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Abstract. In this paper, some considerations regarding a ground vehicle oscillating
system based on chaotic behaviors are studied. The vehicle system is modeled as a full
nonlinear seven-degree freedom with an additional degree of freedom for each passenger.
Roughness of the road surface is considered as sinusoidal waveforms with time delays for
the tires. The governing di erential equations are extracted under Newton-Euler laws and
solved via numerical methods. The dynamic behavior of the system is investigated by
special nonlinear techniques such as bifurcation diagram, time series, phase plane portrait,
power spectrum, Poincare section, and maximum Lyapunov exponents. The time delays
between the tires are used as a control parameter. First, the vehicle behavior is investigated
and the chaotic regions are detected. Then, the damping and sti ness coecients are used
to return to the regular behavior. Results show that by changing the system parameters and
selecting the appropriate values, one can minimize vibrations as well as eliminate chaotic
behavior. The comparison of the results obtained from the proposed model and those from
the vehicle without passengers show the great di erences in the dynamic behaviors of the
two models.
© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

an oscillating system which consists of three essential
components: the main body of vehicle (sprung mass),
the wheels (unsprung mass), and the suspension system. On the other hand, the presence of the passenger
as an unavoidable factor in a moving vehicle plays
an important role in the dynamic responses. Hence,
it seems that consideration of a suitable model for
realizing the interaction between passenger and vehicle
is necessary. However, most previous studies have
investigated the dynamic behavior of vehicle without
any consideration for passengers. So, in this paper, the
dynamic behavior and vibration response of a vehicle
with passengers are analyzed. The dynamic behavior
of vehicle systems has been the subject of many studies
over the past decade. In this regard, three typical
models have been developed. They are the quarter-car,
half-car, full vehicle models as single-wheel, two-wheel,
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Unwanted vehicle vibrations caused by road surface
roughness are still the subject of many research studies
among automotive manufacturers and research groups
whose objective is to minimize their e ects on the
passengers and increase the life of vehicle components.
Also, the controllability and stability of ground vehicles
facing with road surface roughness is an essential
consideration in design of vehicle dynamics. In order to
analyzes vehicle dynamics, the vehicle is considered as
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and four-wheel models, respectively. The quarter-car
model (1- or 2-d.o.f. system) is used only when heave
motion needs to be considered [1-4]. The half-car
model (4-d.o.f. system) as a two-wheel (front and
rear) one is used to study heave and pitch motions
with the de ection of tires and suspension [5-7]. A
more complex model is the full vehicle one that is a
3-D model with seven degrees of freedom that can be
used for studying heave, pitch, and roll motions [8].
Therefore, this model has a more accurate dynamic
response than those of the other two.
In the study of vehicle dynamics, there are some
contradictions between experimental results and those
obtained from linear models. The nonlinear characteristics of vehicle components are the source of
these contradictions in linear models. Many nonlinear
units are used to reduce the vibration and impact
of modern vehicles, e.g. magneto-rheological damper
and unequal curvature spring [9-11]. Owing to the
existence of the nonlinear factor, the vehicle exhibits
complex phenomena, such as jumps, bifurcation, and
chaotic vibrations, when running on a bumpy road
that is quite harmful for the stabilization of a vehicle.
In recent years, many studies have developed these
phenomena in a variety of vehicle models with various
degrees of freedom. Litak et al. [12-14] investigated
chaotic vibrations in a quarter-car model with one
degree of freedom under the sinusoidal excitation force
of road. The stability and chaos analyses of a nonlinear
quarter-vehicle model with two degrees of freedom were
investigated by Samandari and Rezaee [15]. Their
results showed that the system response is sensitive
to road roughness amplitude, the excitation frequency
(vehicle velocity), and the initial conditions of the
system. Singru and Naik [16] studied the resonance,
stability, and chaotic vibrations of a quarter-car model
with time delay feedback. Their results showed that
appropriate feedback and time-delay can enhance control performance in the case of primary and super
harmonic resonances. For sub-harmonic resonance,
adequate feedback can eliminate the occurrence of subharmonic resonance response. Zhu and Ishitobi [17]
studied the chaotic responses and bifurcations of a halfvehicle model with four degrees of freedom subjected
to two sinusoid disturbances with a time delay. In
their study, the bifurcation diagram shows that the
chaotic response could be sensitive to a variation in
the damping of the suspension. Also, in another study,
the chaotic vibrations of a nonlinear full-vehicle model
with seven degrees of freedom were studied [18]. By
using frequency response diagrams, they showed that
the number of unstable regions can be decreased by
increasing the forcing frequency. This is a typical
phenomenon for nonlinear dynamic systems. However,
this phenomenon was not observed in the dynamic
responses of the vehicle model with two or four degrees

