Scientia Iranica B (2017) 24(2), 648655

VZINN
N\

Sharif University of Technology

Scientia Iranica
Transactions B: Mechanical Engineering

www.scientiairanica.com

SCIENTIA
RANICA

Application of homotopy perturbation method for

solving nonlinear fractional heat-like equations using

Sumudu transform

M.M. Khader®P*

a. Department of Mathematics & Statistics, College of Science, Al-Imam Mohammad Ibn Saud Islamic University (IMSIU),

Riyadh, 11566, Saudi Arabia.

b. Department of Mathematics, Faculty of Science, Benha University, Benha, Egypt.

Received 4 May 2015; received in revised form 16 February 2016; accepted 10 May 2016

KEYWORDS

Fractional heat-like
equations;

Caputo derivative;
Mittag-Leffler
functions;

Homotopy
perturbation method;
Sumudu transform
method.

Abstract. In this paper, we propose an algorithm to find approximate solutions of the
proposed system of the fractional heat-like equations. The proposed algorithm, basically,
illustrates how the two powerful algorithms, the Homotopy Perturbation Method (HPM)
and the Sumudu Transform Method (STM), can be combined and used to get exact
solutions of fractional partial differential equations. We also present some examples to
illustrate the accuracy and the effectiveness of this algorithm.
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1. Introduction

Fractional Differential Equations (FDEs) have recently
been applied to various areas of engineering, science,
finance, applied mathematics, bio-engineering, and
others. However, many researchers remain unaware of
this field. FDEs have been the focus of many studies
due to their frequent appearance in various applications
in fluid mechanics, viscoelasticity, biology, physics, and
engineering [1]. Consequently, considerable attention
has been given to the solutions of FDEs of physical
interest. Most FDEs do not have exact solutions; so,
approximate and numerical techniques [2-4] must be
used. Recently, several numerical methods for solving
FDEs have been given, such as homotopy perturbation
method [5], Adomian decomposition method [6], and
collocation method [7-15].

There are numerous integral transforms such as
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Laplace, Sumudu, Fourier, Mellin, and Hankel to solve
FDEs. Some of these, the Laplace transformation
and Sumudu transformation, are most widely used.
The Sumudu transformation method [16-18] is one of
the most important transform methods introduced in
the early 1990s by Watugala [19]. It is a powerful
tool for solving many kinds of differential equations
in various fields of science and engineering. And,
various methods are also combined with the Sumudu
transformation method, such as the homotopy analysis
Sumudu transform method [20], which is a combi-
nation of the homotopy analysis method and the
Sumudu transformation method. Another example is
the Sumudu decomposition method [21,22], which is a
combination of the Sumudu transform method and the
Adomian decomposition method.

In this paper, we use the Homotopy Pertur-
bation Sumudu Transform Method (HPSTM) to de-
rive the exact and approximate solutions of various
types of fractional partial differential equations. This
method is a combination of the homotopy perturbation
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method and the Sumudu transform method. However,
Singh [23] used the homotopy perturbation Sumudu
transform method to obtain the exact solution of
nonlinear equations which are PDEs of integer or-
der.

Our concern in this work is to consider the
numerical solution of the fractional version of the multi-
dimensional heat-like equation. Heat-like model can
describe many physical problems in different fields of
science and engineering. These physical problems de-
scribe some nonlinear phenomena, such as diffusion of
alleles in population genetics. The presented fractional
heat-like equation has been applied in modelling to
describe practical sub-diffusive problems in fluid flow
process and finance [24,25].

2. Basic definitions of fractional calculus and
the Sumudu transform method

We describe some necessary definitions and mathe-
matical preliminaries of the fractional calculus theory
and the Sumudu transform method which will be used
further in this work.

Definition 1. The Caputo fractional derivative oper-
ator D% of order « is defined in the following form [26]:

1 ¢ n—a-1d"f(t)
F(n_a)/o (x—1t) ! ym dt.

