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Abstract. Electromechanical nanothermometers are instruments that work on the
basis of the van der Waals (vdW) potential energy and interaction force of their
constituent carbon nanotubes (CNTs). The CNT-based nanothermometers have two
different configurations: telescope and shuttle configurations. In this article, based on the
Lennard-Jones potential function together with the continuum approximation, first, the
vdW potential energy and interaction force for a telescope configuration with finite CNT's
are derived, which have not been obtained in the previous research studies. Thereafter,
by employing the interaction force, the equation of motion between constituent CNT's is
solved. Subsequently, a new semi-analytical expression is obtained which enables one to
precisely evaluate the oscillation frequency. By employing the given formulae, effects of
different system parameters on the vdW interactions and oscillation frequency are shown.

(© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

Nanotechnology is one the most promising technologies
which has been evolving with a rapid pace in recent
years. The advances in nanotechnology have been
growing even faster when the landmark paper of Ilijima
on carbon nanotubes (CNTs) was published in 1991 [1].
Due to incomparable mechanical and electronic prop-
erties, CNTs are recognized as the main building
blocks for various nanotechnology applications [2,3].
Gigahertz (GHz) oscillators [4-6] are one of the most
versatile types of such devices used in ultra-fast optical
filters and ultra-sensitive nano-antennas [7,8]. The
idea of such devices was proposed by Cumings and
Zettl [9] via conducting experiments on two nested
Multi-Walled Carbon Nanotubes (MWCNTs) which
had nearly frictionless telescopic motion. In their
experiment, one end of the outer shell was opened
and the core was pulled out by a movable manipulator
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in a high-resolution Transmission Electron Microscopy
(TEM).

The walls of adjacent tubes in MWCNTSs are held
together via weak van der Waals (vdW) forces that are
inter-atomic forces between non-bonded atomic pairs.
These forces generate sliding and rotary motions be-
tween the walls of MWCNTSs. The oscillatory behavior
and vdW interactions of CNTs have been a subject of
wide interest, and numerous studies have been devoted
to investigate their different features thus far [10-17].

Understanding the properties of materials at the
nanoscale requires sensitive devices which can provide
measurements of high precision, e.g. nanothermome-
ter [18-23]. Nanothermometer is used to measure
temperatures of spaces surrounding the nanoscale de-
vices [24-29]. These instruments overcome the difficulty
encountered in measuring temperature of nanoscale
systems via thermometer and thermocouple. Nan-
othermometer can operate in conditions with high
temperature changes where conventional measurement
systems, such as thermometer and thermocouple, al-
most fail. Carbon nanothermometer was first proposed
by Gao et al. [30] who accidently discovered that
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CNTs filled with gallium can be used as a device to
measure temperature between 50°C to 500°C. Liu et
al. [31] examined the freezing and melting character-
istics of gallium encapsulated in CNTs through in-
situ observation in a TEM. Their study showed that
the state of gallium encapsulated in CNTs is liquid
up to —80°C. The precision of measuring through
gallium-filled CNT nanothermometer is dependent on
its identification and calibration in a TEM which
can impose limitations on its applicability. There
are also some other recently-published research papers
on nanotermometry. For instance, Liu et al. [32]
investigated the fluorescent nanothermometer which
has the potential to monitor the temperature variation
in the nanoregime via biocompatible fluorescent carbon
nanodots through one-step microwave assisted synthe-
sis and two types of polymers. Pi and coworkers [33]
studied the magnetic nanothermometry utilizing both
odd and even harmonics of magnetic nanoparticles
under low frequency (f = 117 Hz) ac and dc magnetic
fields on the basis of the first-order Langevin function.
Mayle and associates [34] performed investigations on
the thermometry of CNT circuits by monitoring the
intrinsic temperature and the thermal management for
the CNT and nano-circuits. Su et al. [35] fabricated
Ga-filled MgO and silica nanotubes by a simple one-
step method. Zhou et al. [36] reviewed the principles
and aspects of nanothermometer design driven by two
emerging areas: single-cell thermogenesis and image-
guided thermal treatments. Also, Bichoutskaia et
al. [37] introduced another type of CNT nanother-
mometer which consists of DWCNTs with nonchiral
commensurate walls. These authors investigated the
dependence of the inter-wall interaction energy on
the relative displacements of the walls of a DWCNT
constituting a (6,6) and a (11,11) CNT. This type of
nanothermometer has two common forms: shuttle and
telescope configurations. Shuttle nanothermometer has
a movable outer wall and a fixed inner wall, whereas the
other one has a movable inner wall and two fixed outer
walls. Different aspects of these nanothermometers
were investigated in [37-39]. Studies performed so far
on this topic clearly show that the vdW interaction and
relative motions of DWCNT's have significant influence
on the performance of such devices [38,39]. In this
respect, Rahmat et al. [38] and Ansari et al. [39] ex-
amined the vdW potential energy and interaction force
between constituent CNTs of nanothermometer with
shuttle and telescope configurations. Both of these
authors employed continuum approximation along with
the Lennard-Jones (LJ) function to model the vdW
interactions.

