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Abstract. Based on elastic continuum mechanics, the nonlinear free and forced vibrations
of an embedded single-walled carbon nanotube with waviness along its axis were analyzed.
The single-walled carbon nanotube was embedded in a Pasternak elastic foundation. Two
analytical approaches were utilized to obtain the frequency-amplitude relationship of the
free vibrational model, and one other analytical approach was used to obtain the forced
vibrations of the curved single-walled carbon nanotube on the Pasternak elastic foundation.
Subsequently, a parametric study was performed to study the importance of di�erent
parameters, such as the amplitude of oscillation and the curvature radius, on the nonlinear
behavior of the system. Also, a numerical simulation was carried out to obtain the results
and investigate the accuracy of the analytical solution methods. Comparison of the results
obtained by the proposed methods shows excellent agreement with those obtained by the
numerical solution.
© 2016 Sharif University of Technology. All rights reserved.

1. Introduction

After the discovery of carbon nanotubes by Iigima [1],
considerable attention has been devoted to carbon
nanotubes, since they have the ability to revolutionize
critical technologies owing to their remarkable mechan-
ical, physical, and electrical properties [2].

Carbon nanotubes (CNTs) are perfect materials
for a wide range of applications [3-5]. Carbon nan-
otubes possess excellent mechanical properties such as
extremely high strength, sti�ness, and resilience.

Deep understanding of the dynamic behavior of
carbon nanotubes is essential for designing of novel
nano devices. The natural frequencies of CNTs play
an important role in nano mechanical resonators. It
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is important to have accurate theoretical models for
the natural frequencies and mode shapes of carbon
nanotubes for several reasons. For example, if the
nanotubes are to be used as nano mechanical res-
onators, the oscillation frequency is a key property of
the resonator. Moreover, the e�ective elastic modulus
of a nanotube may be indirectly determined from
its measured natural frequencies or mode shapes if a
su�ciently accurate theoretical model is used [6-9].

In modeling the dynamic behavior of carbon
nanotubes, a number of investigators have adopted a
continuum approach using classical beam assumptions
and cylindrical shell theories to interpret experimental
�ndings [10,11]. Continuum simulations require much
less computational e�ort than the molecular dynamics
simulations and predicting the behavior of nanostruc-
tures through continuum simulation is much cheaper
than studying their behavior through experimental
veri�cation.

Recent theoretical and experimental studies show
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that the deformation of CNTs is nonlinear in nature.
Fu et al. [12] investigated the nonlinear free vibra-
tion of embedded single- and multiple-walled CNTs.
By using the incremental harmonic balanced method,
they observed that as vibration amplitude increased,
the nonlinear natural frequency increased for uniform
simply supported single- and double-walled CNTs.

The nonlinear vibrations of embedded single-
walled carbon nanotube with geometrical imperfec-
tions, when subjected to a harmonic load, were inves-
tigated by Wang et al. [13] using the nonlocal Timo-
shenko beam theory. The e�ects of the nonlocal param-
eters, namely the elastic medium constants, waviness
ratios, and the material lengths, on the dynamic
response of their objective systems were analyzed.

The e�ects of a single-edge crack and its location
on the buckling loads, natural frequencies, and the
dynamic stability of circular curved beams were nu-
merically investigated by Karaagac et al. [14] using the
�nite element method and the energy approach. Free
vibrations of non-uniform thin curved arches and rings,
using the Adomian modi�ed decomposition method,
were studied by Shahba et al. [14].

The chaotic behavior of a curved carbon nanotube
under harmonic excitation was investigated by Mayoof
and Hawwa [15]. The problem was formulated on the
basis of the elastic continuum mechanics theory, where
the carbon nanotube was modeled as a harmonically
excited beam under a transverse force, in their work.

Figures 1 and 2 show that these tiny structures
are not usually straight, but rather have a certain
degree of curvature or waviness along the length of
nanotubes. The curved morphology is due to process-
induced waviness during manufacturing processes, in
addition to mechanical properties such as low bending
sti�ness and large aspect ratio. The waviness of the
carbon nanotube is modeled as a sinusoidal curvature
with a small rise function [16].