of freedom. Fakhraei et al. [19] studied the e ect of
passengers on the chaotic vibrations of a nonlinear full
vehicle model. The results obtained represent di erent
types of strange attractors in the vehicle with and
without passengers. Also, taking the passengers into
consideration and increasing the mass of the system can
result in signi cant changes in the dynamic behavior of
the system and improves the chaotic vibration of the
vehicle. Sedighi and Shirazi [20] investigated the bifurcation of railway bogie behavior in the presence of nonlinearities which are yaw damping forces in longitudinal
suspension system and the friction creepage model of
the wheel/rail contact including clearance. By using
two speci c criteria, the analytical expression of critical
speed and the limit cycle frequency are achieved. Also,
by averaging method and analytical critical speed, the
amplitude of the limit cycle is determined while the
wheel/rail clearance is taken into account.
In this paper, a nonlinear full vehicle model with
seven degrees of freedom is considered, and passengers
are added to it. Then, the chaotic vibrations in the
nonlinear full vehicle model with passengers are analyzed by using the identi cation techniques of chaotic
motion. The e ects of the main parameters on chaotic
vibrations are investigated in the following sections.

2. Mathematical model
Figure 1 shows the schematic of a nonlinear full-vehicle
model with passengers. This system has eleven degrees
of freedom, and the de nitions of used symbols are
given in the appendix. Each passenger is in a seat
modeled by a block with mass, mp , connected to
a linear spring and damper and is free to bounce
vertically. The vehicle body is represented by rigid
cuboids with three degrees of freedom and with mass
ms . The heave, pitch, and roll motions of the sprung
mass are considered. The four unsprung masses (frontleft, front-right, rear-left, and rear-right) are connected
to each corner of the rigid cuboids. It is assumed
that the four unsprung masses are free to bounce
vertically. The suspension between the sprung mass
and the unsprung masses is modeled as nonlinear spring
and nonlinear damper elements, while tires are modeled
as nonlinear springs with viscous damping.
The forces of the linear spring attached to the
seats are given by:
Fpk = kp p ;
p = a; b; c; d;
(1)
where Fpk is the spring dynamic force, kp is the
equivalent sti ness, p is the deformation of the spring.
Subscript p indicates the position of the passenger on
the vehicle body. The linear damping forces of the
passenger seat are given as:
Fpc = cp _ p ;
p = a; b; c; d;
(2)
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Figure 1. Schematic of nonlinear full-vehicle model with passengers.
where Fpc is the damping force, cp is the equivalent
damping coecient, and _ p is the relative velocity of
the damper.
It is assumed that the modeled nonlinear suspension spring has the following characteristics [5]:
Fsij = ksij sgn(sij ) jsij jnsij

(i = f; r; j = r; l);

(3)

where Fsij is the spring dynamic force, ksij is the equivalent sti ness, sij is the deformation of the spring,
and sgn(:) is the sign function. Subscript s represents
the spring of suspension, the subscript i = f; r indicates
the front and rear, while the subscript j = l; r, indicates
the left and right. Also, Fsfr , ksfr , and sfr indicate
the spring force, equivalent sti ness, and deformation
of the suspension spring in the front and right corners,
respectively. In Eq. (3), nsij is an exponent which
represents the nonlinearity of the spring, and it is
termed as the nonlinear coecient. The unit of sij
is in cm and ksij in N/cm. Since the suspensions are
usually arranged symmetrically along the longitudinal
axis of the vehicle, Eq. (3) can be written as:
Fsij = ksi sgn(sij ) jsij jnsi

(i = f; r; j = r; l): (4)

The nonlinear damping forces of the front and rear
suspensions are given as:
Fcij = csi _ uij

(i = f; r; j = r; l)

(5)

where subscript c indicates the damping of the
suspension, Fcij is the damping force, and _ uij is the
relative velocity between the extremes of the damper.
Damping coecient csi is expressed as:
(

csi =

csui _ uij  0
csdi _ uij < 0

(i = f; r; j = r; l); (6)

where csui and csdi are the damping coecients for
tension and compression, respectively.
The tire of vehicle is also modeled by a nonlinear
spring, and the spring force is the same as Eq. (4) but
with a smaller value for the nonlinear coecient:
Fusij = kusi sgn(usij ) jusij jnusi
(i = f; r; j = r; l);

(7)

where Fusij is the spring force, kusij is the equivalent
sti ness, usij is the deformation, and nusij is the
nonlinear coecient of the tire spring.
It is assumed that the damping of the tires is
viscous; thus, the damping force is:
Fucij = cusi _ usij
(i = f; r; j = r; l);
(8)
where cusi is the viscous damping coecient, and _ usij
is the relative velocity of the extremes of the tire model.
The sinusoid forcing function is used to describe
the excitations caused by the road surface. Thus,
the forcing functions for the tires in front-right, frontleft, rear-right, and rear-left unsprung masses are
approximated as [18]:
Zfr = A sin(2ft);