The aim of the present paper is to investigate the
oscillatory behavior of the CNT nanothermometer. In
particular, in order to estimate the interaction between
two nanostructures via continuum approximation, sur-

face integrals must be carried out over both smeared
surfaces. The resulting integral is a quadruple integral
which can be reduced to a double one by means of linear
transformation. This double integral finally turns into
a single integral via mathematical manipulation that
can be readily used to calculate potential energy and
interaction force. Further, the oscillatory behavior
of movable CNTs of nanothermometers is analyzed
through a new semi-analytical expression obtained
from the force equation.

2. Interaction of constituent CNTs of

nanothermometers

In this section, the derivation of the vdW interaction
force is briefly described which is later used to extract
the associated expression for oscillatory frequency. The
total potential energy is achieved by summing the
potential energy between the pair of atoms from each
molecule as follows:

P't = ZZ‘I’(Pij)~ (1)

In the preceding equation, ®(p;;) is the LJ potential
function for atoms ¢ and j at distance p;; apart. The
LJ potential function is expressed as follows:

A B
‘I’(pij)z—ﬁ+pjv (2)
ij ij

in which A and B indicate the attractive and repulsive
constants, respectively. According to the continuum
approximation, carbon atoms are assumed to be uni-
formly distributed over the surfaces of interacting
entities. So, the double summation in Eq. (1) can be
replaced by a double integral as follows [11]:

ot :nm//@(p)dzczz} (3)

where 1 and no represent the mean surface densities of
atoms on the first and second molecules, respectively,
and p indicates the distance between two typical
surface elements d), and d) , on each molecule.
In addition, by taking the negative gradient of the
potential energy, the vdW interaction force is attained
as follows:

Foaw = =V (4)

2.1. The VAW interactions for telescope
configurations with finite CNTs

In this part, the derivation of the vdW potential energy

and interaction force equations for a telescope nanoth-

ermometer with finite constituent CNTs is discussed.

It is assumed that the lengths of the inner CNT, right-

hand side CNT, and left-hand side CNT are equal to
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2Lq, h, and H, respectively. According to Figure 1,
the origin of the reference coordinate system is located
at the middle of the two outer CNTs. In addition,
the distance of the middle of the inner CNT from the
origin is shown by Z. The parametric equations for a
typical point on the surface of the left-hand side outer
CNT, the inner CNT, and the right-hand side outer
CNT can be represented by (Rscosfsy, Rssinfs,23),
(Rl COS 91 N R1 sin 017 Zl)7 and (RZ COS 92, R2 sin 927 ,2’2)7
respectively, where R is the radius of CNT. Thus, the
vdW potential energy for the inner and right-hand
tubes can be obtained as follows:

27 27 Z+Lq Lo+h
_ 2
P12 —R1R2nc/ / /
0 0 Z—L1 JLy

—_A B
(pﬁ + pu) d22d21d92d917 (5)

z

Figure 1. Schematic of telescope configuration consisting
of finite tubes.
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where n. represents the mean surface density of carbon
atom, and:

p%Q :R§+R§—2R1R2 COS(91—92)+(21—Z2)2. (6)