Figure 1. A curved carbon nanotube [16].

Figure 2. Transmission Electron Microscope (TEM)
images of carbon nanotube, indicating the waviness [16].

In most of the previous studies, along with use of
the classical beam theory for straight CNTs, resonance
frequencies of CNTs have been measured experimen-
tally. However, from photomicrographic images of
CNTs, it is clear that they are not straight, and
that they have some signi�cant surface deviations, like
waviness or the curvature associated with them.

In the present study, a nonlinear elastic beam
model with midplane stretching nonlinearity is de-
veloped for the transverse vibration of a clamped-
clamped and curved Single-Walled CNT (SWCNT) on
a Pasternak elastic foundation with a transverse har-
monic excitation. We obtain the governing equations
of motion for the harmonic transverse load of a curved
SWCNT on a Pasternak elastic foundation; then, using
a single-mode Galerkin approximation, we derive a
second-order governing di�erential equation.

In this paper, calculating natural frequencies of
curved single-walled carbon nanotube on a Pasternak
elastic foundation and its relation with vibration am-
plitude are considered. Hamiltonian approach and cou-
pled homotopy-variational formulation are employed
to propose �rst-order approximate solutions for the
governing equation of motion. For the �rst-order
approximate solution, Hamiltonian approach can be
applied with manual calculation without the require-
ment of advanced calculus.

Comparing the approximate frequency obtained
by coupled homotopy-variational formulation with the
numerical one, we see that this method is more accu-
rate; but, it should be noted that in this method, the
obtained residual contains three unknown parameters.
In order to determine unknown parameters, we need
three equations. Finding the unknown parameters in
this method is more complex than �nding the approx-
imate frequency in Hamiltonian approach. Coupled
homotopy-variational formulation is more accurate,
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but Hamiltonian approach can be applied with the
requirement of easier calculus and is more suitable for
the computer programming. We think these methods
have great potential and can be applied to other types
of nonlinear engineering problems.

In the present analysis, homotopy perturbation
method is employed to seek the analytical solution
to forced vibrations of curved single-walled carbon
nanotube on a Pasternak elastic foundation. Homotopy
perturbation method is an e�ective method to �nd a
solution for a nonlinear di�erential equation. In this
method, a nonlinear complex di�erential equation is
transformed to a series of linear and nonlinear parts.
These sets of equations are then solved iteratively.
Finally, a linear series of the solutions completes the
answer. We show that even the lowest order approxi-
mations obtained by the present theory are actually of
high accuracy.

2. Vibrational model

A schematic diagram of a CNT embedded in a Paster-
nak elastic foundation is shown in Figure 3. The CNT
is considered as a curved hollow cylindrical tube that
has a sinusoidal curvature with a small rise function
described by Z = e sin

��x
L

�
[15], where e is the

amplitude of its waviness. Assume that the transverse
displacement is w(x; t) in terms of the spatial coordi-
nate, x, and the time variable, t. The kinetic energy of
the carbon nanotube is given by:
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1
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where A is the cross sectional area, � is the mass
density, and w is the transverse displacement. The
potential energy is expressed as:

U =
1
2
EA

Z L

0

 
@u
@x

+
1
2

�
@w
@x

�2

+
@Z
@x

:
@w
@x

!2

dx

+
1
2
EI
Z L

0

�
@2w
@x2

�2

dx+
1
2

Z L

0
kp
�
@w
@x

�2

dx

+
1
2

Z L

0
kw2dx; (2)

where E is the modulus of elasticity, I is the area
moment of inertia, u is the axial displacement, kp is
the shear foundation modulus, and k is the elastic
foundation modulus. Note that the �rst term in the
potential energy equation is the energy due to the
stretching of the beam, and other terms are due to the
bending of the beam. De�ning the Lagrangian L as L =
T �U , applying the Hamilton's principle �

R t2
t1
Ldt = 0,

integrating them to eliminate the longitudinal displace-

Figure 3. Model of an embedded curved carbon
nanotube in an elastic Pasternak-type foundation.

ment, and imposing a harmonic transverse load lead to
the following equation of motion [15]:
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where F is the spatial distribution of the transverse
load and 
0 is the frequency of applied transverse
load [17].

