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Abstract. This work is devoted to the e ects of heat transfer study on peristaltically

1. Introduction

of the conductive physiological uids, analysis of blood
ow through artery, blood and blood pump machines,
cancer tumor treatment causing hyperthermia, bleeding reduction during surgeries, and targeted motion of
drug. Moreover, it is proved that study of peristaltic
ows in connection with heat transfer is also useful in
many biological processes in human body, e.g. blood
oxygenation, hemodialysis, metabolic process, and heat
conduction in tissues. In view of the importance of heat
transfer analysis in MHD ows, some authors [7-14]
have focused their attention on past research.
It is found that the no-slip conditions are not
suitable for thin lm problems, rare ed uid problems,
polymeric uids, and ow on multiple interfaces. The
no-slip conditions for velocity and temperature are
inappropriate for momentum and heat transfer in
microdevices. The velocity and thermal slip conditions
are adequate for the ow of liquids at the microscale
level, especially when there is a lack of data on the
thermal accommodation coecient. Among the applications of microdevices, several complex microchannels
arise from which microconducts of rectangular, triangular, or trapezoidal cross section are very popular

Hall e ect;
Ion-slip;
Slip conditions;
Ohmic dissipation;
Peristalsis;
Heat transfer.

induced ow of an electrically conducting viscous uid in an asymmetric channel. An
incompressible uid lls the porous space in a channel. Analysis is made in the presence
of Hall and ion-slip e ects. The e ects of velocity and thermal slips on the boundaries
are considered. The problems which govern the uid ow and heat transfer are modeled
in the wave frame of reference. Exact solutions have been constructed under realistic
assumptions. Important features of peristaltic motion and heat transfer are studied with
the varying values of Hall parameter, ion-slip parameter, Hartman number, permeability
parameter, velocity slip parameter, and thermal slip parameter. The graphical results
concerning the eld quantities are given in detail.
© 2016 Sharif University of Technology. All rights reserved.

Peristaltic transport has gained much more attention
of the investigators due to its abundant applications
in physiology and industry. Such phenomenon occurs
in vasomotion of small blood vessels, chyme motion in
the gastrointestinal tract, movement of the ovum in the
fallopian tube, swallowing of food through esophagus,
urine transport from kidney to bladder through the
ureter, the locomotion of some worms, venules, capillaries, etc. In addition, transportation of the sanitary
uids, nger, and roller pumps for pumping of corrosive
and toxic materials and the pumping of the blood
in heart-lung machines are governed by the principle
of peristalsis. During the past few decades, a large
number of problems related to peristalsis have been
studied under di erent mechanical and physiological
situations (see [1-6]).
The peristaltic ow of magnetohydrodynamic
(MHD) uid is signi cant in the study of movement
*. Corresponding author. Tel.: +92 51 90642172
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and easier to manufacture in the microscale thermal
uid system [15,16]. Insigni cant amount of emphasis
has been devoted to the study of slip e ects on
peristaltically induced ows (see [17-23]).
In all the above mentioned studies, the Hall and
ion-slip e ects were ignored in applying the Ohm's law
as they have no remarkable e ect on small and moderate values of the magnetic eld. However, the current
trend in the application of magnetohydrodynamics is
towards a strong magnetic eld so that the e ect of
electromagnetic force is noticeable. Under these conditions, the Hall and ion-slip currents are important,
and they have remarkable e ects on the magnitude as
well as on the direction of the current density, and
consequently on the magnetic force term [24]. Existing
studies on the e ects of Hall and ion-slip on peristaltic
ows are only by Haroun [25], Eldahab et al. [26-28],
Koumy et al. [29], Uddin and Kumar [30], and Asghar
et al. [31].
It seems that no attempt has been made yet for
the combined e ects of magnetic eld, Ohmic dissipation, and Hall and ion-slip e ects on the peristaltic
transport of viscous uid in a channel with velocity
and thermal slip conditions. The main theme of the
present investigation is to extend the analysis of Hayat
et al. [31] by including the e ects of Hall, ion-slip, and
Ohmic dissipation on the peristaltically induced ow
of electrically conducting viscous uid through porous
medium. The organization of the problem is as follows. Section 2 presents the mathematical formulation
and non-dimensionalization. Section 3 refers to the
mathematical results. Section 4 is prepared to analyze
the e ects of embedded parameters on pumping and
trapping. Concluding remarks are given in Section 5.