De[f(z)] =
Similar to integer-order differentiation, Caputo frac-
tional derivative operator is a linear operation:

D (Mf(x) + pg(x)) = AD* f(x) + pD%g(x),

where A and p are constants. For the Caputo’s
derivative, we have D*C' = 0, if C' is a constant and:

0, for n€Ny and n< [a];
DC( 71:
T'(n+1) pn—a

Thhtli-o* for neNg and n>[«].

We use the ceiling function [«] to denote the smallest
integer greater than or equal to « and Ny = {0,1,---}.
Recall that for a € N, the Caputo differential operator
coincides with the usual differential operator of integer
order. For more details on fractional derivatives
definitions and their properties, see [27].

Definition 2. The single-parameter and the two-
parameter variants of the Mittag-Leffler function are
denoted by E,(t) and E, ;(t), respectively, which are
relevant for their connection with fractional calculus,
and are defined as:

o<} t]e
t)_gm, (>0, ted,
E .
2.0 ( ZF£]+k £ k>0, teC

J=

Some special cases of the Mittag-Leffler function are as
follows:

El (t) = €t7
Eg71(t) = Eﬁ(t)

jtm [tk 1E[ & (té)] — tlcfmflEAk_m (tZ> .

Other properties of the Mittag-Leffler functions can be
found in [1]. These functions are generalizations of the
exponential function, because most linear differential
equations of fractional order have solutions that are
expressed in terms of these functions.

Definition 3. The Sumudu transform is defined over
the set of functions:

A={f(t)|IM, 71,72 > 0,| f(t) |< Mell/7,

[0,00)},

by the following formula:

if t € (—1)7 x

F(u)=S[f(1)] = / flut)e tdt, we (-m,m). (1)
0

Some special properties of the Sumudu transform
(denoted throughout this paper by S) are as follows:

1. S[]=1;

2. S[F(ﬂ_l)] =u", n>0;

3. Sle™] = =

4. SAF@) + pg()] = AS[F@)] + pSlg(8)]-

Other properties of the Sumudu transform can be
found in [21].

Definition 4. The Sumudu transform, S[D*f(¢)] of
the Caputo fractional derivative, is defined as [20]:

n—1 f k)
Z ue— k ’
where F'(u) is the Sumudu transform of f(¢). Then, it
can be easily understood that:

(k)
Z se0 g

S[Df(t) n—1<a<n,

SID ()] =
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3. The basic idea of HPM

In this section, we will briefly present the algorithm
of HPM. At first, we consider the following nonlinear
differential equation:

A(U) - f(T) = 07 S Qv (3)
with the boundary conditions:
ou
B — ] =0 r 4
(nge)=0. rer (W

where A, B, f(r), and T are the general differential
function operator, the boundary operator, the known
analytical function, and the boundary of the domain
Q, respectively.

The operator A can be decomposed into a linear
operator denoted by L, and a nonlinear operator
denoted by N. Therefore, Eq. (3) can be written as
follows:

L(u) + N(u) — f(r) =0. (5)

Now, we construct a homotopy v(r,p) : 2 x [0,1] = R
which satisfies:

H(v,p)=(1-p)[L(v)—L(uo)]+p[A(v) - f(r)] =0,
0<p<Tt, (6)
which is equivalent to:
H(v,p)=L(v)—L(uo)+pL(uo) +p[N(v) - f(r)] =0,
0<p<1, (7)

where ug is the initial approximation of Eq. (3) that
satisfies the boundary conditions (4), and p is an
embedding parameter.

