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Abstract. In this paper, a robust controller based on quantitative feedback theory is
designed to improve the lateral dynamic of a four-wheel vehicle using direct yaw moment
controller. The essential yaw moment is calculated by this robust and applied to the
vehicle dynamics model using a di�erential brake system, which is allocated by a rule-based
controller. Quantitative feedback theory controller design is based on bicycle model which
is assumed as a simple linear handling model. Herein, simulations are carried out based
on nonlinear handling dynamics. To examine the controller in an almost real environment,
CARSIM software is used to face a challenging maneuver. The results show that the
robust controller could overcome the system uncertainties and control the vehicle in various
handling maneuvers. Meanwhile, the braking torque allocated by di�erential brake systems
is accessible and reliable for a real vehicle.
© 2017 Sharif University of Technology. All rights reserved.

1. Introduction

One of the most important techniques to enhance
the stability of the vehicle is the direct yaw moment
control [1,2]. Direct Yaw Control (DYC) has been
used in improving di�erent vehicle control systems
such as four-wheel steer vehicle [3], semi-trailer braking
performance [4], active rear wheel steering for making
a robust chassis system [5], four-wheel steering [6],
considering the cross wind [7], and active di�erential
to produce the required moment [8,9]. In order to
develop DYC, many control theories have been ex-
amined in the literature such as sliding mode [10],
optimal theory [11], fuzzy logic [12], the Lyapunov
method [13], H2 � H1. [14], and fuzzy-PID con-
troller [15]. Recently, an intelligent controller based
on fuzzy reinforcement learning has been applied as
a direct yaw controller on heave vehicle [16]. The
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reinforcement learning was used to design the rules for
a fuzzy set.

Quantitative feedback theory is a robust con-
troller, proper for the systems encountered by un-
certainties. The �rst application of this theory was
introduced for landing gear control [17]. Designing
controller via this method is a trial and error task
and is not straightforward [18]. There are a number of
MATLAB toolboxes for designing the controller by this
method [19-21]. Using some evolutionary algorithms,
e.g. the genetic algorithm, could progress the loop
shaping step [22]. In automotive technology, QFT has
been employed to many systems [23] such as suspension
of vehicle [24], suspension for heavy vehicles [25], semi-
active suspension [26], and active steering control [27].

In vehicle dynamics, many parameters, like chang-
ing mass of vehicle or the position of center of gravity,
increasing or decreasing the tire in
ation pressure, can
cause uncertainties. These uncertainties may change
the behavior of vehicle dynamics and decrease the
capability of controller to improve the stability. In
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order to overcome this challenge, a robust control
approach based on quantitative feedback theory is
exploited. QFT provides a reliable controller for non-
linear systems based on the linear models of the system.
Using a diverse range of parameters for designing the
controller with linear model could satisfy the potential
of the designed compensator for improving the vehicle
stability.

In this paper, Quantitative Feedback Theory
(QFT) is used to enhance the vehicle stability. First,
regardless of the non-linear models, the system uncer-
tainties can be identi�ed by using only the linear model
derived physically from linear vehicle dynamics. Then,
a well-known algorithm based on QFT is designed
to overcome the structural uncertainties in nonlinear
models [28].

The article is organized as follows: In Sections 2
and 3, vehicle dynamics and tire dynamics models are
introduced in linear and nonlinear regimes. Section 4
represents the principles of controller designing. Also,
the quantitative feedback theory controller is intro-
duced in this section. In Section 5, the simulation
results of direct yaw moment control and brake torques
allocation are presented and discussed.

2. Vehicle dynamics model

In this paper, two vehicle dynamic models have been
employed for simulating. First, a bicycle model with
two degrees of freedom, i.e. yaw and lateral motion
is utilized to design the QFT controller, and then a
more elaborate model with three degrees of freedom
comprising of aforementioned motion and roll motion
is considered. Figure 1 illustrates the overall layout of a
four-wheel vehicle and its side layout for bicycle model
which is used as a linear vehicle dynamic model.

The bicycle model is given in Eqs. (1)-(6). The

Figure 1. Vehicle geometrical properties.

derivation process of these formulas is discussed in the
Appendix.(
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In these linear set of ordinary di�erential equations,
X = [v r]T is described as the lateral speed and the
rotational speed, m is the total vehicle mass, Iz is
the yaw moment of inertia, a and b are the distances
from the center of gravity to the front and rear axles,
respectively, and C�f , and C�r are the lateral tire
sti�ness for the front and rear tires. In this basic
model, u is the longitudinal speed which is considered
to be a constant value. The corrective moment which
is described as Mc is provided by controller law. This
yaw moment can prevent the vehicle facing abnormal
conditions. This state space has two inputs and two
outputs. For this MIMO system, the transfer function
between yaw rate and corrective moment can be shown
in Eq. (7), where aij and bij are the arrays of matrices
A and B introduced in state space form representation:

r(s)
Mc(s)

=
b22s+ (a21b12 � a11b22)

s2 � (a11 + a22)s+ (a11a22 � a12a21)
: (7)

For simulation purposes, it is necessary to add the
roll motion as shown in Figure 2. By considering
lateral, yaw and roll motions, a nonlinear model with
three degrees of freedom is developed. The governing
equations can be found in references [5].