2. Problem description
We consider the two-dimensional ow in an asymmetric channel having non-conducting walls and uniform
thickness d1 + d2 . The gap within the channel walls
is assumed to be porous. Such space is lled by an
incompressible and electrically conducting uid. Two
sinusoidal waves with small amplitude are traveling
along the channel walls with speed c and propel the
uid along the channel walls. It is important to
mention that there will be no uid motion in absence
of these traveling waves. The upper and lower channel
walls are subjected to thermal slip through T1 and
T2 (T2 > T1 ). A uniform magnetic eld with magnetic
ux density vector B = (0; 0; B0 ) is applied. This is
assumed as the total magnetic eld acting on the uid
because the induced magnetic eld is neglected for the
small magnetic Reynolds number. The assumption of
small magnetic Reynolds number is generally true for
the case of partially ionized uids [32]. The e ects of
Hall and ion-slip are taken into account. In Cartesian

coordinates system, the shapes of the channel walls are:
Upper wall:





2
(X ct) ;
(1)
Y = H1 (X; t) = d1 + a1 cos

Lower wall:


2
Y = H2 (X; t) = d2 b1 cos
(X ct) +  ;

(2)
in which X and Y are the axes parallel and perpendicular to the ow, a1 and b1 are the wave amplitude of the
upper and lower walls, respectively,  is the wavelength,
t is the time, and  2 [0; ] is the phase di erence.
It is important to note that for  = 0, the channel
becomes symmetric with waves out of phase; the waves
are in phase for  = . Furthermore, the condition
a21 + b21 + 2a1 b1 cos   (d1 + d2 )2 must hold so that the
channel walls do not intersect with each other.
The generalized Ohm's law with Hall and ion-slip
e ects is:
J + !Be e (J  B)= (V  B)+ !eBe2 i [(J  B)  B]; (3)
0
0
where V is the uid velocity vector, J is the current
density vector, !e is the cyclotron frequency, e is the
electron collision time,  is the electrical conductivity,
and i is the ion-slip parameter. Using Maxwell
equations and then solving Eq. (3) for JX and JY , we
obtain:
B0
JX =
[(1 + i n )V + n U ];
(4)
(1 + i n )2 + n2
B0
[(1 + i n )U n V ]; (5)
(1 + i n )2 + n2
where n (= !e e ) is the Hall parameter, and U and
V are the respective components of velocity in X and
Y -directions.
The equations of motion and heat transfer in
laboratory frame (X; Y; t) are:
@U @V
+
= 0;
(6)
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with:

" (

1 =  2
2 =

p(x; y) = P (X; Y; t);

(10)

and then introduce the non-dimensional quantities:
x
y
u
v
x^ = ;
y^ = ;
u^ = ;
v^ = ;

d1
c
c
T T1
T^ =
;
T2 T1

K
K^ = 2 ;
d1

d
 = 1;


cp
;


0=

B02
(U 2 + V 2 );
i n )2 + n2

(1 +

3 = (U 2 + V 2 ):
K
In Eqs. (6)-(9),  is the uid density,  is the dynamic viscosity of the uid, K is the permeability
of the porous medium, P is the pressure, T is the
temperature,  is the thermal conductivity, cp is the
speci c heat, 1 is the viscous dissipation term, 2 is
the Ohmic dissipation term, and 3 is the additional
viscous dissipation term which arises due to the consolation of the porous medium.
To make the non-dimensional analysis in wave
frame (x; y) moving with the speed of wave c, we rst
de ne the components of velocity (u; v) and pressure p
as:
(x; y) = (X ct; Y );
(u; v) = (U c; V );

Pr=



(9)

 
 ) 
 #
@U 2 @V 2
@U @V 2
+
+
+
;
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@Y @X

ct
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Re=
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dp @ 3
+
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0=

+ 1 + 2 + 3 ;

d2 p
p^ = 1 ;
c
M2 =

Er=

c2

cp (T2

:
T1 ) (11)