Assuming that the CNT is clamped-clamped at
the two ends, the boundary conditions are as follows:

w(0; t) =
@w(0; t)
@x

= 0; w(L; t) =
@w(L; t)
@x

= 0: (4)

To perform an analysis of separation of variables, the
transverse displacement can be written as:

w(x; t) = W (x)T (t): (5)

The basis function, W (x), is assumed to take the
fundamental mode shape of the linear vibration of the
problem de�ned by Eqs. (3) and (4). Thus, according
to the boundary conditions, the unknown function,
W (x), is given as:

W (x) =
r

2
3

�
1� cos

�
2�x
L

��
: (6)

Substituting this shape function, W (x), and the curva-
ture equation, Z(x), into Eq. (3), multiplying the result
by W (x), and then integrating them over the domain
[0; L] lead to the following equation [17]:

d2T (t)
dt2

+aT (t)+bT (t)2+cT (t)3 =
r

2
3
F0

�A
cos(
0t);

(7)

where:
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The linear free vibrational frequency is assumed to be
!0 in Eq. (8), and !2

0 = a. The equation of motion
can be normalized using the parameter t = 1

!0
, the

period of oscillation as a characteristic time, r = dout,
and the outer diameter of the carbon nanotube as a
characteristic length. Hence, the non-dimensional form
of the equation of motion becomes:

d2T (t)
dt2

+ �1T (t) + �2T (t)2 + �3T (t)3 = F cos(
t);
(11)

where:
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3. Nonlinear free vibration analysis

In the present analysis, two e�ective and convenient
methods are employed to seek the analytical solution to
nonlinear free vibration of curved single-walled carbon
nanotube on a Pasternak elastic foundation.

3.1. Application of the Hamiltonian approach
This approach is a kind of energy method with a vast
application in conservative oscillatory systems [18-24].
In order to clarify this approach, Eq. (11) can be
rewritten in the following form:

d2T (t)
dt2

+ �1T (t) + �2T (t)2 + �3T (t)3 = 0: (13)

According to Eq. (13), variational form can be easily
obtained as follows [25]:
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Hamiltonian, therefore, can be written in the following
form:
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In Eq. (15), 1
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is the kinetic energy and

1
2�1T (t)2+ 1

3�2T (t)3+ 1
4�3T (t)4 is the potential energy.

Integrating Eq. (15) with respect to t from 0 to T=4
yields:
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Oscillatory systems contain two important physical
parameters, i.e., the frequency, !, and the amplitude
of oscillation, A. Therefore, the following initial
conditions are considered:

T (0) = A
dT (t)
dt

����
t=0

= 0: (17)

It is assumed that the initial approximate guess can be
expressed as:

T (t) = A cos(!t): (18)

Substituting Eq. (18) into Eq. (16) yields:

�H =
A2

!

�
3
64
A2��3 +

1
8
!2� +

2
9
A�2 +

1
8
��1

�
;
(19)

setting [25]:

@
@A

�
@ �H

@(1=!)

�
= 0: (20)

The solution of the above equation yields an approxi-
mate frequency as a function of amplitude as:

!HA =
r
�1 +

8
3�
A�2 +

3
4
A2�3: (21)

3.2. Application of the coupled method of
homotopy perturbation method and
variational formulation

In this approach, combining the features of the ho-
motopy concept with variational approach is proposed
to �nd accurate analytical solutions for nonlinear os-
cillators [26-33]. In this method, according to the
homotopy technique, a homotopy with an imbedding
parameter, p 2 [0 1], is constructed, as the zeroth-
order approximate solution is easy to be obtained. The
second term is solved using the variational approach,
where the frequency of the nonlinear oscillator can be
obtained [27].