The aforementioned quadrature integral can be re-
duced to a double integral through linear transfor-
mations performed on #; — #> and z; — 29 planes, as
illustrated in Figure 2:

zl—zzzu:%zl:“;”

= j(u,v) = §
= dzndzy = %dudv

(7)

v—Uu

21+ 29 =V = 29 = 5

Q

o

«91—92:a:>91: +

v ‘

= j(a,8) =%
= d6,df, = Ldadp

p—a
2

=

91+92:6:>92:

Accordingly, one can write:

D12 = Y12 fj fj w(z1 — 22,01 — 02)dzadz1 db>db
A S (8)

and:

P12 = 712/ ff i@(%a)d”d“dﬁda‘ (9a)
AT

Figure 2. (a) Linear transformation from plane 61 — 62 to plane o — 3. (b) Linear transformation from plane z1 — z2 to

plane u — v.
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So:

19 71z/fj4 u, a)dvdudBde. (9b)

where 15 = Ry Ren?. Now, by employing the above-
mentioned transformations, Eq. (9) becomes:

47T+a
tot
12 =712 / /
27

4T —a
v [ f ; ()23 (10)

a)12dfda

Thus:

0
it —712/ (2m + a)I(a)12da

—27

+ 712 /0 7T(27r —a)l'(a)izda. (11)

It is remarkable to note that I'(a)12 is an even function
in terms of a, so Eq. (11) turns into:

27
Py = 2712/ (2m — a)T(a)12da, (12)
0
where:
2(Lay+h)+
)12 —/ / o(a, u)dvdu
2(Z—L1)—u
u2 (Z+L1)—u
/ / o(a, u)dvdu
2(Z—L1)—u

2(Z+L1
/ / o(a, uw)dvdu. (13)
2Ls+u
It is worth mentioning that ¢ is independent of v, so:

T'(a)12 :/M(u —uz)o(a, u)du

3

+ [ = oo,

Ugq

+/ " (ur = Wl w)du, (14)
in which:

=7+ (L1 —Ls), uy=2—(L1+ Ly),

’LL3:Z—(L1+L2+]'L) and

’LL4:Z+(L1—L2—]'L)

Therefore, the following relation can be obtained for
F(Oé)lgl
4

=g {2 &f”ﬁ el

m+1

+ Z Gy (k) { 6k e Um tan™! (UTm)

4 3k— 2 2(n—3k
DIPWEIRERCIES:
n 2 2 n :

The vdW potential energy and interaction force be-
tween the inner and outer left-hand side tubes can be
achieved as follows:

27 27 Z+ L
¢13 =R1 R3n? / / / /
(Ls+H)

-A B
(06 + p12> dZ3d2’1d93d(91, (16)

where p?; = R? + RZ — 2Ry R3 cos(0; — 03) + (21 — 23)°.

Following the same procedure as described for the
interactions between the inner and the right-hand side
tubes, one obtains:

T(a)13 =/U1 (u — u2) (e, u)du

2

+ /US(M — ug)o(a, u)du

1

+ /u4(u4 —u)p(a, u)du, (17)
ug
where:
=7+ (L1 + L3),
uy =7 — (L1 — L3),
uz =Z — (L1 — Lz — H),

us =2+ (L1 + L3+ H),

and as a result, the following expression can be ob-
tained:

)13 —zz: {Z < ((3k1)—m1) [(u%n + Al‘z)(:"“)D

+ 3 S OO

4 3k—1 u? /\2(713k)}
(18)
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where:
M =R} + R - 2R Rscosa, (19)
and:
H1 = —147 H2 = B7
m_3 m_1
G 2 Gy = T
. 63 21 . 21
G(Z) _ 9 G(Z) G(Z) _ £
! 256 2 128’ 3 160’
2)_ 9 (2) _ 1
G 80 G 10
3 637
e == @ = — 20
b 4 ’ b 128 ( )

Thus, the total potential energy for the telescope
configuration can be obtained by:

¢ = d12 + . (21)

Additionally, the total vdW interaction force can be
obtained as follows:

FtOt (Fz)12 + (F7)13 (22)

The vdW interaction force (Fz)15 can be obtained by:

tot 27 F
(Fz)lzz—a 12 :_zm/ (27r—oc)a é‘?”da,
0 (23)

A 4 3k-—1
+2 Z ( )(m+1)
(uz + /\2) :| m=1 n=1
G(k))\Z(n 3k) Um
(w2, + A2)
ReErl)
(A2 4wz, )+ (M ] f? (24)

and:

M =R?+ R:—2R Ry cosa.

The vdW interaction force between the inner and
left-hand side tubes becomes:

tot 2
Fltgt = —8823 = —2’)/13/ (27{' - 01)781—‘56;)13 dOé,
0 (25)
where:
8F(a)13 _ _8F(Oé)12
oz YA
4 u
- H. —1ymtly g m
2 {mzz(( ]

(k) y2(n—3k) Um
G|

n 3
- vt 0

2.2. VAW awnteractions for shuttle
configurations consisting of finite CNTs

The geometric illustration of a shuttle configuration
with finite inner tube is shown in Figure 3. The inner
and outer tubes are respectively of lengths 2L, and
2L, and radii b; and by. In addition, the origin of
the reference frame is located at the midpoint of the
inner tube. It was discussed in [39] that the vdW
potential energy between the inner and outer tubes
can be evaluated from the following single integral
equation:

oot = 27/0 W(27r —a)(a)da, (27)

in which v = b;byn?, and:

Figure 3. Schematic of shuttle configuration consisting of

two finite CNT's.
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4

> (st [ s

k=1 m=1

4
o (—1)™ q Um
+ Z ng)i()\ﬁk_l U,y tan 1(T)

2 2(n—3k
£y Z(_l)mGwM (28)
SRNPEEEREN |

where:
A2 = b? 4 b2 — 2b1by cos @,

Ulz—Z+(L2—L1)7 UQI—Z—(LZ +L1)7

UgZ—Z—(LQ—Ll), U4:—Z+(L2 +L1)

By differentiating the total potential energy with
respect to Z due to the symmetry of the problem, the
axial interaction force is achieved as follows:

ot 2 al'(a)
Fyt=— =-2 27 — 2
g ==t = [ Cr-a T e, (@)
where:
Il(«) 2 2 u
= H,. -1 (m+2) | "*m
9z RZZI : m; =) (u2, + A2)3*
L (CD)™) T
+ Z Gl Aﬁk—l [tan (7)
m=1
A 4 3k-1
(m+1
e +/\2)um] +22, 2, ()Y
m m=1 n=1
(k) ) 2(n—3k) Um
" (u2, + A2
n 3
G | 0
3. Equation of motion and frequency of the
oscillation

By making use of the Newton’s second law, the equa-
tion of motion for the inner tube can be expressed as
follows [11]:
A’z wduw
M gE 5, (31)
where M is the mass of the movable tube and can be
evaluated as follows [11]:

M= (471;;/3) n(4bL)a™*my,

1)t}

P [1 _ e =Dy 54 om, (32)

where @ = 1.42A indicates the carbon-carbon bond
length, L is the half length of movable tube, b denotes
the radius of movable tube, mg is the mass of a single
carbon atom, ¢ indicates the inter-shell spacing, and r,
denotes the number of inner shells.

The frequency of oscillation can be achieved from
the equation of motion or from the energy equation. As
long as the frictional effect is ignorable, the total energy
remains unchanged Thus, according to the conservation
of the mechanical energy, the following relation can be
obtained [11]:

%z’z + E(Z) = E(Ao), (33)
where Aj indicates the amplitude of the oscillation.