When the value of p is changed from zero to unity,
we can easily see that:

H(v,0) = L(v) — L(uo) = 0, (8)
H(s,1) =L(v) + N(v) - [(r) = A(v)

— f(r) =o. (9)

In topology, this changing process is called deforma-
tion, and Egs. (8) and (9) are called homotopic. If the
p-parameter is considered as small, then the solution of
Eq. (5) can be expressed as a power series in p:

v =g+ pvy + pPvg + pPug + o, (10)
u:limlv:vo—l-vl+1)2+v3+“' (11)
p“v

4, The homotopy perturbation Sumudu
transform method

In order to elucidate the solution procedure of this
method, we consider the general fractional nonlinear
partial differential equation of the form [20]:

Diw(r,t) = Lw(r,t) + Nw(r,t) + q(r, ),
n—1<a<n, (12)
subject to the initial conditions:
W™ (1,0) = fu(r),

where Dfw(r,t) is the Caputo fractional derivative
with respect to ¢, ¢(r,t) is the source term, L is
the linear operator, and N is the general nonlinear
operator.

Taking the Sumudu transform on both sides of
Eq. (12), we get:

m=20,1,---,n—1, (13)

S[Dgw(r,t)] = S[Lw(r,t) + Nw(r,t) + q(r,t)]. (14)

Using the property of the Sumudu transform and the
initial conditions in Eq. (13), we have:

n—1
u” *Slw(r,t)] — Z u*(o‘*k)w(k)(r,O)
k=0

= S[Lw(r,t) + Nw(r,t) + q(r,t)],

and:
Shw(r,t)] = z_: uf fr(r) +u® S[Lw(r, t)
k=0

+ Nuw(r,t) + q(r,t)]- (15)
Operating with the Sumudu inverse on both sides of

Eq. (15), we get:

w(r,t) =51 li uf fro(r)| + S Hu*S[Lw(r,t)
k=0

+ Nw(r,t) + q(r,1)]]. (16)

Now, by applying the classical perturbation technique,
we can find the solution of Eq. 16) in the form:

w(r,t) = Zpkwk(nt), (17)
k=0

where p € [0,1] is the homotopy parameter. The
nonlinear term of Eq. (16) can be decomposed as:

Nuw(r,t) = p*Hi(w), (18)
k=0
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where Hy is He’s polynomial, which can be calculated
with the formulas [6,20] as follows:

1o —
Hy(wo, wi, w2, - 7wn):k,apk[N(Zplwi)] )
' i=0 p=0

k=01, - (19)

Substituting Eqs. (17) and (18) into Eq. (16), we get:
oo n—1
> prwi(rt) =571 [Z kak(”)]
k=0 k=0

+pS~t luo‘S

L (Z pPwy, (r, t))
k=0

+ > p"Hi(w) +q(r, t)H : (20)
k=0

Equating the terms with identical powers of p, we can
obtain a series of equations as follows:

P° we(rt) =871 lz ukfk(r)] ,
k=0

P wy (7, 1) :Sil[u"S[ng(r, t)
+ Ho(w) + q(r, )],
P2 wy(rt) =S u*S[Lwy (1, t)
+ Hl(w) + q(r,t)]], Ty
Pt wp(r,t) :Sil[uaS[Lwn_l(r,t)
+ Hno1(w) +q(r, )] (21)
By utilizing the results in Eq. (21) and substituting
them into Eq. (17), the solution of Eq. (12) can be ex-

pressed as a power series in p. The best approximation
for the solution of Eq. (12) is:

o0
w(r,t)=lim Zpkwk(T7t)=wo+w1+w2+-«- (22)
s

The solutions in Eq. (22) generally converge very
rapidly [20].

5. Illustrative examples

In this section, in order to assess the applicability and
the accuracy of the fractional homotopy perturbation
Sumudu transform method in the last section, we
consider the following two examples.

Example 1. Consider the following fractional two-
dimensional heat-like equation of the form:

1
Diw(z,y, t) == (Y wee +a’wy,), 0<a<l, (23)

2
subject to the initial condition:
w(z,y,0) =y°, (24)
subject to the boundary conditions:

wz(oay7t) = Oa wy(xaovt) = 07

wg(1,y,t) = 2sinh ¢, wy(z,1,t) = 2cosh .

