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Abstract. A review was carried out on the exponentially permeable shrinking sheet

and how it in uenced the magnetohydrodynamic (MHD) mixed convection boundary layer
ow of a Casson uid. The boundary layer equations in the form of partial di erential
equations were transformed into the ordinary di erential equations by using the similarity
transformation. Subsequently, shooting technique is used to provide solutions for the
ordinary di erential equations. Di erent factors related to the ow and heat are indicated
by the attained results as well as graphs. Moreover, 4 solutions are presented graphically.
Also, the numerical calculations exhibit that the Casson uid parameter, ", buoyancy
parameter, , and suction parameter, s, would signi cantly a ect the characteristics of
ow and thermal boundary layers of a Casson uid.
© 2017 Sharif University of Technology. All rights reserved.

1. Introduction
There is great bene t to the industry by exploring
the convection features of non-Newtonian uids, such
as liquid-liquid extractors [1], catalytic reactors [2],
blood plasmaphosresis devices [3], and the ltration
devices [4]. The Casson uid is commoly known in the
midst of non-Newtonian uids, which was introduced
by Casson [5]. This uid is a good approximation
of many substances, such as blood, molten chocolate,
foams, and cosmetics, among others. As a consequence,
numerous researchers have investigated the features
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of Casson uid ow ([6-9] etc.). Besides, Boyd et
al. [10] studied two types of ow, namely, steady
and oscillatory ows, in straight and curved pipe
geometries. In their research, Boyd et al. [10] used
the Carreau-Yasuda and Casson uids.
There are various bene ts to the engineering process by studying boundary layer ow and transmission
of heat instigated by a shrinking sheet, for example
glass casting, wire drawing, glass bre manufacturing,
and removal of polymer sheet. Goldstein [11] mentioned that the ow of uid caused by coiling sheet
was fundamentally a rearward ow, which was the
reverse of the ow caused by an extending sheet. A
study by Miklavcic and Wang [12] found that analytical
solution to two-dimensional viscous ows was due
to the shrinking sheet with suction; the researchers
reported that the ow over the shrinking sheet was
sustained by the suction. Mahapatra and Nandy [13]
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agreed with study results of Miklavcic and Wang [12]
who came to the conclusion that the steady ow as
a result of the shrinking sheet was unable to avoid
the impact of suction. An evaluative study examined
the two-dimensional ow together with heat transfer of
viscous uid towards a shrinking sheet was performed
by Wang [14]. He proved that the solutions obtained
were non-unique for insigni cant value of the shrinking
factor.
Magyari and Keller [15] were the pioneers who
studied the ow and thermal boundary layers con ned
by an exponential stretching sheet. However, in the
case related to a shrinking sheet with exponential velocity, Bhattacharyya [16] was the rst person to explore
the related eld. His study results demonstrated the
presence of twofold solutions in the suction. Some
of the latest dual nature studies have involved exponentially stretching/shrinking sheet [17,18]. However,
recent studies have been reported on the boundary
layer ow and the transfer of heat in non-Newtonian
uid towards a stretching/shrinking sheet, which involves the concept of magnetohydrodynamic (MHD)
stagnation-point ow [19,20] and unsteady state [2123].
Recently, the presence of multiple solutions has
been con rmed by certain researchers [24-29]. A recent
study by Rosca and Pop [29] came up with engaging
facts to provide evidence for the assumption of dual
numerical solutions. The researchers [29] carried out a
stability examination and reported that the solutions
found on the upper branch (primary solution) were
linearly stable, whereas those on the lower branch (secondary solution) were linearly unstable. The physically
relevant solution was related to the steady solution.
The discovery of triple solutions is quite new and of
interest. Therefore, in the event that Newtonian uid
is able to pass through the shrinking sheet with an
increasingly exponential velocity, there exists formation of the triple solution because of the impact of the
ow's buoyancy force along with traits associated with
the ow and heat transfer [30]. Subsequently, Rohni
et al. [31] proved that triple solutions also occur when
the stagnation point is implemented in the system of
Newtonian uid. Recently, an extension of the work
by Rohni et al. [30] was carried out by Isa et al. [32].
Accordingly, the researchers [32] were able to get the
quad solutions because of the addition of a magnetic
eld in the uid ow's system developed by Rohni et
al. [30].
The theoretical study in the Casson uid model
is reportedly based on the features of the ow and heat
transmission. A unique solution is illustrated for linear
stretching sheet case, whereas dual solutions exist for
the problem of magnetohydrodynamic linear shrinking
sheet [33-36]. MHD Casson uid ows in a system of
three-dimensional coordinates related to the stretching