As discussed in [39], among the terms appeared
in the potential energy and vdW interaction force
formulae for both of shuttle and telescope config-
urations, the dominant terms are those containing
tan~!. It should be noted that since the telescope
nanothermometer with finite tubes is a special case
of telescope nanothermometer with two infinite outer
tubes, one can conclude that the series consisting of
tan~! are the dominant terms of the potential energy
and vdW interaction force formulae for this case as
well. Thus, by inserting dominant terms of Eqs. (21)
and (27) into Eq. (33), the following expressions can be
obtained:

4
Hy Y

m=1
(k) (_1)m — Aom
Gl W |:A0,m tan L ( \

— Uy tan ! (u;\nﬂdoc7 (34)

M . 27
— 77 :27/ 27 — a)
2 0

=~
Il v
—

where Ag,, = Ag + . Upon the use of the elementary
trigonometric identities, the statement in the bracket
becomes:

Agm tan™! <A())\m) — Uy, tan ! (UTm)

= (Am - Z)

u7m
A
AMAy - 2)

AZ + AOmum ‘

tanfl( ) + AOm

tan™! [ (35)

By applying Taylor series to the second term on the
right-hand side of Eq. (35), one can obtain the following
expression:
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M dZ ., 2 2
TG =-2) | (-3t

4

(k) = _1 Um
G Z )\(6k_1){tan ()\)

m=1

L Mo [ 1 MA—2) N
)\2 + Aomum 3 )\2 + Aomum

o (36)

Now, by performing an integration over both sides of
the previous equation, the following expression can be
attained:

M [Ao dz T/4
\/;/0 V(A - 2)G(Z.a) /0 a (37

where Z = Agsin®¢. Finally, the period of the
oscillatory motion can be achieved as follows:

sin ¢do

w/2
_ /MAO/ |
T Joo  /G(Agsin® ¢, a)

from which the oscillation frequency can be obtained
by:

(38)

1
4 [ MAg /2 sin ¢d¢ ’
v Y0 /G(Agsin? ¢,a)

4. Results and discussion

f=

(39)

In this section, first of all, numerical results are
presented for the vdW potential energy and interaction
force of telescope nanothermometer with finite tubes.
Thereafter, based on the formulation presented in
Section 4, results of oscillatory frequency for the shuttle
and telescope nanothermometers are proposed. All the
constants used in the numerical calculations are given
in Table 1.

4.1. vdW interactions for telescope
configuration with finite tube

Alterations to the vdW potential energy and interac-
tion force with respect to axial distance Z are respec-
tively illustrated in Figure 4(a) and (b) for different
half lengths of inner tube. In this figure, the left-hand
side tube is a (10,10) CNT, the inner tube is a (5,3)
CNT, and the right-hand side one is a (12,12) CNT.
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Figure 4. Variations of the vdW interactions with
respect to axial distance Z for telescope configuration with
finite tubes: (a) Potential energy and (b) interaction force;
R1 =3.392 A, Ry =6.784 A, Rs =8.142 A, H = 500 A,
and h = 500 A.

Table 1. Constants used in the numerical calculations.

* A (attractive constant for graphene-graphene)
* B (repulsive constant for graphene-graphene)

“ne (atom density for a graphene)

Radius of (5,5) CNT
Radius of (10,10) CNT
Radius of (12,12) CNT

15.2 (eVA®)
24.1 x 10% (eVA'?)
0.3812 A2
3.392 A
6.784 A
8.142 A

*From [10]
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This figure shows that the potential energy between
the right-hand side nanotube and the inner CNT is
greater than the level of potential energy between the
left-hand side and the inner CNTs. This observation is
due to the reason that the inter-wall spacing between
the inner CNT and the right-hand side CNT is smaller
compared to the interwall spacing between the inner
CNT and left-hand side CNT. Additionally, the profile
of potential energy is seen to be sensitive to the changes
in L. For the case where the distance between the two
ends of outer CNTs is kept constant, as L; increases,
the potential energy decreases and its profile changes
from a trapezoid shape to a V-shape. But, from
Figure 4(b), it can be observed that the minimum or
maximum of the vdW interaction force is not affected
by the length of the inner tube.