Taking the Sumudu transform on both sides of Eq. (23),

we get:

S[Dgw(z,y,t)] =S B (YPwee + xzwyy)} . (25)

Using the property of the Sumudu transform and the
initial condition in Eq. (24), we have:

S[w(z,y,t)]=w(z,y,0)+u*S E (V*weo +x2wyy)] )
(26)

Operating with the inverse of Sumudu on both sides of
Eq. (26), we get:

2

By applying the homotopy perturbation method and
substituting Eq. (17) into Eq. (27), we have:

> Prwr(z,y,t) =
k=0

1 .
w(z,y,t)=S"y?]+5" [u“S [V Wee -I—xzwyy]} (27)

1 o = &
+p571 [2ua5 [yz (Z pkwkxx(xayﬂf))
k=0

+ 2? (Zpkwkyy(x,yj))H . (28)
k=0

Equating the terms with identical powers of p, we get:

Y wolz,yt) =y,

P et =2t
9 5 tQty

prr waz,yt) =y T2a+1)
. t3o<

PP ws(a,y,t) = ﬂ?zr(ga e
4 ) t4£¥

p o wa(zyt) =y Tda11)
t5a

P’ ws(a,y,t) = Izr(m 1) (29)
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Thus, the approximate solution of Eq. (23) is given by:

(o)
w(@,y,t) = lim > prwi(z,y,t)
k=0

o o N t?)a N
7 | D(a+1)  T(Ba+1)

) t2a t4a
Tt T eer ) T T T

t(2k+1)0( tZ/»O(

_ 2 2

IZ (2k+ Da+1) Z T(2ka + 1)
= 2% sinh(t*, a) + y* cosh(t*, a), (30)

where sinh(¢, @) and cosh(¢, ) are defined as follows:

Eo () = Ea(=10)

sinh(¢,a) = 5 ,
cosh({, a) = Ea(0) + Eo(=0) +2E°‘(_£).

If we put @ — 1 in Eq. (30
solution of Eq. (23).

)}, we obtain the exact

w(x,y,t) = 22 sinh(t) + y* cosh(t). (31)

The results for the exact solution of Eq. (31) and
the approximate solution of Eq. (30) obtained using
HPSTM for the special case of @ = 1, at z = y =
1.5, t € [0,2], are shown in Figure 1. From this
figure, it can be seen that the solution obtained by
the presented method is nearly identical to the exact
solution. Figure 2 shows the approximate solution
with different values of o (@ = 0.7,0.8,0.9,1) at x =
y = 1, t € [0,2]. It is to be noted that only the
five-order term of the solution was used in evaluating

18

Exact solution

16 = HPSTM solution

14

12+

101

w(z,y,t)

o .
0.0 02 04 06 08 10 12 14 1.6 18 20

Figure 1. The behavior of the approximate solution and
the exact solution with o =1, at x =y = 1.5.

11

10r

QR LR
i n

=N
~N 0 © O
o

©
o o %

w(z,y,t)

2r 8¢

1 ¥ . . . . . . . .
00 02 04 06 08 1.0 1.2 14 1.6 1.8 2.0
t

Figure 2. The behavior of the approximate solution of
Example 1 with different values of a.

the approximate solutions for Figure 2. It is evident
that the efficiency of this approach can be dramatically
enhanced by computing further terms of w(x, y,t) when
the homotopy perturbation Sumudu transform method
is used.

Example 2. Consider the following fractional three-
dimensional heat-like equation of the form:

Dfw(z,y, z,t) = a'y*z*

36 (T*Wan+y wyy+7%0..), 0<a<l, (32)

subject to the initial condition:

w(z,y,2,0) =0, (33)
subject to Neumann boundary conditions:

w(0,y,z,t) = w(z,0,z,t) = w(z,y,0,t) =0,

w(l,y, 2,t) =yt (e’ = 1),

w(x,1,2,t) = 22 (e’ — 1),

w(z,y,1,t) = zy* (e’ — 1).