(9)

Zfl = A sin(2ft + );

(10)

Zrr = A sin(2ft + );

(11)

Zrl = A sin(2ft + + );

(12)

where A and f are the amplitude and the frequency of
the sinusoid road disturbance, respectively. Parameter
indicates the time delay between the forcing functions
of two front tires, or to two rear tires, respectively.
Also, indicates the time delay between the forcing functions of the front-right and rear-right tires
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(Eqs. (9) and (11)) or for the front-left and rear-left
tires (Eqs. (10) and (12)), respectively.
By applying Newton-Euler laws to the model in
Figure 1, the equations of motion can be derived to the
static equilibrium positions.
For the passenger seat:

The forces related to the passenger seats in Eqs. (13)(16) are expressed as:
Fak = ka (ua

Fac

ma g;

(13)

Fbk = kb (ub

mb Zb = Fbk

Fbc

mb g;

(14)

Fbc = cb _ ub ;

mc Zc = Fck

Fcc

mc g;

(15)

Fck = kc (uc

md Zd = Fdk

Fdc

md g:

(16)

Fcc = cc _ uc ;
Fdk = kd (ud

ms Zs =Fak + Fac + Fbk + Fbc + Fck + Fcc + Fdk

+ Fdc

(Fsfl + Fcfl + Fsfr + Fcfr + Fsrl

+ Fcrl + Fsrr + Fcrr + ms g);
I' ' =( Fak

(17)

Fac + Fbk + Fbc + Fck + Fcc

Fdk

Fdc )f cos ' + ( Fsfl Fcfl + Fsfr + Fcfr
Fsrl
I  =( Fak

s
Fcrl + Fsrr + Fcrr ) cos ';
2
Fac

(18)

Fbc )e cos  + (Fck + Fcc

Fbk

+ Fdk + Fdc )h cos  + (Fsfl + Fcfl + Fsfr
+ Fcfr )a cos 

(Fsrl + Fcrl + Fsrr

+ Fcrr )b cos :

(19)

Front-left unsprung mass:
muf Zufl = Fsfl + Fcfl

Fusfl

Fucfl

muf g:

(20)

Front-right unsprung mass:
muf Zufr = Fsfr + Fcfr

Fusfr

Fucfr

muf g:
(21)

Rear-left unsprung mass:
mur Zurl = Fsrl + Fcrl

Fusrl

Fucrl

mur g: (22)

mur Zurr = Fsrr + Fcrr Fusrr Fucrr mur g:

(25)
sb );

(23)

(26)
(27)

sc );

(28)
(29)

sd );

(30)

Fdc = cd _ ud ;

(31)

where:
ua = Za + f sin ' + e sin 

Zs ;

(32)

ub = Zb

f sin ' + e sin 

Zs ;

(33)

uc = Zc

f sin ' h sin 

Zs ;

(34)

ud = Zd + f sin ' h sin  Zs ;

(35)

sa =

ma g
;
ka

(36)

sb =

mb g
;
kb

(37)

sc =

mc g
;
kc

(38)

sd =

md g
:
kd

(39)

The applied forces to the sprung mass in Eqs. (17)-(23)
can be calculated as follows:
Fsfl =100(nsf 1) ksf sgn(ufl

sfl )

jufl sfl jnsf ;

(40)

Fcfl = csf _ ufl ;
Fsfr =100(nsf 1) ksf sgn(ufr

Rear-right unsprung mass:

(24)

Fac = ca _ ua ;

ma Za = Fak

Sprung mass:

sa );

jufr sfr jnsf ;

(41)
sfr )
(42)

J. Fakhraei et al./Scientia Iranica, Transactions B: Mechanical Engineering 24 (2017) 1051{1068

Fcfr = csf _ ufr ;

(43)

Fsrl =100(nsr 1) ksr sgn(url

srl )

jurl srl jnsr ;

(44)

Fcrl = csr _ url ;

(45)

Fsrr =100(nsr 1) ksr sgn(urr

srr )

jurr srr jnsr ;

(46)

Fcrr = csr _ urr ;

(47)

where Wpij is the e ect of passengers weight on the
sprung mass corners.
The applied forces related to the unsprung mass
in Eqs. (20)-(23) are expressed as:
Fusfl =100(nusf 1) kusf sgn(usfl

"

1

sfl =

100(nsf

Fucfl = cusf _ usfl ;

+ Wcfl + Wdfl
"

sfr =

!# n1

sf

1

Fusfr =100(nusf 1) kusf sgn(usfr

+ Wcfr + Wdfr
"

srl =

1

100(nsr

"

srr =

;

!# n1

sf

!# n1

1

100(nsr 1) ksr
+ Wcrr + Wdrr

sr

(52)

;

(53)

;

sr

(59)
surl )

jusrl surl jnusr ;

(60)

Fucrl = cusr _ usrl ;