The comprehensive model in this case is described
as shown in Eqs. (8)-(10). Where Fy shows the lateral
force for the each tire. Front and rear tires are
addressed by f and r, respectively. Also, the right
and left tires are presented by capital letters, R and
L. In the following equations, ms is the sprung mass
and h0 is the distance between the center of gravity
and the roll center. Roll angle is de�ned by ' and the
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Figure 2. Roll motion of vehicle.

suspension sti�ness and damping is presented by Kt
and Ct, respectively:

4X
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Meanwhile, the lateral acceleration introduced in Eq.
(10) is described in Eq. (11):

ay = _v + ur +
ms

m
h0 �': (11)

3. Tire dynamics model

In order to simulate the nonlinear regimes of the vehicle
motion, the Magic Formula tire model with lateral
slip is employed due to the capability of this model
to simulate the limit handling situations where strong
nonlinearities are present [29]. The lateral tire force
can be expressed as in Eq. (12):

Fyi = f(�iFzi); (12)

where f is a non-linear function of the tire side slip
angle and normal load Fzi. The lateral force is shown
in Figure 3 for di�erent values of normal forces. Normal
forces described in Eq. (12) are shown in Eqs. (13-16):
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Figure 3. Lateral force versus sideslip angle in various
values of normal force.

Figure 4. Sideslip angle for a tire.

Fz2 =
W
2

�
a
L

+
ax
g

�
h
L

�
+ (1�KR)

�
ay
g

�
h
T

�
� �ms

m

��h0
T

�
sin(')

��
; (14)

Fz3 =
W
2

�
b
L
� ax

g

�
h
L

�
�KR

�
ay
g

�
h
T

�
� �ms

m

��h0
T

�
sin(')

��
; (15)

Fz4 =
W
2

�
a
L

+
ax
g

�
h
L

�
� (1�KR)

�
ay
g

�
h
T

�
� �ms

m

��h0
T

�
sin(')

��
: (16)

Figure 4 illustrates Sideslip angle which is an important
factor for tire forces. The sideslip angle formulas are
given by Eqs. (17)-(20).
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4. Controller design

The vehicle dynamics has uncertainties due to non-
linearity of its dynamics. Table 1 shows the vehicle
parameter values and their uncertainties.

QFT employs a two-degree-of-freedom control
structure which aims to shape the feedback and track
responses independently. As shown in Figure 5, this
control strategy uses unity feedback, a cascade compen-
sator G(s) which reduces the e�ects of uncertainties, a
pre-�lter F (s) that shifts the response to the desired
values and P (s) which is an uncertain plant that
belongs to a set P (s) 2 fP (s; �);� 2 �g, where here �
is the vector of uncertain parameters, which takes the
values in '.

In parametric uncertain systems, the principles of
QFT controller design can be summarized as in the
following steps [30]:

� Generating plant templates prior to the QFT design;

� QFT converts closed-loop magnitude speci�cations
into magnitude constraints on a nominal open-loop
function by using generated plant templates;

� A nominal open-loop function is then designed to

Figure 5. A typical unity feedback system.

simultaneously satisfy its constraints as well as to
achieve nominal closed-loop stability.

QFT design includes three main steps which are
computing the robust performance bounds, designing
the robust control, and the proper pre-�lter if there
is a necessity for it. At the end, an analysis of the
design is required. The main steps involved in the
design of the controller are template generation, loop
shaping, and manipulation of tolerance bounds within
the available freedom, template size considerations,
and selection of nominal transfer function matrices.
In this paper, we employ the pre-mentioned steps for
designing an optimal robust controller. The procedure
of QFT controller is shown in Figure 6. To generate
a template for QFT designing procedure, the proposed
transfer function shown in Eq. (7) is used with all of the
uncertainties which are introduced in Table 1. Figure 7
demonstrates the plant uncertainty in Nichols chart.

The magnitude of a closed-loop system is called
robust margin and for all the uncertainties, its value as
shown in Eq. (21) must be less than 1.1:���� P1(j!)G(j!)

1 + P1(j!)G(j!)