Further, the continuity Eq. (6) will be satis ed if we
write the velocity components as:
@^
@^
v^ =  ;
(12)
u^ = ;
@ y^
@ x^
where ^ = ^(^x; y^) is the stream function.
Invoking Eqs. (10)-(12) into Eqs. (7)-(9) and
adopting the long wavelength procedure, one obtains:


M 2 (1 + i n )
1 @2
@4
+
;
(13)
0= 4
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and @p=@y = 0 which indicates that p 6= p(y). In
Eqs. (13)-(15), we denote Hartman number by M,
permeability parameter by K , Prandtl number by Pr,
and Eckert number by Ec. In writing above equations,
the hats have been suppressed.
The relevant boundary conditions in wave frame
are:
F
@
@2
@T
= ;
+ v 2 = 1;
T + t =0;
2
@y
@y
@y
at y = h1 (x);
=

F
;
2

(16)

@
@y

v

@2
= 1;
@y 2

at y = h2 (x);

T

t

@T
=1;
@y

(17)

in which v and t are the dimensionless slip parameters corresponding to slip conditions for velocity and
temperature. These are de ned by:
v

B02 d21
;
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= =d1 ;

t

= =d1 ;

where  and  are the dimensional velocity and thermal
slip parameters with dimension of length.
Now, the peristaltic walls h1 (x) and h2 (x) in
dimensionless form takes the form:
h1 (x) = 1 + a cos[2x];
h2 (x) = d b cos[2x + ];

(18)

where amplitude ratios a(= a1 =d1 ) and b(= b1 =d1 ),
channel width ratio d(= d2 =d1 ), and  satisfy the
inequality condition a2 + b2 + 2ab cos   (1 + d)2 .
The dimensionless time-mean ow rate F in wave
frame is de ned by:
F=

Z h1 (x)

h2 (x)

@
dy;
@y

(19)

which can be further related to the time-mean ow rate
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Q in the laboratory frame by:
Q = F + 1 + d:
(20)
The pressure rise per wavelength and frictional forces
at y = h1 (x) and y = h2 (x), respectively, are de ned
by:
Z 1 
dp
dx;
(21)
P =
dx
0
F(1)

=

Z 1

0
Z 1

h21



dp
dx;
dx







dp
dx:
(22)
dx
0
The heat transfer coecient at y = h1 (x) is given by:
@h @T
Z= 1 :
(23)
@x @y
F(2) =

h22

3. Mathematical results
Solutions of Eqs. (13)-(15), satisfying the conditions
(16) and (17), may be expressed by the equations
shown in Box I. as follows:

4. Graphical results and discussion
In this section, we study the important features of
the uid motion and heat transfer with respect to
the embedded parameters such as Hall parameter,
n ; ion-slip parameter, i ; Hartman number, M;
permeability parameter, K ; velocity slip parameter;
v ; thermal slip parameter, t ; and Brinkman number,
Br. For this purpose, we have plotted pressure rise
per wavelength, P , in Figure 1, frictional forces,

F(s) (s = 1; 2), in Figure 2, axial pressure gradient,
dp=dx, in Figure 3, velocity eld, u, in Figure 4,
temperature eld, T , in Figure 5, and streamlines in
Figures 6-8. Table 1 is prepared to see the variation
in heat transfer coecient, Z . It is important to
mention that due to the complexity of the integrals in
Eqs. (21) and (22), numerical integration is performed
by the built-in routine NIntegrate in MATHEMATICA 8.
We have calculated pressure rise per wavelength
depending P on mean ow rate Q(= F + 1 + d)
for various values of n , i , M, K and v . The
results are shown in Figure 1. We observed from
Figure 1(a) and (b) that an increase in each of
n and i decreases the pumping rate in retrograde
pumping region (P > 0; Q < 0), while there is
an increase in the pumping rate in co-pumping region
(P < 0; Q > 0). In peristaltic pumping region
(P > 0; Q > 0), the pumping rate decreases with
the increase of n and i up to certain value of the
ow rate which is approximately equal to 0.13. For
this value of the ow rate, the pumping lines intersect
with each other and when Q > 0:13, the pumping
rate starts increasing with the increase of n and i .
Furthermore, we have also calculated the maximum
pressure P0 required to produce zero ow rate, and
free pumping ux, Q0 , corresponds to P = 0.
Numerical values of P0 and Q0 are displayed along
with the graphs. It is noted that the value of the
maximum pressure, P0 , against which peristalsis works
as a pump is greater in the absence of Hall and ionslip currents (n = 0; i = 0); it is lower when Hall
and ion-slip currents are present. The free pumping
ux Q0 increases with an increase in the values of