(61)

Fusrr =100(nusr 1) kusr sgn(usrr

surr )

jusrr surr jnusr ;

(62)

usfl = Zusfl

A sin(2ft + );

(64)

usfr = Zusfr

A sin(2ft);

(65)

usrl = Zusrl

A sin(2ft + + );

(66)

usrr = Zusrr

A sin(2ft + );

(67)

sufl =

(55)

1
100(nusf

1) kusf

(ms g)b
+ muf g
2(a + b)

+ Wafl + Wbfl + Wcfl + Wdfl

(54)

;

(63)

where:

"

(ms g)a
+ Warr + Wbrr
2(a + b)
!# n1

(58)

Fucrr = cusr _ usrr ;

(ms g)a
+ Warl + Wbrl
2(a + b)

1) ksr

+ Wcrl + Wdrl

Fusrl =100(nusr 1) kusr sgn(usrl

(51)

sufr )

jusfr sufr jnusf ;

(49)

(ms g)b
+ Wafr + Wbfr
2(a + b)

100(nsf 1) ksf

(57)

Fucfr = cusf _ usfr ;

(ms g)b
+ Wafl + Wbfl
2(a + b)

1) ksf

(56)

(48)

(50)

sufl )

jusfl sufl jnusf ;

where:
s
ufl = Zs + sin ' a sin  Zufl ;
2
s
ufr = Zs
sin ' a sin  Zufr ;
2
s
url = Zs + sin ' + b sin  Zurl ;
2
s
sin ' + b sin  Zurr ;
urr = Zs
2
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"

sufr =

1

100(nusf 1) kusf

!# n 1

usf

; (68)

(ms g)b
+ muf g
2(a + b)

+ Wafr + Wbfr + Wcfr + Wdfr

!# n 1

usf

;
(69)
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"

surl =

1

100(nusr

1) kusr

+ Warl + Wbrl + Wcrl + Wdrl
"

surr =

1

100(nusr 1) kusr

Table 1. Parameters for numerical solution.
Parameter
Value

(ms g)a
+ mur g
2(a + b)
!# n 1

usr

;

(70)

(ms g)a
+ mur g
2(a + b)

+ Warr + Wbrr + Wcrr + Wdrr

!# n 1

usr

:
(71)

3. Numerical results and discussion
The numerical solution to the nonlinear di erential
equations governing the problem was carried out by a
fourth-order Runge-Kutta numerical method provided
by MATLAB. The frequency response diagram, bifurcation diagram, time series, phase plane portrait,
power spectrum, Poincare0 maps, and Lyapunov exponents were used to identify the chaotic response. To
guarantee that the data being used are in a steady
state, the rst few hundred-time series data of the
integration were neglected. The results of the next
few hundred-time series were retained to carry out the
analysis. The parameters of the vehicle model used in
the numerical study are shown in Table 1.
In order to validate the developed computer codes
of the numerical simulations, the obtained results of
full vehicle model (with seven degrees of freedom) were
rst compared to those of Ref. [18]. Then, passengers
were added to the model with seven degrees of freedom,
and the desired changes were applied to this model.
Figures 2 and 3 show the average results of the present
work and those of Ref. [18] for a model with seven
degrees of freedom. It can be seen that there is close
agreement between the results of the present work
for a model with seven degrees of freedom and the
aforementioned reference.
After validation of the developed computer codes,
the desired changes were applied to the model with
seven degrees of freedom, and then the passengers were
added to it. In order to evaluate the e ect of passengers
on the nonlinear behavior of the vehicle, the following
steps were taken [19]:
1. One passenger was placed in the driver's position
and the eight degrees of freedom of full vehicle
model were created;
2. In addition to the driver, another passenger was
placed on the seat to the right of the driver and the
nine degrees of freedom model were created;

ms
ma ; m b ; mc ; md
I'
I
muf
mur
ksf
ksr
ka ; k b ; kc ; kd
nsf ; nsr
csuf
csdf
csur
csdr
ca ; cb ; c c ; c d
kusf ; kusr
cusf ; cusr
nusf ; nusr
a
b
s
e
f
h

1500 kg
90 kg
460 kg m
2160 kg m
59 kg
59 kg
35000 N/m
38000 N/m
10000 N/m
1.5
1000 Ns/m
720 Ns/m
1000 Ns/m
720 Ns/m
150 Ns/m
190000 N/m
10 Ns/m
1.25
1.4 m
1.7 m
3m
0.35 m
0.37 m
0.40 m

3. The third passenger was placed behind the driver's
position, thus the ten degrees of freedom of full
vehicle model were created;
4. The fourth passenger was added to the vehicle and
the eleven degrees of freedom of full vehicle model
were created.
To evaluate the e ect of the above-mentioned changes
on the seven degrees of freedom model, Poincare maps
were used. Figure 4 shows the Poincare maps of the
heave motion of the sprung mass and the front-left
unsprung mass in the speci ed control parameters of
the exciting force for the above cases. As shown above,
by adding the passenger (mass) to the seven degrees of
freedom vehicle model, scattering of the points on the
Poincare map was reduced, and the attractors would
tend to change from the regular one. Hence, this work
is conducted to study the nonlinear behaviors of the
full vehicle model with four passengers in the following
sections.