���� � 1:1: (21)

For all plant uncertainties, overshoot and settling
time for robust tracking speci�cation based on proper
performance of the actuator is (=5%) and (=0.05s),
respectively. Suitable disturbance rejection bounds to
reduce the cross-coupling e�ects between the joints are
shown in Eqs. (22)-(24). The robust tracking bounds

Figure 6. Quantitative feedback theory controller
designing procedure.

Table 1. Vehicle parameters uncertainties.

Parameter description Symbol Uncertainties Value

Sprung mass (kg) ms 1000-1600 1300
Unsprung mass (kg) mus | 1100

Moment of inertia (kg m2) Ix | 750
Moment of inertia (kg m2) Iz 2000-2600 2000

Track (m) T 1.4
Distance from center of mass to front axle (m) a 1.1-1.6 1.1
Distance from center of mass to rear axle (m) b 0.9-1.4 1.4

Height of center of mass (m) H 0.4-0.5 0.5
Distance from center of mass to roll center (m) h0 | 0.4

Torsional sti�ness (N.m/rad) Kt | 45000
Damping factor (N.m.s/rad) Ct | 2600

Road friction � 0.2-0.9 0.9
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Figure 7. Uncertainty templates in Nichols chart.

Figure 8. Disturbance rejections in Nichols chart.

are demonstrated in Figure 8:
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Using MATLAB® QFT-Toolbox, which has been de-
veloped by Garcia-Sanz in 2012 [21], the controller
is designed and applied to the system. Results
demonstrate that the open-loop transfer function lies
exactly on its robust performance bounds. The overall
bounds of the design can be calculated by combining
appropriately the individual bounds for each point of

Figure 9. Loop-shaping in Nichols chart.

Figure 10. Pre-�lter shaping with two lower and upper
bounds for designing a robust controller.

the phase-grid and does not penetrate the U-contour
at all frequency values (j!). The design of pre-�lter
guarantees the satisfaction of tracking speci�cation. In
Figures 9 and 10, loop shaping and pre-�lter shaping
of open-loop transfer function are shown, respectively.
Therefore, we designed the optimal controller (G(s))
and pre-�lter (F (s)) as shown in Eq. (25):

G(s) = k1

�
s
z1

+ 1
� 

1
s
p1

+ 1

! 
1
s
p2

+ 1

!
;

F (s) = k2

 
1

s
p3

+ 1

!
; (25)

where k1 = 3e6, z1 = 300, p1 = 3000, p2 = 160,
and p3 = 70. We demonstrate the functionality of
our controller (Figure 11) by investigating the step
response of the controller.

5. Simulation and result

5.1. Direct yaw control
For vehicle handling simulation, a nonlinear model
discussed in Section 2 is employed and modeled in
SIMULINK environment. As Figure 12 shows, this
model is equipped with steering angle and controller.
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Figure 11. Step response of controller.

To simulate the nonlinear di�erential equations, Dif-
ferential Algebraic Splitter (DAS), recently introduced
as an organizing simulation method, was used [31].
DAS method can simplify the nonlinear di�erential
equations easily. In this method, all of di�erential parts
of equations are substituted by From-Goto blocks, and
then will be integrated using the common Simulink
integrator. The rest of the nonlinear equations are
modeled algebraically without any integrator. Every
equation is ended to a block where it is referred to the
di�erential part of equation.

Desired yaw rate is used as a comparing value
with output vehicle yaw rate. This value is introduced
as a result of the function shown in Eq. (26):

rd =
u�

l +Kusu2 : (26)

In this equation, rd is desired yaw rate, u is longitudinal
speed, � is steering angle, l is wheelbase of vehicle,
and Kus is the understeer gradient proposed 0.01 for
this simulation. For a comprehensive simulation, three
famous maneuvers, namely step, Lane change, and Fish
hook steering are employed, as shown in Figure 13.
These maneuvers are able to show the capability of
vehicle controller for improving the stability. In this
paper, it is proposed to have 120-degree turn of the

steering wheel. Moreover, gear ratio is considered to
be 20 in this simulation. So, the maximum value in
steer as shown in Figure 13 is 6 degrees. The result
of simulation for step steering is shown in Figure 14.
In this simulation, the longitudinal speed for vehicle
was assumed 100 km/h. This maneuver is examined
and yaw rate is obtained with and without designed
controller. X � Y position is surveyed to show the
e�ect of controller on vehicle path. Consequently, the
controller is able to enhance the stability and track the
desired yaw rate.

Quantitative feedback theory as described in the
previous section meets the uncertainties and designs
the controller and pre-�lter to overcome all of the
conditions. To show the robustness of the designed con-
troller, the simulation conditions have been changed.
The longitudinal speed becomes 140 km/h, the mass
of vehicle increases to 1800 kg, and the center of
gravity changes about 30 cm to the rear of vehicle.
This changing condition was assumed to show the
instability condition for a vehicle. Moreover, to clarify
the controller's in
uence, two other maneuvers which
are more aggressive than step steering are investigated.
The results of these simulations are shown in Figure 15.
The yaw rate graph con�rms the e�ectiveness of the
controller. In both of these two maneuvers, vehicle
without controller cannot track the desired yaw rate
which was assumed for that simulation, whereas the
QFT controller can overcome the uncertainties and
meet the desired path.