sheet in linear velocity, as reported by Nadeem et
al. [37,38]. A numerical evaluation was carried out on
the challenges associated with using the Casson uid
ow in a non-Darcy porous medium commencing at a
horizontal circular cylinder surrounded by partial slips
condition [39-40]. The Casson uid ow over a sheet,
which is stretched with exponential variation, is taken
into account by Pramanik [41], Raju et al. [42], and
Animasaun et al. [43]. The permeable shrinking sheet,
which has an exponential velocity and contributes a
signi cant in uence on the characteristics of MHD
Casson uid ow, has been analyzed by Nadeem et
al. [44]. However, they only analyzed the features
of Casson ow, and heat transfer was not taken into
account. Later, Haq et al. [45] used the same model
as that of Nadeem et al. [44], but with the additional
e ect of a convective boundary condition.
Inspired by the previous research, this study
expands the work by Isa et al. [32] in an e ort to
o er replacement of the viscous uid with the nonNewtonian Casson uid. This study is also an extension of the study by Nadeem et al. [44] by including
an analysis of heat transfer characteristics in Casson
ow over a sheet, which has an exponential shrinking
rate. The results obtained by the present study reveal
that the temperature and ow elds are controlled by
Casson uid parameter, ", mixed convection/buoyancy
parameter, , and suction parameter, s.

2. Mathematical formulation
Figure 1 illustrates the steady, laminar, two-dimensional boundary layer ow of an incompressible Casson uid over an exponentially shrinking sheet. The
uniform temperature of the ambient uid is T1 and
the surface temperature is Tw . Assisting ow case is

Figure 1. Physical model and coordinate system of a
Casson uid.
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denoted by Tw > T1 , whereas Tw < T1 corresponds
to the opposing ow case. There is application of a
transverse magnetic eld, B (x), in a tangential line
perpendicular to the plane y = 0. Nakamura and
Sawada [46] studied the status of an isotropic Casson
uid along with an incompressible one in a rheological
equation. This equation is shown below:
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where u and v are the velocity elements in the x
and y directions, respectively, g is the acceleration
due to gravity,
is thermal expansion coecient,
 is electrical conductivity (assumed constant), is
thermal di usivity, and T is the uid temperature. In
Eq. (3), we choose the magnetic eld B (x) = B0 e(x=2L) ,
where B0 is the constant magnetic eld. Therefore, the
related boundary conditions are:
u = uw (x) = Uw
Tw (x) = T1 + T0
u!0

T

e(x=L) ;

e(2x=L)

! T1

Non-dimensional variables used in this problem


Uw 1=2 (x=2L)
e
;
=y
2L


= (2LUw )1=2 f ()e(x=2L) ;
T T1
;
(6)
Tw T1
where stream function, , is de ned as u = @ =@y and
v = @ =@x.
Substituting Eq. (6) into Eqs. (2)-(4), the governing equations are obtained using the dimensionless
functions f () and () as follows:
() =

 > c

where B is plastic dynamic viscosity of the nonNewtonian uid, py is the yield stress of uid,  =
eij eij and eij are the (i; j )ih components of the deformation rate,  is the square of the component of the
deformation rate, and c is a critical value of  based
on the non-Newtonian model. From Eq. (1), plastic
p
dynamic viscosity is B = 1=2(ij =eij ) py = 2,
kinematic viscosity is  = B = where  is the uid
density,
p and Casson parameter is formulated as =
B ( 2c =py ).
The governing boundary layer equations can be
written as:



are:
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v = vw (x);

1+

(5)

where Uw > 0 is the shrinking velocity and vw (x) < 0
is for suction.