3.1. Nonlinear frequency response analysis

The frequency response diagram, obtained by plotting
the amplitude of the oscillating system versus the
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Figure 2. Bifurcation diagrams of Zs (t) and Zufl (t) obtained by varying (A = 0:06 m, f = 3:2 Hz, = 9 ): (a) and (b)
are the results of Ref. [18]; (c) and (d) are the results of this research.

Figure 3. Poincare maps of chaotic motion of Zs (t) and Zufl (t) (A = 0:06 m, f = 3:2 Hz, = 58 , = 9 ): (a) and (b)
are the results of Ref. [18]; (c) and (d) are the results of this research.
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Figure 4. Poincare maps of chaotic motion of Zs (t) and

Zufl (t) (A = 0:06 m, f = 3:2 Hz, = 58 , = 9 ): (a)
and (b) seven-d.o.f vehicle; (c) and (d) eight-d.o.f vehicle;
(e) and (f) nine-d.o.f vehicle; (g) and (h) ten-d.o.f vehicle;
and (i) and (j) eleven-d.o.f vehicle.

frequency of the excitation, is often used to analyze
the dynamic behavior of a system [21]. For the studied
system, the frequency response diagram was calculated
numerically. The amplitude was de ned as an absolute

value of the displacement, and the control parameter
was de ned as the forcing frequency of the excitation
from the road surface. Since chaotic responses are possible when the forcing frequency is within an unstable
region [22,23], the forcing frequency for inducing chaos
can be predicted by studying unstable regions in the
frequency response diagrams [18]. Figure 5 shows the
frequency response of the heave motion of seats (b) and
(c), the heave motion of the sprung mass, and the heave
motion of the unsprung mass in the front-left corner,
when forcing frequency f is slowly increased from 0.01
to 10 Hz. The frequency response diagrams of the two
other seats have the same characteristics. The step size
of the control parameter is f = 0:001 Hz for all of the
frequency response diagrams and the time interval.
Figure 5(a) and (b) show the frequency
responses of the heave motion of seats (b) and (c),
respectively. There is a large jump at f = 1:4 Hz,
a slight jump at f = 3:1 Hz, and a smaller one at
f = 4 Hz when the frequency increases from 0.01
to 10 Hz. These diagrams show two bifurcation
regions at 4:8 < f < 5:14 Hz and 5:8 < f < 6:45 Hz.
Also, the results indicate unstable regions between
3:1 < f < 4:42 Hz and 5:48 < f < 5:62 Hz.
The frequency responses for the heave motion of
the sprung mass and the front-left unsprung mass are
illustrated in Figure 5(c) and (d), respectively. In these
diagrams, two jumps can be observed. A large jump
at f = 3:1 Hz and a smaller jump at f = 4 Hz. The
bifurcation regions in the frequency responses for the
heave motion of the sprung mass and the front-left
unsprung mass are similar to the heave motion of the
seats (a) and (b), but the jump regions are di erent.
The main bene t of these diagrams is the
detection of jump points and unstable regions. Then,
those susceptible regions can be analyzed for chaotic
behavior in greater detail. Hence, frequency region
3:1 < f < 4:42 Hz, as the rst unstable region, which
is located near the large jump in the system, has a
great importance. Therefore, the dynamic behavior
of the system is investigated according to Ref. [18],
excitation force frequency, f = 3:2 Hz, chosen as
a constant parameter, and any change in the other
parameters of excitation force. The results show
that it is possible for the behavior of the system to
be chaotic for some initial conditions and system
characteristic parameters when the forcing frequency
is near or in the unstable regions or near a jump.
Here, it should be noted that frequency f = 3:2 Hz is
the rst fundamental frequency of the system of which
further details will follow in the next sections.

3.2. Bifurcation

In this section, the e ect of changing system parameters on bifurcation behavior and system responses is
discussed. To generate the bifurcation diagram, the
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Figure 5. Frequency response diagrams by varying forcing frequency f (A = 0:06 m, = 35 , = 9 ): (a) jZb (t)j, (b)

jZc (t)j, (c) jZs (t)j, and (d) jZufl (t)j.

Figure 6. Bifurcation diagrams obtained by varying
and (d) Zufl (t).