Exhibited in Figure 5(a) and (b) are the variations
of the vdW potential energy and interaction force with

10+

=20+

-30F

~40}

50+
-60

Potential energy (ev)

“TO0k

-80}

-100

-800 -600 -400 -200 O

Force (ev/A)

-0.2+ ]

0.3 h = 500, H = 300 1
04| | = h =300, H =300 |
[ | = h = 100, H = 300

-800 -600 -400 -200 0 200 400 600 800 1000
Z(A)
(b)

Figure 5. Variations of the vdW interactions with
respect to axial distance Z for telescope configuration with
finite tubes: (a) Potential energy and (b) interaction force;
R1=3.392 A, Ry =6.784 A, R3 = 8.142 A, and
Ly=Ly=L3=100 A.

respect to axial distance Z for various h. It is noted
that the lengths of right- and left-hand side CNTs are
denoted by h and H, respectively, as shown in Figure 1.
From Figure 5(a), one can deduce that when h alters,
only the potential energy attributed to the interaction
of inner CNT and the right-hand side CNT changes.

Effect of increasing the length of the left-hand side
CNT on the alteration of the vdW potential energy and
interaction force is depicted in Figures 6(a) and 6(b).
By compering these figures with Figures 5(a) and 5(b),
it is seen that the effect of increasing H on the potential
energy and interaction force of the left-hand side CNT
and the inner CNT is the same as that of increasing
h on the vdW interactions of the right-hand side and
inner CNT.

Figure 7 shows the prediction of the vdW po-
tential energy and interaction force using only the
dominant terms of the vdW interaction equations.
This figure clearly exhibits that the terms consisting
of arctangent and ng) multipliers in Eqs. (22) and
(25) can approximate the vdW potential energy and
interaction force with good accuracy.
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i
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Z(4)
(b)
Figure 6. Variations of the vdW interactions with
respect to axial distance Z for telescope configuration with
finite tubes: (a) Potential energy and (b) interaction force;
R1 =3.392 A, Ry =6.784 A, Ry = 8.142 A, and
Ly =Ly=Ls=100 A.
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Figure 7. The effect of dominant terms on the
distributions of the vdW interactions: (a) Potential energy
and (b) interaction force; R1 = 3.392 A, R> = 6.784 A7
R3=8.142 A, I, = Ly, = L3 = 100 Aand H = h = 500 A.

4.2. Oscillatory frequency

The frequency profiles of shuttle and telescope configu-
rations are illustrated in Figures 8 and 9, respectively.
These figures exhibit that the frequency of oscillation,
which is in the GHz range, decreases as the amplitude
increases. The effect of the outer tube length on the
frequency behavior is shown in Figure 8 As mentioned
earlier, in the shuttle configuration, the outer tube
oscillates. According to this figure, it is observed that
as the length of the outer CNT increases, the frequency
of shuttle configuration decreases. This is expected
because by increasing the length of the CNT, the mass
increases which slows down the tube movement. In
the telescope configuration, as it was stated earlier, the
inner tube is movable, while the other two outer CNTs
are fixed. Based on Figure 9, it can be deduced that
increasing the length of movable tube has similar effect
on the frequency of oscillation as it was observed for
the shuttle configuration.
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Figure 8. Frequency-amplitude curves for shuttle
configurations, by = 2.035;!, by = 6.7T84A.
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Figure 9. Frequency-amplitude curves for telescope

configurations; L1 =50 A, Lz =20 A, H =100 A, 7
h =100 A, by = 4.071, by = 6.784 A, and by = 10.846 A.

5. Conclusion

The aim of the present paper is to obtain the oscillatory
frequencies of CNT-based nanothermometers. In order
to derive the equation of motion, the vdW interaction
force between constituent CNTs of nanothermometer
must be used. To this end, upon the utilization of
the Lennard-Jones potential function together with
the continuum approximation, vdW potential energy
and interaction force for telescope configurations were
obtained in terms of a single integral. After solving
the equation of motion, a semi-analytical expression
was obtained which can be readily used to evaluate the
frequency of oscillation. This new expression enables
us to study the effect of different system parameters on
the dynamic behavior of such GHz oscillators. Results
show that the geometrical parameters, such as length
of movable tube, affect the oscillatory behavior of such
systems.
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