1



f 000 + ff 00

2 (f 0 )2

M 2 f 0 + 2 = 0; (7)

1 00
 + f0 4f 0  = 0:
(8)
Pr
The boundary conditions are reduced to:
f 0 ()= 1;
f ()= s;
()=1 at  =0;
f 0 () ! 0;

() ! 0;

as  ! 1;

(9)

where primes denote di erentiation with respect to
, M 2 = 2B02 L=Uw is the Hartman number (also
de ned as magnetic eld parameter), Pr = = is the
Prandtl number, s = (2L=Uw )1=2 (1=ex=2L )vw (x) >
0 is the suction parameter, and  = Gr=Re2 is the
constant mixed convection parameter, where Gr =
g T T0 L3 = 2 is the Grashof number and Re = Uw L=
is the Reynolds number. It is mainly noticeable that
 > 0,  < 0, and  = 0 refer to the assisting ow,
opposing ow, and forced convection ow, respectively.
This paper will focus on the following physical
quantities: the skin friction coecient Cf as well as
local Nusselt number Nux :
Cf =

w
;
u2w (x)

Nux =



L

Tw T1
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Substituting Eq. (6) into Eq. (10), we get:
Cf (2Rex

Nux

at y = 0;
as y ! 1;
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where Rex = xuw (x)= is a local Reynolds number. It
is meaningful to emphasize that the problem of nonNewtonian Casson uid can be reduced to the case of
Newtonian uid when ! 1.
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2.1. Numerical method for solution

The shooting technique gives the solutions for the
boundary value problems in Eqs. (7), (8), and (9) by
changing them into an initial value problem. The
fourth-order Runge-Kutta integration scheme is applied to solve the initial value problem. We set:
f 0 = fp;
fp0 = fpp;
f (fpp) + 2(fp)2 + M 2 fp 2
;
(1 + 1= )
0 = p;
p0 = Pr(fp) + 4Pr(fp);

fpp0 =

(12)

f (0) = s;

(0) = 1;

f 0 () ! 0

() ! 0

as  ! 1:

coecient Cf (2Rex )1=2 e( 3x=2L) with those of Isa et
al. [26] for Newtonian uid and present results for a very
large Casson parameter.
Cf (2Rex )1=2 e( 3x=2L)



-0.5

(13)

with the boundary conditions:
fp(0) = 1;

Table 1. Comparison of the values of skin friction

1

Solution
pro les
First
Second
Third
Fourth
First
Second
Third
Fourth

0
1
Isa et al. [26] present
3.3616
-3.2002
-6.7088
-0.4698
4.2806
-2.7500
-3.1944
0.6641

3.3615
-3.2001
-6.7088
-0.4699
4.2805
-2.7499
-3.1943
0.6641

(14)

Firstly, the values of the physical parameters included
in Eqs. (12)-(14) are xed. In order to carry out the
integration in Eqs. (12) and (13) as an initial value
problem, we assume initial values for fpp(0), i.e. f 00 (0)
and p(0), i.e. 0 (0). We also assume a suitable nite
value for  ! 1 say, 1 . Then, we calculate the values
of f 0 (1 ) and (1 ) by adjusting the assumed values of
f 00 (0) and 0 (0) to give a better approximation of the
solution. Basically, the assumed values of 1 , f 00 (0)
and 0 (0) satisfy the boundary conditions in Eq. (14)
(f 0 (1 ) = 0 and (1 ) = 0). This steps is repeated
with higher values of 1 until 2 consecutive values of
f 00 (0) and 0 (0) vary signi cantly by a speci ed value.
Finally, the most appropriate value of 1 is selected,
which is the largest 1 that satis es the solution.

