-clockwise vortex occupying
the bulk of the cavity was decreased by increasing �
values. Adding nanoparticles to the base uid increases
viscosity and uid friction within the cavity, which

may attenuate the nanouid movement due to natural
convection. The inuence of radiation parameter on
temperature distribution is illustrated in Figure 6(b).
It can be seen that the thickness of thermal boundary
layer near the vertical heated walls is reduced with
further enhancement of thermal radiation parameter.
This can be attributed to the features of thermal
radiation which homogenize the medium thermally.
The e�ective driving potential for convection slightly
gets reduced at the core in the presence of thermal
radiation. This result resembles the results of study of
Jena & Mahapatra [6], where the interaction of surface
radiation and natural convection of atmospheric aerosol
in the presence of transverse magnetic �eld was studied.
However, it can also be observed that the isotherms
are no longer orthogonal to the insulated walls as
both of the solid volume fraction of nanoparticles and
thermal radiation parameter increase simultaneously.
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Figure 6b. Isotherms evolution by thermal radiation parameter and solid volume fraction of nanoparticles, when Ri = 10
and � = 1.

This feature reveals that the conductive heat transfer
enhances and the cavity becomes a quasi-conductive
domain as both of Rd and � increase. The inuence
of thermal radiation due to solar energy as well as the
solid volume fraction of nanoparticles on the heatlines
is presented in Figure 6(c). This �gure elucidates
that the value of heat function value for three vortices
is augmented by increasing � values for all nan-zero
Rd parameters. It means that adding more volume
fraction of nanometer-sized aerosol particles in the
presence of thermal radiation improves the energy ux
across the cavity. On the other hand, it can be seen
that the heat function value of single core counter-
clockwise vortex is increased with further enhancement
of Rd values. This feature indicates that thermal
radiation, which homogenizes the medium thermally,
facilitates the free convection ow within the core of
the enclosure.

Figure 7(a) illustrates the e�ect of radiation pa-
rameter on the average Nusselt number for di�erent
solid volume fractions. In the absence of thermal
radiation (Rd = 0), adding high thermal conductive
nanoparticles to the base uid increases the heat
transfer of nanouid, while the opposite is observed in
the cases with Rd 6= 0. It seems that the existence of
nanoparticles when accompanied by thermal radiation
has an opposing action against natural ow within
the cavity, whereby Nu is reduced with � in the
cases with Rd 6= 0. It can also be seen that Nu
reduces to a maximum value with increasing Rd to
0.5, and then it increases with further enhancement
of radiation parameter. It seems that although the
e�ective driving potential for convection ow at the
core reduces with thermal radiation, homogenizing the
medium thermally reduces uid friction to some extent
and improves convective current of heat within the
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Figure 6c. Heatlines evolution by thermal radiation parameter and solid volume fraction of nanoparticles, when Ri = 10
and � = 1.

cavity. This fact has been also observed before in
Figure 6(c), where heat function values were enhanced
with Rd.

Figure 7(b) elucidates the e�ect of radiation pa-
rameter on the average entropy generation for di�erent
solid volume fractions. Increasing radiation param-
eter reduces the entropy generation. It seems that
thermal homogenization caused by increasing thermal
radiation reduces the uid friction and also the other
uid irreversibility cases which result in decreasing
the average entropy generation. On the other hand,
adding high thermal conductive nanoparticles to the
nanouid in the presence of thermal radiation improves
the irreversibility due to heat ow, and so increases the
average entropy generation.

The variation of the entropy generation due to
uid friction as a function of thermal radiation co-
e�cient is presented in Figure 7(c). As mentioned
before, increasing the radiation parameter homogenizes

the medium thermally, which results in decreasing uid
friction within the cavity. Therefore, the entropy gen-
eration due to uid friction reduces with the radiation
parameter. In contrast, adding nanoparticles increases
viscosity and further uid friction of nanoparticles,
whereby SF is an increasing function of �. The inu-
ence of thermal radiation on the average Bejan numbers
for di�erent � values is depicted in Figure 7(d). It can
be seen that with increasing Rd from zero, Be values
increase to a maximum value, and then it reduces
monotonically with further enhancement of radiation
parameter. It seems that increasing thermal radiation
parameter, which harmonizes the medium thermally,
has an aiding e�ect on natural ow of nanouid, and
so has an opposing action on conductive heat transfer.
On the other hand, as observed in Figure 7(c), applying
thermal radiation causes a reduction in uid friction
irreversibility which results in increasing Bejan num-
ber. The irreversibility due to heat ow has a direct
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relationship with the conductive heat transfer (see
Eq. (27)). However, increasing solid volume fraction of
nanoparticles when accompanied by thermal radiation
increases the conductive mode of heat transfer, and so
the contribution of irreversibility due to thermal e�ects
on the total entropy generation (Be) improves with
increasing � value.