(A = 0:06 m, f = 3:2 Hz, = 9 ): (a) Zb (t), (b) Zc (t), (c) Zs (t),

system control parameter is varied with a xed step,
and the stated variables at the end of each step are used
as the initial conditions for the next step. These data
points are then plotted versus the system control parameters. If the motion is regular (periodic) at the speci c control parameter, the bifurcation diagram should
contain a nite number of separate points. When the
motion is quasi-periodic or chaotic, the data points in
the bifurcation diagram are distributed along a line.
In this study, the e ect of time delays and on

the appearance of chaos is discussed. The bifurcation
diagrams in 0  ,  360 were constructed via
numerical integration of Eq. (13)-(23), and the initial
conditions were set to zero. The results are presented
in Figures 6 to 8. As shown in Figure 6, the dynamic
behaviors of seats (b) and (c), sprung mass, and frontleft unsprung mass are irregular when time delay
is in regions 0   25 , 28   86 , and
310 
 360 , and is regular with period-one
(1T) and irregular with small amplitude between these
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Figure 7. Zoomed section of Figure 6 between = 40 and = 80 .

Figure 8. Bifurcation diagrams obtained by varying (A = 0:06 m, f = 3:2 Hz, = 35 ): (a) Zb (t), (b) Zc (t), (c) Zs (t),

and (d) Zufl (t).

regions. Figure 7 shows the zoomed section of the
previous gure for better visualization. As shown in
Figure 7, the motion of seats (b) and (c), sprung mass,
and front-left unsprung mass becomes sub-harmonic
with period (12T) at 60   68 . These gures also
indicate that the responses of seats (b) and (c), sprung
mass, and front-left unsprung mass become chaotic and
regular at the same time. Since the regular behavior
of the system without period doubling changed to an
irregular one, this type of bifurcation is considered as
a dangerous bifurcation [24].

In Figure 8, the control parameter is ; the
bifurcation diagrams show that the irregular behavior
in the dynamic response of seats (b) and (c), sprung
mass, and front-left unsprung mass has two rather
large regions: 0 
 44 and 316  

360 . It is observed that the bifurcation in this case
is also a dangerous one [24]. The periodic motion
(1T) and irregular motion with small amplitude can
be detected in the dynamic behavior of system between
these two regions. The dynamic behavior of the other
components of the system is almost similar when the
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time delays and
0  ,  360 .

3.3. Chaos

are changed in the domain of

The bifurcation diagrams are used to detect the dynamic behavior of system and identify the irregular
regions by changing the control parameters. With
detailed analysis of system behavior and con rmation
of the chaotic responses, there is the need for other
identifying techniques. Therefore, time series, phase
plane portrait, power spectrum, Poincare map, and
Lyapunov exponents are used to identify and analyze
the chaotic responses. Also, the autocorrelation function is employed to investigate the correlation between
signals or trajectories x(t) and x(t + T ), where T is
time delay [24].
Figures 9 and 10 show the time series, phase plane
portrait, power spectrum, and Poincare map for the
heave motion of the driver's seat and sprung mass at
= 35 and = 9 , respectively. As shown, the
period of motion is not detectable in time series, and
the phase plane portraits are the trajectories that are
repeated and tend to ll up a portion of the phase
space. The power spectrum diagrams are continuous
or broad-band spectra, and the Poincare maps consist
of a pile of points in the phase space or have a fractal
structure, which con rms the chaotic motion at these
control parameters.
Figures 11 and 12 show the time series, phase
plane portrait, power spectrum, and Poincare map
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of the driver's seat and sprung mass at
= 66 ,
respectively. The dynamic response of the system is
sub-harmonic with period (12T). As shown in Figure 11(b), the phase plane portrait is closed after 12
routes, the power spectrum has a clear peak at the
frequencies 3.2/12, and there are twelve discrete points
in the Poincare map that con rm the sub-harmonic
(period-12) motion in the driver's seat. Similarly,
as shown in Figure 12, the dynamic response of the
sprung mass demonstrates the sub-harmonic motion
of period (12T) at = 66 . As mentioned before
(Section 3.1), frequency f = 3:2 Hz is the rst
fundamental frequency. As shown in Figures 11(c) and
12(c), there is a clear peak in f = 3:2 Hz, and other
sub-harmonics are a fraction of this frequency. Since
the power content of this frequency is very high, the
dynamic behavior of the system at this frequency has
great importance.
Another important technique for identifying
chaotic motion is the Lyapanov exponents. The
Lyapunov exponents determine the average rate of the
exponential expansion or contraction in the direction of
an initial deviation y(0) on a trajectory of the system,
which is given by:

ky(t)k  ;
ky(0)k
where symbol k k denotes a vector norm and  i
1
 i = tlim
!1 t ln



is called the Lyapunov exponent. If the maximum

Figure 9. (a) Time series, (b) Phase plane portrait, (c) power spectrum, and (d) Poincare map of chaotic motion of Zb (t)
(A = 0:06 m, f = 3:2 Hz, = 35 , = 9 ).
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Figure 10. (a) Time series, (b) phase plane portrait, (c) power spectrum, and (d) Poincare map of chaotic motion of
Zs (t) (A = 0:06 m, f = 3:2 Hz,

= 35 , = 9 ).