3. Results and discussion

Figure 2. Variations of skin friction coecient

A shooting method is used to solve the nonlinear
ordinary di erential equations (7) and (8), subject to
boundary condition (9). Since the problem formulation
can be transformed to the case of Newtonian uid by
setting ! 1, the accuracy of the applied numerical
method is tested by a direct comparison of the values
of the skin friction coecient when = 100000, with
those reported by Isa et al. [32] for = 0. The
results are presented in Table 1. It is evident that the
values obtained for the skin friction coecient agree
with values attained by Isa et al. [32]. In conclusion,
our numerical method presented here could be used
with great con dence for further investigation. To
illustrate the ow and heat transfer characteristics
of the opposing ow case, the variations of the skin
friction coecient, Cf (2Rex )1=2 e( 3x=2L) , local Nusselt
number, Nux (2=Rex )1=2 e( x=2L) , velocity pro le, f 0 (),
and temperature pro le, (), are depicted. Figures 2
and 3 show the variations of skin friction coecient

and local Nusselt number, respectively, with changes
in the rate of suction s for di erent values of M 2 . It
has been evidenced that M 2 increases the skin friction
coecient as well as the local Nusselt number according
to the rst solution. On the other hand, other pro les
show opposite trends. The rst and second solutions
are connected at the point s = sc , and these two pro les
exist at s > sc . The third and fourth solutions occur
for all values of the suction parameter s. The e ects
of the magnetic eld on the skin friction coecient
and the local Nusselt number were found to be more
pronounced for a larger s. For the third and fourth
solution pro les, the values of skin friction coecient
and local Nusselt number were close to each other when
the rate of suction was reduced. As it is clear, when we
refer to Figure 2 for the rst solution, a large value of
s produced a highly positive value of the skin friction

Cf (2Rex )1=2 e( 3x=2L) with the suction parameter s for
di erent values of M 2 when Pr = 1, = 2, and  = 1.
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coecient. On the other hand, it was found that the
third solution gave large negative values of the skin
friction coecient when s was very large. It is evident
from Figure 3 that a high rate of suction led to an
increment of the local Nusselt number for the rst,
third, and fourth solution pro les. We can conclude
that the rate of heat transfer in the third and fourth
solutions decreased with a decrease in s until the rate
of suction was close to zero. These two pro les (third
and fourth solutions) showed a very slight di erence in
the values of the local Nusselt number when the wall
tended to become impermeable.
The dimensionless velocity pro le when  = 1
is depicted in Figure 4, which shows that the third

Figure 5. Temperature pro les when  = 1.

Figure 3. Variations of local Nusselt number

Nux (2=Rex )1=2 e( x=2L) with the suction parameter s for
di erent values of M 2 when Pr = 1, = 2, and  = 1.

Figure 4. Velocity pro les when  = 1.

solution had the largest magnitude of velocity when
the point of the uid was close to the shrieked wall.
After this, negative f 0 () in all pro les tended to attain
a constant zero velocity. It implies that there was
reduction in the magnitude of velocity that was in
the reverse direction, until the ow ended. Figure 5
shows the temperature distribution () for  = 1. In
the third and fourth solution pro les, the temperature
() at the point initially decreased and then became
negative. Subsequently, the temperature started to
increase when the distance from the shrieked wall and
the body of the uid became larger. The second
solution showed the presence of a peak for a small value
of , indicating that the maximum temperature occurs
in the uid at a point near the shrieked wall. The
enhancement of the temperature di erence between the
shrieked wall and the adjacent uid was indicated by
the increment of temperature peak value. As a result,
the heat transfer process from the shrieked wall to the
ambient uid was enhanced.
The skin friction coecient and the local Nusselt
number for several values of M 2 , for Pr = 1, = 2, and
 = 1, are shown in Figures 6 and 7, respectively. From
Figure 6, it is clear that the impact of the magnetic
eld was to enhance the rate of skin friction coecient
in the rst and third solutions. On the other hand,
the opposite trend occurred in the other 2 pro les.
Moreover, the local Nusselt number increased in the
rst, second, and fourth solutions with the e ect of the
magnetic eld. When M 2 = 0:25, the critical suction
parameter sc connected the third and second pro les,
but the third solution pro le was connected with the
fourth solution at the point sc when M 2 = 0:3. The
occurrence of the rst solution pro le was observed
for various values of M 2 and s. With regard to the
variations of skin friction coecient and local Nusselt
number, the second solution pro le continued until
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Figure 6. Variations of skin friction coecient

Cf (2Rex )1=2 e( 3x=2L) with the suction parameter s for
di erent values of M 2 when Pr = 1, = 2, and  = 1.