Figure 1. Plots of pressure rise per wavelength for a = 0:2, b = 0:5, d = 0:7, and  = =4.
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@y 2
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h1 h2 + 2 t





;



;

in which Br(= PrEc) represents the Brinkman number.
Box I
Hall and ion-slip parameters. Figure 1(c) depicts that
the e ects of M on P are inversely proportional
to the e ects of n and i , whereas the e ects of K
on P are directly proportional to the e ects of n
and i as illustrated in Figure 1(d). However, the
value of mean ow rate Q against which pumping lines
intersect with each other remains the same. Figure 1(e)
explains the in uence of velocity slip parameter v

on P . It is clear that an increase in v results in
a decrease in pumping rate for Q < 0:37, whilst it
increases with increasing v for Q > 0:37. Further,
the maximum pressure P0 and free pumping ux Q0
decrease when v increases. Here, we can conclude
that peristaltic pumping region (P > 0; Q > 0)
becomes narrow when velocity slip at the boundary
walls is larger.
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Figure 2. Plots of frictional forces at y = h1 (x) for a = 0:2, b = 0:5, d = 0:7, and  = =4.
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Figure 3. Plots of axial pressure gradient for a = 0:2, b = 0:5, d = 0:7,  = =4, and Q = 0.

Figure 4. Plots of velocity pro le for a = 0:6, b = 0:9, d = 1,  = =4, x = 0:1, and Q = 1:5.
The behavior of frictional forces F(1) at y = h1 (x)
and F(2) at y = h2 (x) against time mean ow rate
Q for di erent values of n , i , M, K , and v are
illustrated in Figure 2. Here, we observed that the
behavior of frictional forces F(s) (s = 1; 2) is quite
opposite to that of the observed for the case of P
(comparison of Figure 1 and Figure 2). Furthermore,
there also exists a critical value Q(hs) corresponding to
F(s) = 0. Below this critical value, the friction force
F(s) (s = 1; 2) creates resistance to the ow and above
which it supports the uid to drive. The critical values
Q(hs) (s = 1; 2) are shown with the graphs. We noted
that the critical value Q(1)
h is positive and increases
when one of n , i , and K is increased, whereas it
decreases with an increase in each of M and v . Similar

behavior has been seen for the case of Q(2)
h . However,
this critical value corresponds to negative ow rate.
To see the variation in axial pressure gradient
dp=dx for one cycle of wave x 2 [0; 1], we have sketched
Figure 3 for di erent values of the parameters n , i ,
M, K , and v . Figure 3 exhibits that the pressure
gradient has maximum value at the narrowest position
of the channel, i.e. x = 0:41, which means that a
much larger amount of pressure gradient is needed
to pass the uid through this part of the channel.
Furthermore, the pressure gradient is negative when
x 2 [0; 0:16] [ [0:66; 1]. In this region, dp=dx, known
as favorable pressure gradient, assists the uid ow.
On the other hand, when x 2 [0:16; 0:66], the pressure
gradient dp=dx becomes positive and resists the uid
ow. This is known as adverse pressure gradient.
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Figure 5. Plots of temperature pro le for a = 0:6, b = 0:9, d = 1:0,  = =4, x = 0:1, and Q = 1.