Figure 11. (a) Time series, (b) phase plane portrait, (c) power spectrum, and (d) Poincare map of Zb (t) at = 66 .
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Figure 12. (a) Time series, (b) phase plane portrait, (c) power spectrum, and (d) Poincare map of Zs (t) at = 66 .

Figure 13. The maximum Lyapunov exponents
(A = 0:06 m, f = 3:2 Hz,

= 35 , = 9 ).

Lyapunov exponent is negative or zero, there is a
regular motion, and a positive maximum Lyapunov
exponent will con rm the chaotic motion [24,25]. The
Lyapunov exponents of system equations of motion are
obtained using the algorithm given in [26]. As shown in
Figure 13, positivity of maximum Lyapunov exponents
at = 35 and = 9 con rms the chaotic motion at
the given control parameters.
In this section, autocorrelation function (Rxx ) is
employed. Figure 14 illustrates the autocorrelation
function of system's degrees of freedom. As shown
in Figure 14, in the chaos state, the autocorrelation
functions of heave motions of driver's seat and sprung
mass (and other system's degrees of freedom) drop to
zero, which proves the accuracy of the results.
By using the concept of nonlinear normal modes,

the most e ective modes of the system in chaotic and
regular motions are investigated. Figure 15 represents
the time series of nonlinear normal mode motions of
vehicle body at = 35 , and = 9 for chaos state,
and = 27 , and = 9 for regular state. As
shown, the heave motion amplitude of body in the
chaotic motion is larger than that of regular motion,
and pitch motion angle is dominant compared to roll
motion angle. Also, in regular motion, the pitch motion
angle is dominant too. So, the results show that the
e ects of heave and pitch motion modes of sprung mass
are greatest on the chaos state, and the smallest e ect
is related to roll motion.
According to the analysis provided in Sections 3.1
to 3.3, chaotic motion in the vehicle occurs for the
regions of excitation force parameters (frequency and
time delay), and these regions are identi ed by the
frequency responses and the bifurcation diagrams.
However, the chaotic behavior has an oscillatory
nature with unpredictable amplitudes that can lead
to cyclic stresses and reduction in the life of the
structures. In continuation, this idea follows that
by changing important physical parameters of the
system, one can change the behavior of the vehicle
motions from chaotic to regular.

4. E ect of system parameters on chaos
control
As discussed in the previous sections and shown in
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Figure 14. Autocorrelation function for chaotic motion: (a) Zb (t), and (b) Zs (t).

Figure 15. Time series of nonlinear normal mode motions of sprung mass: (a) and (b) are chaos status at = 35 and
= 9 ; (c) and (d) are regular stutas at

= 27 and = 9 .

the diagrams, chaos can be observed in a speci c
range of independent variables (e.g., and ). In
this section, the e ects of other system parameters
that may lead to removing the system from chaotic
behavior are examined. In this regard, new control
parameters, in place of or , are selected, and
appropriate limits for these parameters are determined
by means of the bifurcation diagrams. Also, it is
assumed that parameters and are xed, and the
numerical values of these parameters are such that
motion of the system has been chaotic. The control
parameters are: the spring sti ness of driver's seat (kb ),
the damping coecient of driver's seat (cb ), and the
spring sti ness of suspension (ksf ).
Figure 16 shows the e ect of driver's seat spring
sti ness (kb ) on system behavior. As illustrated in the
previous sections, the system response was chaotic for
f = 3:2 Hz, = 35 , = 9 , and kb = 10000 N/m.
Figure 16 demonstrates that by choosing spring sti ness (kb ) in the range of 22500 N/m to 55000 N/m,

the chaotic response for f = 3:2 Hz can be eliminated.
This is a simple way to avoid chaotic behavior in the
system response. Figure 17 illustrates the bifurcation
phenomenon by varying the damping coecient of
driver's seat (cb ) for driver and sprung mass. According
to this gure, by choosing a damping coecient for
the driver's seat of greater than 540 Ns/m, the system
can perform with the regular motion. This result can
be useful for changing chaotic behavior or minimizing
vibration in the system. It should be noted that
increasing cb causes the connection between the seat
and sprung mass to change to a rigid connection, and
this will transfer a high percentage of frame vibration to
the seat. The e ect of suspension spring sti ness (ksf )
as a control parameter on system behavior is shown
in Figure 18. In this case, the behavior of the driver
and the sprung mass (and other parts of the system)
are regular when ksf is less than 31,000 N/m and
more than 47,000 N/m. Detecting the irregular and
regular regions of the dynamic behaviors of the vehicle
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Figure 16. Bifurcation diagrams obtained by varying kb (A = 0:06 m, f = 3:2 Hz, = 9 , = 35 ): (a) Zb (t), and (b)

Zs (t).