5.2. Di�erential brakes
In this section, the upper controller designed in the
previous section delivers the yaw moment to the lower
controller which may be a di�erential brake system.
This technology is named ESP (Electronic Stability
Program) in many vehicle manufacturers. To do
the simulation in an approximately real environment,
CARSIM software, which is well known in vehicle
dynamics simulating, was employed. The maneuver

Figure 12. Nonlinear vehicle model in SIMULINK.
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Figure 13. Three maneuver steering angles on front
wheels.

used in this simulation was \double lane change" which
is an important maneuver for testing vehicle handling
performance. The wheel steer for this maneuver is
shown in Figure 16. The gear ratio for transforming
this steer on the front wheel was considered 1/20.

The longitudinal speed was assumed as 80 km/hr,
and the road friction was considered low around 0.5
which means a rainy road. The other conditions were
the same as the last simulation considered in Section

Figure 14. Result of simulation for step steering.

5-1. The lower policy for brake torques allocation is so
easy. When the yaw moment was achieved as negative,
two right-hand tires started to brake; otherwise, two
left-hand tires braked. The torque moment is calcu-
lated for each tire as jMcjR=T , where Mc is the direct
yaw moment calculated by the upper controller which
is QFT in this study; R is the tire radius; and T is
the track width of vehicle for the vehicle axis which are
assumed 0.33 and 1.55 m, respectively.

In Figure 17, the direct yaw moment calculated
by QFT is shown. As this �gure illustrates, the value
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Figure 15. Result of simulation for robustness analysis.

for this moment is bounded in [-4000, 4000] Nm range.
This interval is a reasonable torque which can be
produced by some brakes in a four-wheel vehicle.

The brake tires calculated by the lower controller
are shown in Figure 18. As discussed previously, when
two right-hand tires start to brake, the others do not
brake, and vice versa. This was achieved by a rule-
based controller in Simulink environment where upper
and lower controllers exist.

Using this brake torques allocation, the yaw rate
controlled is compared with the uncontrolled vehicle

and desired graph in Figure 19. Figure 20 shows
the error of a controlled and uncontrolled vehicles for
tracking desired yaw rate. The reliability of designed
controller can be concluded from these error values.

6. Conclusion

In this paper, we enhanced the vehicle stability us-
ing external yaw moment control and then allocated
tire braking torques. In order to apply the proposed
method, �rstly, a QFT controller must be designed
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Figure 16. Wheel steer versus time in double lane change
maneuver.

Figure 17. Direct yaw moment calculated by QFT in the
simulation time.

Figure 18. Brake torques calculated for each tire after
calculating direct yaw moment.

based on the linear vehicle handling model of the
system, and then a nonlinear model is employed to
examine the achieved controller. To test the robustness
of controller, some vehicle conditions were changed
and some aggressive maneuvers were investigated.
Moreover, the brake torques were allocated based on
the direct yaw moment calculated by QFT controller.
The results of this survey show that the proposed

Figure 19. A comparison of yaw rate values for two
controlled and uncontrolled vehicles.

Figure 20. The yaw rate error produced by controlled
and uncontrolled vehicles.

controller design using QFT with di�erential brakes
has an excellent capability in controlling the vehicle
dynamic system.
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Appendix

In this part a linear vehicle dynamic model named
bicycle is derived as follows:X

Fy = may;X
Mz = Iz _r;

Fyf + Fyr = m( _v + ur);

aFyf � bFyr +Mc = Iz _r;

Fyf = C�f�f ;

Fyr = C�r�r;

�f = �f � tan�1
�
vof
uof

�
= �f � vof

uof

= �f � v + ar
u

;
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�r=�r�tan�1
�
vor
uor

�
=0�tan�1

�
vor
uor

�
=0

� vor
uor

= �v � br
u

;

�
m 0
0 Iz

� �
_v
_r

�
+

"
Caf+Car

u
aCaf�bCar

u +mu
aCaf�bCar

u
a2Caf+b2Car

u

#�
v
r

�
=
�
Caf
aCaf

�
�f +

�
0
1

�
Mc

�
_v
_r

�
=

�
"

Caf+Car
mu

aCaf�bCar
mu + u

aCaf�bCar
Izu

a2Caf+b2Car
Izu

#�
v
r

�
+

"
Caf
m 0

aCafIz
1
Iz

#�
�f
Mc

�
:
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