The variations in rates of the average Nusselt
number and entropy generation due to adding ultra�ne
aerosol particles to the pure air as a function of
radiation parameter are illustrated in Figure 8(a) and
(b), respectively. It can be seen that both of them are
a reduction function of radiation parameter. Adding
high thermal conductive nanoparticles in the presence
of thermal radiation improves the conductive mode
of heat transfer across the cavity. Therefore, it can
be claimed that thermal radiation has an opposite
action on the heat transfer enhancement due to adding
nanoparticles. On the other hand, increasing thermal
radiation reduces uid friction across the cavity, and so
has also an opposite action on the entropy generation
enhancement due to adding nanoparticles. It is obvious
that the uid friction as well as the irreversibility due to
thermal e�ects on nanouids with larger solid volume
fraction of nanoparticles are higher than the others.

The variations in rates of average Nusselt number

and the entropy generation due to applying thermal
radiation are depicted in Figure 8(c) and (d), respec-
tively. First, it is obvious that thermal radiation
causes a reduction in both of Nu and Savg, whereby
all values of those �gures are negative. Nevertheless,
it seems that Nuyy values reduce to a minimum value
with increasing Rd from 0 to 0.5, and then increases
monotonically with further enhancement of thermal ra-
diation parameter. Nanouids with larger solid volume
fractions are a�ected greatly by thermal radiation due
to larger negative values of Nuyy. Besides, the cases
with larger � values have larger Savg

yy values.

5. Summary and conclusions

In this study, steady laminar natural convection of
atmospheric aerosol sample enclosed within a two-
sided lid-driven cavity in the presence of hydrodynamic
partial slip and thermal radiation e�ects was studied
numerically. An accurate �nite volume method based
on SIMPLE algorithm was adapted, validated, and
utilized to solve the governing equations. The Brow-
nian motion e�ect of nanoparticles was considered by
using Koo-Kleinstreuer-Li model for e�ective thermal
conductivity and viscosity of nanouid. The analysis

Figure 7. E�ects of thermal radiation parameter and solid volume fraction of nanoparticles on the average (a) Nusselt
number, (b) entropy generation, (c) entropy generation due to uid friction, and (d) Bejan number, when Ri = 10 and
� = 1.
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Figure 8. E�ects of thermal radiation parameter and solid volume fraction of nanoparticles on the variation in rates of
the average (a) Nusselt number and (b) entropy generation due to adding nanoparticles; variation in rates of the average
(c) Nusselt number and (d) entropy generation due to imposing thermal radiation.

of entropy generation was conducted and heatline
visualization technique was also utilized to study the
energy ux within the cavity in more detail. The
studied relevant parameters were hydrodynamic partial
slip coe�cient, thermal radiation parameter, and solid
volume fraction of nanoparticles. In view of the above
study, the following conclusions are outlined:

1. Partial slip signi�cantly eliminates the e�ect of
shear forces (lid-driven e�ect), whereby heat func-
tion is an increasing function of � value regardless of
solid volume fraction of nanoparticles of nanouid.
Moreover, the average Nusselt number is sharply
increased when partial slip is initiated, and then it
becomes insensitive to � variation;

2. Tangential shear stresses imposed by moving lids
cause an enhancement and a reduction in uid
irreversibility due to heat ow and uid friction,
respectively, while it usually reduces the total
entropy generation;

3. In the absence of thermal radiation, with an in-
crease of solid volume fraction of nanoparticles,
both of the heat transfer and entropy generation,
regardless of the selected non-zero value of �, are
increased. The presence of nanoparticles usually
enhances the thermal conductivity of the nanouid;

4. Thermal radiation due to solar energy usually
homogenizes the temperature distribution. This
homogenization reduces uid friction as well as the
average entropy generation;

5. The presence of nanoparticles in nanouids when
accompanied by thermal radiation has an opposing
and aiding action on the conductive and convective
modes of heat transfer, respectively. This brings
about the fact that in cases with Rd 6= 0, Nu and
Be are the decreasing and increasing functions of �
values, respectively.
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Nomenclature

dp Diameter of particle (nm)

g Acceleration due to gravity (ms�2)
Gr Grashof number
L Length of outer cavity (m)
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N Slip constant (m2skg�1)
Nu Nusselt number
P Non-dimensional uid pressure
p Fluid pressure (Nm�2)
p0 Pressure scale
Pr Prandtl number
qr Radiation heat ux (Wm�2)
Re Reynolds number
Ri Richardson number
S Entropy (JK�1)
T Fluid temperature (K)
T0 Characteristic uid temperature
U; V Non-dimensional velocity components
u; v Velocity components (ms�1)

U0 Absolute lid velocity (ms�1)
X;Y Non-dimensional Cartesian coordinate
x; y Cartesian coordinate (m)

Greek

� Thermal di�usivity (m2s)

�T Thermal expansion coe�cient (K�1)

�b Boltzmann constant (JK�1)
� Dimensionless partial slip parameter
� Kinematic viscosity of uid (m2s�1)

� Fluid density (kgm�3)
�0 Characteristic uid density
�e Stephan-Boltzmann constant
� Dimensionless uid temperature

Superscript

F Fluid friction irreversibility
f Pure uid
h High temperature
l Low temperature
nf Nanouid
p Aerosol particle
T Heat transfer irreversibility
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