By considering the nonlinear oscillator, i.e.
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Eq. (13), the following homotopy can be constructed:

d2T (t)
dt2

+ !2T (t) + p
�
(�1 � !2)T (t) + �2T (t)2

+ �3T (t)3� = 0; (22)

when p = 0, Eq. (22) becomes a linearized equation,
d2T (t)
dt2 +!2T (t) = 0, and when p = 1, it turns out to be

the original one. Assume that the periodic solution to
Eq. (13) may be written as a power series in p as [34]:

T (t) = p0T0(t) + p1T1(t) + p2T2(t) + :::: (23)

Substituting Eq. (23) into Eq. (22) and collecting terms
of the same power of p give:
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Substituting Eq. (27) into Eq. (26) leads to the result:
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The stationary condition of Eq. (28) requires that [35-
37]:
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The �rst-order approximate solution is obtained as
follows:
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4. Forced vibration

The governing di�erential equation of curved single-
walled carbon nanotube on a Pasternak elastic founda-
tion under harmonic excitation (see Figure 3) is:
d2T (t)
dt2

+ �1T (t) + �2T (t)2 + �3T (t)3 = F cos(
t):
(33)

4.1. Method of the solution
In the present analysis, a very e�ective and conve-
nient method (homotopy perturbation method [27]) is
employed to seek the analytical solution of Eq. (33).
Homotopy perturbation method can be applied to
nonlinear vibrations and oscillations.

This method does not require linearization or a
small parameter like the normal perturbation tech-
nique. The results will reveal the simplicity of the
method. To illustrate the basic ideas of this method,
we consider the following equation [27]:

A(u)� f(r) = 0; r 2 
; (34)

with the boundary condition of:

B
�
u;
@u
@n

�
= 0; r 2 �; (35)

where A is a general di�erential operator, B is a
boundary operator, f(r) is a known analytical function,
and � is the boundary of the domain 
. A can be
divided into two parts, which are L and N , where L is
linear and N is nonlinear. Eq. (34) can, therefore, be
rewritten as follows:
L(u) +N(u)� f(r) = 0; r 2 
: (36)

Homotopy perturbation is shown as follows:
H(v; p)=(1�p) [L(v)�L(u0)]+p [A(v)� f(r)] = 0

(37)

where:
v(r; p) : 
� [0; 1]! R: (38)

In Eq. (37), p 2 [0; 1] is an embedding parameter and
u0 is the �rst approximation that satis�es the boundary
condition. We can assume that the solution of Eq. (37)
can be written as a power series in p, as the following:
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Table 1. Comparison of Hamiltonian approach (Eq. (22)) and coupled method of homotopy-variational formulation
(Eq. (23)) with the numerical solution (A = 1 nm).

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Case 9 Case 10

rin 0 0.50 0.75 1.00 1.50 0 0.50 0.75 1.00 1.50
e 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20
�2 0.101 0.095 0.088 0.081 0.064 0.201 0.190 0.177 0.161 0.127
�3 2.592 2.439 2.271 2.070 1.639 2.585 2.433 2.266 2.066 1.636
!HA 1.741 1.706 1.667 1.619 1.511 1.763 1.728 1.688 1.639 1.528
!CMHV 1.716 1.682 1.644 1.598 1.493 1.715 1.681 1.643 1.597 1.492
!Num 1.715 1.682 1.642 1.595 1.492 1.713 1.680 1.641 1.595 1.491

v = v0 + pv1 + p2v2 + ::: (39)

and the best approximation for solution is:

u = lim
p!1

v = v0 + v1 + v2 + ::: (40)

In this study, Eq. (33) is rewritten as:

d2

dt2
T (t)+�1T (t)�F cos(
t)+p

�
�2T (t)2+�3T (t)3� :

(41)

According to Eq. (39), the solution can be assumed as
follows:
T (t) = p0T0(t) + p1T1(t) + p2T2(t) + ::: (42)

According to the HPM method, by substituting
Eq. (42) into Eq. (41) and rearranging the subsequent
result based on powers of p terms, we can obtain:

p0 : �F cos(
t) + �1T0(t) +
d2

dt2
T0(t); (43)

and:

p1 : �3T0(t)3 + �2T0(t)2 + T1(t)�1 +
d2

dt2
T1(t): (44)

The following initial conditions are assumed:

T0(0) = A
dT0(t)
dt

����
t=0

= 0: (45)

By solving Eq. (43), we have the solution as:

T0(t) =
cos(p�1t)(A!2 �A�1 + F )

!2 � �1
� F cos(!t)

!2 � �1
:

(46)

For Eq. (44), the following initial conditions are as-
sumed:

T1(0) = 0
dT1(t)
dt

����
t=0

= 0: (47)

By solving Eq. (44), we have the solution as shown in
Box I.