Figure 17. Bifurcation diagrams obtained by varying cb (A = 0:06 m, f = 3:2 Hz, = 9 , = 35 ): (a) Zb (t), and (b)

Zs (t).

Figure 18. Bifurcation diagrams obtained by varying ksf (A = 0:06 m, f = 3:2 Hz, = 9 , = 35 ): (a) Zb (t), and (b)

Zs (t).

oscillating system by changing the main parameters
(kb , cb , and ksf ) can give insight into the designers
when choosing the correct coecients.
After determining the areas of the system parameters in which it is appropriate to return the
chaotic motions to regular ones through the use of the
bifurcation diagrams, the other techniques, such as the
phase plane portrait and the power spectrum diagrams,
are used to con rm the obtained results. Figure 19
indicates the phase plane portrait and the power spectrum diagrams for the driver's seat and sprung mass in
kb = 25000 N/m and ksf = 50000 N/m. As shown,
the dynamic response of the system demonstrates
regular motion. The closed path with a repeating
pattern in the phase plane portrait, a clear peak at the
frequencies 3.2, and its integer coecients in the power
spectrum represent regular behavior at these sti ness
values.

5. Conclusion
In this paper, the chaotic vibrations of a full-vehicle
system with passengers subjected to sinusoid road
disturbance with a time delay have been studied. The
regions susceptible to chaotic behaviors were identi ed
by the frequency responses. The equations of motion
solved via numerical methods and the chaotic behaviors
were studied in greater detail with techniques such as
bifurcation diagrams, time series, phase plane portrait,
power spectrum, Poincare map, and Lyapunov exponents. The results obtained showed that the dynamic
responses of the vehicle and passengers are sensitive to
the road roughness amplitude, the excitation frequency
(vehicle velocity), and the time delays between tires,
e.g. for a road roughness of A = 0:06 m, a frequency
of f = 3:2 Hz, and time delays of
= 35 and

= 9 , so the system oscillates chaotically. When
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Figure 19. Phase plane portrait and power spectrum of Zb (t) and Zs (t) (kb = 25000 N/m, ksf = 50000 N/m, A = 0:06 m,
f = 3:2 Hz,

= 35 , = 9 ).

passengers were added to the seven-d.o.f model, considerable di erences in the dynamic behavior between
the two models were shown. Also, the physical control
parameters, such as the spring sti ness of the driver's
seat (kb ), the damping coecient of driver's seat (cb ),
and the spring sti ness of the suspension (ksf ), were
used to eliminate the chaotic vibration, whereas the
previous control parameters ( , ) were xed in the
chaotic regions. The results showed that by changing
the sti ness and damping coecients of the suspension
and seat and by selecting the appropriate values,
one can easily eliminate the chaos or minimize the
vibrations of the vehicle and enhance the operational
life of the system. These results can give some insight
into designers and engineers works when selecting
appropriate basic vehicle suspension parameters based
on nonlinear model considerations.

Nomenclature
ms
ma ; mb ; mc ; md
I'
I
muf
mur

Sprung mass
Passenger and seat mass
Roll axis moment of inertia
Pitch axis moment of inertia
Front unsprung mass
Rear unsprung mass

Zs (t)
'(t)
(t)
Za (t)
Zb (t)
Zc (t)
Zd (t)
Zufl (t)
Zufr (t)
Zurl (t)
Zurr (t)
ksf
ksr
ka ; kb ; kc ; kd
nsf ; nsr
csuf

Displacement of sprung mass
Roll angular displacement of sprung
mass
Pitch angular displacement of sprung
mass
Displacement of seat (a)
Displacement of seat (b)
Displacement of seat (c)
Displacement of seat (d)
Displacement of front-left unsprung
mass
Displacement of front-right unsprung
mass
Displacement of rear-left unsprung
mass
Displacement of front-right unsprung
mass
Front suspension spring sti ness
Rear suspension spring sti ness
Seat spring sti ness
Nonlinear coecient of suspension
spring
Damping coecient of front suspension
for tension
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csdf
csur
csdr
ca ; cb ; cc ; cd
kusf ; kusr
cusf ; cusr
nusf ; nusr
a
b
s
e
f
h

Damping coecient of front suspension
for compression
Damping coecient of rear suspension
for tension
Damping coecient of rear suspension
for compression
Damping coecient of seat
Tire spring sti ness
Damping coecient of tire
Nonlinear coecient of tire spring
Length between the front of vehicle
and the center of gravity of sprung
mass
Length between the rear of vehicle and
the center of gravity of sprung mass
Width of sprung mass
Latitude distance between front seats
and the center of gravity of sprung
mass
Longitude distance between seats and
the center of gravity of sprung mass
Longitude distance between rear seats
and the center of gravity of sprung
mass
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