Figure 7. Variations of local Nusselt number

Nux (2=Rex )1=2 e( x=2L) with the suction parameter s for
di erent values of M 2 when Pr = 1, = 2, and  = 1.

s = 0 when M was large. Meanwhile, the fourth
solution pro le occurred for all values of s for a small
value of M 2 .
The velocity pro le for  = 1 is depicted in
Figure 8. The magnitude of the uid velocity at a point
near the stretching sheet shows that the rst solution
had the lowest value whereas the third solution had
the highest one. The graph of the temperature pro le
() when  = 1 is shown in Figure 9. In this set of
results, the fourth solution shows the highest thermal
boundary layer whereas the boundary layer thickness
of the second solution is the lowest.

Figure 8. Velocity pro les when  = 1.

Figure 9. Temperature pro les when  = 1.
The skin friction coecient and the local Nusselt
number, with a mixed convection parameter  and
di erent values of M 2 , are shown in Figures 10 and
11 for Pr = 1,
= 2, and s = 4. With the
presence of suction, the rst solution always had an
increment in the skin friction coecient and local
Nusselt number caused by the e ect of increasing M 2
and . A decrement in the value of skin friction
coecient was observed for the other pro les, due to
an increment in the magnetic eld, when the mixed
convection parameter decreased. When examining the
second and fourth solutions, the local Nusselt number
became very large or very small when  was close to 0.
The critical value of the mixed convection parameter,
c , is the point which connects the third and fourth
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Figure 10. Variations of skin friction coecient

Cf (2Rex )1=2 e( 3x=2L) with mixed convection parameter 
for di erent values of M 2 when Pr = 1, = 2, and s = 4.

Figure 11. Variations of local Nusselt number

Nux (2=Rex )1=2 e( x=2L) with mixed convection parameter
 for di erent values of M 2 when Pr = 1, = 2, and s = 4.

solutions, and depends on M 2 . The point c moves to
the left for an increasing M 2 . For the assisting ow
situation ( > 0), all solution pro les occurred in the
range 0 <  < c , whereas only dual solutions ( rst
and second solution pro les) arose for  > c . When
we observed the case of opposing ow ( < 0), all the
pro les showed their existence for all values of . In
the case of forced convection ( = 0), only the rst
and third solutions appeared in the variation of heat
transfer. However, the occurrence of all pro les could
be seen for the variations of the skin friction coecient
when  = 0.
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Figure 12. Variations of skin friction coecient

Cf (2Rex )1=2 e( 3x=2L) with mixed convection parameter 
for di erent values of when Pr = 1, M 2 = 0:3, and s = 4.

Figure 12 shows illustrations of the skin friction
coecient, which depend on the change of mixed convection parameter, , for di erent rates of the Casson
parameter, ( = 0:5; 2). The points of this gure
were calculated numerically for s = 4 and M 2 = 0:3.
Foremost, all solution pro les occurred when the value
of the Casson parameter was small ( = 0:5), and their
regions were in the range of 1:38807 <  < 0:42200.
In addition, dual solutions in = 0:5 for opposing ow
occurred when  < 1:38807; this region involved the
third and fourth solution pro les. Besides, another
region of dual solutions in = 0:5 for the assisting
ow case occurred when  > 0:42200. This region of
dual solutions involve rst and fourth solutions. The
fourth solution appeared for all values of  for = 0:5.
Next, when the rate of the Casson parameter increased
to 2, all solutions existed in the region of  < 1:14600.
Moreover, dual solutions ( rst and second solutions)
occurred when the assisting ow parameter was large
( > 1:14600). In conclusion, the rate of skin friction
coecient attempted to increase for very large  and
, and it was demonstrated that all the 4 solutions
expanded because of increase in Casson parameter.
The local Nusselt numbers are plotted versus the
mixed convection parameter as shown in Figure 13
for di erent values of Casson parameter, . When
= 0:5, all solutions came about when the values of the
mixed convection parameter were 1:38807 <  < 0
and 0 <  < 0:42200. Besides, when the values of
the mixed convection parameter were  < 1:38807,
 = 0, and  > 0:42200, there existed two solution
pro les at = 0:5. These dual solutions were related
to the third and fourth solutions in the opposing ow
case, the rst and third solutions for forced convection
 = 0, and the rst and fourth solutions when the
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opposing ow  < 0, the two solutions (second and
fourth) showed an opposite trend compared to the case
when  > 0. Figure 13 also shows similar results to
Figure 12 on the in uence of the Casson parameter on
the region of multiple solutions, which became wider
when the Casson parameter became higher.