The solution of the forced vibration in Eq. (33) is
as follows:
T (t) = lim

p!1
p0T0(t) + p1T1(t) + :::: (49)

5. Numerical results

In order to assess the advantages and the accuracy of
the proposed methods, we consider numerical Runge-
Kutta method of order four to obtain the solution of
the free and forced vibration problems. To this end,
a computer program is developed, using MATLAB, to
solve the equations numerically. The parameters of the
material and geometry are taken as [17]:

E = 3:3 Tpa; � = 2270 kg/m3;

L = 60 nm; kp = 10�8 N;

k = 107 N; rout = 2 nm:

In Table 1, the results obtained by Hamilto-
nian Approach (HA), Coupled Method of Homotopy-
Variational formulation (CMHV), and numerical so-
lution for free vibration analysis of ten di�erent case
studies are compared.

It has been concluded that both results obtained
by both methods are accurate and close to each other.
In the coupled method of homotopy-variational for-
mulation, the �rst-order approximates can be readily
obtained with high accuracy. It is obvious that the
variational approach provides a freedom of choice of
trial function and gives us more information on the
relation between frequency and amplitude.

These methods might prove versatile in engineer-
ing due to their simple solution procedures and high
accuracy of results. We believe these methods have
great potential and can be applied to other types of
nonlinear problems.

The time history responses of the system, and
also the comparison between hamiltonian approach and
coupled method of homotopy-variational formulation
for free vibration analysis in conjunction with numer-
ical solution, are presented in Figures 4-7 for di�erent
parameters. By comparing the approximate response
obtained by coupled homotopy-variational formulation
with the numerical one, we see that coupled homotopy-
variational formulation method is more accurate.

The inuences of the curvature radius and ampli-
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�
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�1t)� 1
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3
4
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1 sin(

p
�1t)t�3 � 4

3
�2(
2 � �1)

�
�1A2:

(48)

Box I

tude on the natural frequency of system are demon-
strated in Figure 8.

It is seen that the natural frequency increases by
increasing the amplitude and decreases by increasing
the curvature radius. The inuences of the inner radius
and waviness amplitude of the curved SWCNT on its
natural frequency are demonstrated in Figure 9.

This �gure shows that natural frequency increases
by increasing the amplitude and decreases by increasing
the inner radius.

To show the e�ciency of the presented method for
forced vibration analysis, in comparison with numerical
solution, three examples are given.

Example 1

The non-dimensional transverse load, F , the non-
dimensional frequency of transverse load, 
, and the

initial condition are described by F = 10 Pico Newton,

 = 3, and A = 0 nm respectively. By assuming
Case 1 (as shown in Table 1), the equation of motion
is described by:

T (t) =� 2:05� 10�4 � 7:03� 10�5t sin(t)

� 8:37� 10�7 cos3(5t) + 2:34

� 10�5 cos3(t) + 5:84� 10�5 cos2(t) + 1:77

� 10�6 cos2(5t)� 4:17� 10�2 cos(5t) + 4:18

� 10�2 cos(t): (50)

The comparison between analytical solution and nu-
merical solution for forced vibration analysis is pre-
sented in Figure 10.
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Figure 4. Comparison between HA, CMHV, and
numerical solutions for free vibration analysis (A = 1 nm,
Case 1).

Figure 5. Comparison between HA, CMHV, and
numerical solutions for free vibration analysis (A = 0:50
nm, Case 4).

Figure 6. Comparison between HA, CMHV, and
numerical solutions for free vibration analysis (A = 2 nm,
Case 9).