Taking the Sumudu transform on both sides of Eq. (32),
we get:

S [Diw(z,y, z,1)]

1
— S|atytat ¢ —

36 (:L"2wm + wayy + zzwu) . (34)

Using the property of the Sumudu transform and the
initial condition in Eq. (33), we have:
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Slw(z,y, z,t)] = u*S [a;4y4z4]

1
+u*S [36 (a;2wm + wayy + z2wzz)] . (35)

Operating with the inverse of Sumudu on both sides of
Eq. (35), we get:

w(z,y,z,t) =51 luO‘S lx4y4z4

1
+ 36 (a;2wm + yzwyy + z2w“)H ) (36)

By applying the homotopy perturbation method and
substituting Eq. (17) into Eq. (36), we have:

> prwi(a,y, z,t) = pS™ [u”S [y 2]
k=0

1 a 2 = k
+%U S[I (Zp wkm(%%%ﬂ)

k=0

oo
+ y2 (Z pkwkyy(fa Y, z, t))

k=0

+z2(2pkwkzz(x,y7z,t)>H. (37)

k=0

Equating the terms with identical powers of p, we get:

" wo(z,y,2,t) =0,
P wed = L
Pt wal(z,y, 2,t) = %. (38)

Thus, the approximate solution of Eq. (32) is given by:
(o)
w(@,y,2,1) = lim ];kawkw Ys2,t)

= (z*y*z") [Ea(t*) — 1]. (39)

If we put @ — 1 in Eq. (39) or solve Egs. (32) and (33)
with a = 1, we obtain the exact solution:

w(z,y, z,t) = ety 2 (ef — 1). (40)

The results for the exact solution of Eq. (40) and
the approximate solution of Eq. (39) obtained using

7 - . ; . : ' . . .
Exact solution
* HPSTM solution i

w(z,y,z,t)

1F 4

0 1 1 1 1
0.0 0.2 04 06 08 1.0 1.2 14 1.6 1.8 2.0
t

Figure 3. The behavior of the approximate solution and
the exact solution with o« =1, at t =y =2 = 1.0.
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w(z,y,z,t)
[o}

8| o ° +]
6l 5 6% e 4
4
2t ”ﬂﬂjiﬂﬁ// - 1

0 Y e aa . | | | . |
0.0 02 04 06 08 1.0 12 14 16 1.8 2.0

Figure 4. The behavior of the approximate solution of
example 2 with different values of a.

HPSTM for the special case of @ = 1, at z = y =
z = 1.0,t € [0,2], are shown in Figure 3. From this
figure, it can be seen that the solution obtained by
the presented method is nearly identical to the exact
solution. Figure 4 shows the approximate solution with
different values of a (@ = 0.7,0.8,0.9,1) at z = y =
z = 1.0, t € [0,2]. It is to be noted that only the
five-order term of the solution was used in evaluating
the approximate solutions for Figure 3. It is evident
that the efficiency of this approach can be dramatically
enhanced by computing further terms of w(z,y, z,t)
when the homotopy perturbation Sumudu transform
method is used. In addition, from all presented
Figures 1-4, we can confirm that the behavior of the
numerical solution has satisfied the physical meaning
of the problem under consideration.

6. Conclusion and remarks

In this article, we implemented the homotopy per-
turbation Sumudu transform method to obtain the
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approximate solutions of the multi-dimensional frac-
tional heat-like equations. However, HPSTM has an
advantage over SDM, that is, it solves the nonlinear
problems without using Adomian’s polynomials. In
conclusion, HPSTM may be considered as a nice
refinement in existing numerical technique and might
find the wide applications. The obtained approximate
solution using the suggested method is in excellent
agreement with the exact solution, and shows that
these approaches can solve the problem effectively and
illustrate the validity and the great potential of the
proposed technique. All computations in this paper
are done using Matlab 8.
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