4. Conclusions

Figure 13. (a) Variations of local Nusselt number

Nux (2=Rex )1=2 e( x=2L) with mixed convection parameter
 for di erent values of when Pr = 1, M 2 = 0:3, and
s = 4. (b) Enlargement of (a).

uid ow was assisted by a buoyancy force. When
the Casson parameter increased from 0.5 to 2, all
solutions became established when the values of mixed
convection parameter were  < 0 and 0 <  < 1:14600.
Furthermore, dual solutions were presented at = 2
with the involvement of the rst and second solutions
when  > 1:14600. In addition, for = 2, force
convection also showed the dual solutions, which relate
rst and third solutions. The variation of local Nusselt
number for = 2 proved that rst solution occurred for
all values of . Conclusively, the e ect of for various
values of  was to enhance the rate of the local Nusselt
number for the rst solution, whereas a reduction was
observed with the e ect of Casson rate in the third
solution. However, for the assisting ow case  > 0, the
second solution increased and fourth solution decreased
due to the increment in the Casson parameter. In

A detailed numerical study is performed for mixed
convection MHD ow of a Casson uid over an exponentially permeable shrinking sheet. E ects of the
non-Newtonian (Casson) parameter, suction parameter, mixed convection parameter, and magnetic eld
parameter on the ow and heat transfer behavior are
thoroughly analyzed. As already proved by Isa et
al. [32], 4 solutions are obtained by containing the
impact of magnetic eld in mixed convection boundary
layer ow of viscous Newtonian uid over a permeable
shrinking sheet. Therefore, the presence of buoyancy
force, magnetic eld, and suction in Casson uid also
contributes to the occurrence of multiple solutions (4
solutions). These 4 solutions exist for both the skin
friction coecient and the local Nusselt number when
the ow is opposing and assisting. However, only two
pro les exist for the case of forced convection, for the
graph of local Nusselt number. The enlargement in
the region of 4 solutions is due to the enhancement in
the rate of Casson parameter. The study discloses that
the quad solutions of velocity and temperature exist
in certain ranges of mass suction parameter, mixed
convection parameter, magnetic eld parameter, and
Casson parameter. Nevertheless, the e ect of Casson
parameter in uences the rates of skin friction and
local Nusselt number and changes the characteristics
of Newtonian Casson uid into those of the nonNewtonian one.

Nomenclature
B (x)
Cf
g
Gr
L
M2

Nux
py
Re
Rex
T
Tw

Magnetic eld
Skin friction coecient
Acceleration of gravity
Grashof number
Characteristic length of the sheet
Hartman number (magnetic eld
parameter)
Local Nusselt number
Yield stress of uid
Reynolds number
Local Reynolds number
Fluid temperature
Shrinking sheet temperature
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T1
Uw
u; v
vw (x)
x; y

Ambient uid temperature
Velocity of the shrinking sheet
Velocity components in the x and y
directions respectively
Velocity of the suction/mass transfer
Cartesian coordinates along the
surface of the sheet and normal to it,
respectively

Greek letters




g


c




Thermal di usivity
Thermal expansion coecient
Casson parameter
Similarity variable
Dimensionless temperature
Mixed convection parameter
Plastic dynamic viscosity of the
non-Newtonian uid
Kinematic viscosity
Square of the component of the
deformation rate
Critical value of product
Fluid density
Electrical conductivity
Shear rate
Stream function

Subscripts
c
w

1

A manifestation of the critical point
Shrinking sheet's state at the surface
Free-stream condition

Superscripts
0

Di erentiation with respect to 
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