Example 2

The non-dimensional transverse load, F , the non-
dimensional frequency of transverse load, 
, and the
initial condition in this example are described by F =
1 pN, 
 = 5, and A = 0:1 nm, respectively. By

Figure 7. Comparison between HA, CMHV, and
numerical solutions for free vibration analysis (A = 1 nm,
Case 10).

Figure 8. Inuences of the curvature radius and
amplitude on the natural frequency, !CMHV (rin = 0).

assuming Case 8 (shown in Table 1), the equation of
motion is described by:

T (t) =� 1:64� 10�3 � 1:02� 10�3t sin(t)

+ 3:41� 10�4 cos3(t) + 3:10� 10�6 cos2(5t)

� 7:32� 10�7 cos3(5t) + 5:12� 10�7 cos(2t)

� 5:12� 10�9 cos(3t) + 7:43� 10�4 cos2(t)

� 4:17� 10�2 cos(5t) + 1:42� 10�1 cos(t):
(51)

The comparison between analytical and numerical
solutions for forced vibration analysis is presented in
Figure 11.

Example 3

The non-dimensional transverse load, F , the non-
dimensional frequency of transverse load, 
, and the
initial condition are described by F = 1 pN, 
 = 4, and
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Figure 9. Inuences of the inner radius and amplitude on
the natural frequency, !CMHV (r = rin).

Figure 10. Time history responses of the system for
Example 1.

Figure 11. Time history responses of the system for
Eexample 2.

A = 0:1 nm, respectively. By assuming Case 6 (shown
in Table 1), the equation of motion is described by:

T (t) =� 2:58� 10�3 � 1:46� 10�3t sin(t) + 4:88

� 10�4 cos3(t) + 1:42� 10�5 cos2(4t)� 5:36

� 10�6 cos(4t) + 1:49� 10�6 cos(2t)� 2:39

Figure 12. Time history responses of the system for
Example 3.

Figure 13. Phase-plane trajectory (
 = 1:2 rad/s,
F = 1 pN, A = 0 nm, Case 1).

� 10�8 cos(3t) + 1:06� 10�3 cos2(t)� 6:67

� 10�2 cos(4t) + 1:68� 10�1 cos(t): (52)

The comparison between analytical solution and nu-
merical solution for forced vibration analysis is pre-
sented in Figure 12.

Figures 10-12 show excellent agreement between
the approximate results and those obtained by the
numerical method. This agreement proves that this
method is powerful and reliable in solving conservative
nonlinear oscillatory systems. The phase-plane trajec-
tories, representing the vibration performance of the
system, are shown in Figures 13-15.

In Figures 13 and 14, the excitation frequency, 
,
is close to the natural frequency, !, and, for this reason,
we see the big amplitude in these �gures. Also, in
Figure 14, we have bigger excitation force, F , than that
in Figure 13, and, as a result, we have bigger amplitude
than that in Figure 13. In Figure 15, the excitation
frequency, 
, is not close to the natural frequency, !,
and, for this reason, we see small amplitude in the
oscillation.
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Figure 14. Phase-plane trajectory (
 = 1:2 rad/s,
F = 10 pN, A = 0 nm, Case 1).

Figure 15. Phase-plane trajectory (
 = 5 rad/s,
F = 10 pN, A = 0 nm, Case 1).

6. Conclusions

An elastic continuum approach for modeling nonlinear
vibration of a single-walled carbon nanotube under
harmonic excitation was presented. The carbon nan-
otube was modeled as a doubly clamped wavy (curved)
beam. Two analytical methods were used to investigate
the frequency-amplitude relationship of the system.
Parametric study was performed to investigate the ef-
fects of the oscillation amplitude, curvature radius, and
inner radius on the nonlinear behavior of the system.
Analytical dynamic response of forced vibration was
characterized by phase portrait and the time history
diagrams. A numerical simulation was carried out to
demonstrate the accuracy of the solutions obtained by
the analytical methods.

It has been shown that the proposed approaches
illustrate to be potent for the vibrational analysis of
nanostructures. Finally, the present study has shown
the applicability of analytical methods (HPM, HA, and
CMHV) in estimation of the natural frequencies and
dynamic behavior of nonostructures.
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