Figure 6. Streamlines for various values of Hall parameter n and phase di erence  with a = 0:5, b = 0:5, d = 1,

Q = 1:5, M = 2, K = 1,

i

= 0:5, and

v

= 0:01.
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Figure 7. Streamlines for various values of porous medium parameter K and ion-slip parameter
d = 1,  = =2, Q = 1:5, M = 2, v = 0:01, and n = 0:5.
The Hall parameter n and ion-slip parameter i have
similar impact on dp=dx which can be seen from the
Figures 3(a) and 3(b), respectively. We observed that
adverse pressure gradient decreases by increasing n
and i , while favorable pressure gradient increases with
an increase in n and i . The in uence of M on pressure
gradient dp=dx is illustrated in Figure 3(c). It is clear
from the gure that an increase in Hartman number,
M, corresponds to an increase in adverse pressure
gradient, whereas there is a decrease in the favorable
pressure gradient. It can be seen in Figure 3(d) that
e ects of K on dp=dx are reverse when compared with
the e ects of M. The variation in dp=dx for di erent
values of velocity slip parameter, v , are given in
Figure 3(e). It is noticed that adverse pressure gradient
decreases when v is increased. However, the favorable
pressure gradient increases. Furthermore, the e ect of
v on adverse pressure gradient is more pronounced
than that of the favorable pressure gradient.
The velocity eld u against y for di erent values
of n , i , M, K , and v is shown in Figure 4. The
observations regarding the e ects of Hall parameter
n , ion-slip parameter i , and Hartman number M

i

2779

with a = 0:5, b = 0:5,

(given in Figure 4(a)-(c)) are already established in [31]
and need not to be repeated. The results presented
in Figure 4(d) predict the disturbance in the velocity
eld u with K . It is clear that the velocity u is
less parabolic for smaller values of the permeability
parameter K . This is the case when a thin boundary
layer is formed in the surrounding of the channel walls,
and ow away from the walls is plug-like. However,
the velocity u becomes parabolic when K is increased
and sharing extends from the channel walls to the
whole ow domain. An increase in the velocity slip
parameter, v , results in an increase in velocity u at the
channel walls, whereas it decreases at the center part
of the channel with an increase in v (see Figure 4(e)).
Our next consideration will be the temperature
eld, T , that is plotted against y for di erent values
of n , i , M, K , v , t , and Br (see Figure 5). Out
of these parameters, the e ects of n , i , and M
(Figure 5(a)-(c)) are qualitatively the same as given
in [31]. The subsequent discussion is made for other
parameters. The temperature eld T with an increase
in K is shown in Figure 5(d). It reveals that the e ect
of K is to increase the uid temperature T in the
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Figure 8. Streamlines for various values of Hartman number M and velocity-slip parameter
d = 1,  = =2, Q = 1:5, K = 1, i = 0:5, and n = 0:5.
whole ow eld. In uence of velocity slip parameter v
on temperature eld, T , is illustrated in Figure 5(e).
Here, one can see that the temperature T decreases
when the slip at the boundary is increased. Moreover,
the variations in temperature T are larger for smaller
values of v . On the other hand, Figure 5(f) shows that
an increase in the thermal slip parameter, t , increases
T at the channel walls and at the center of the channel.
The e ect of Br is to increase the temperature T as
illustrated in Figure 5(g).
Table 1 is prepared to analyze the variation in
heat transfer coecient Z at xed cross section x = 0:1
for di erent values of n , i , M, K , v , t , and Br. It is
observed that Z is maximum in absence of Hall current,
and it decreases with an increase in Hall parameter n .
Similar observation can be made regarding the e ects
of ion-slip parameter i on Z . An increase in M results
in an increase in the value of heat transfer coecient Z .
The permeability parameter K has an opposite e ect
on Z when compared with the previous case of M . The
heat transfer coecient Z decreases both for increasing
velocity and thermal slip parameters. However, the
rate at which Z decreases is better for the case of

v with

a = 0:5, b = 0:5,

velocity slip when compared with the thermal slip. An
increase in Z is observed with an increase in Brinkman
number Br.
We have sketched Figures 6-8 to discuss the
in uence of n , i , K , M, and v on the trapped bolus.
Figure 6 shows that trapped bolus is symmetric in
the symmetric channel. As  increases, the channel
becomes asymmetric and the symmetry of the bolus
is destroyed. Moreover, the volume of the trapped
bolus is small for the case of asymmetric channel
when compared to the case of symmetric channel. An
increment in n yields an increase in the volume of the
trapped bolus. Figure 7 illustrates that the volume of
the trapped bolus increases with an increase in each
of i and K . However, Figure 8 depicts the opposite
e ects on the trapped bolus with an increase of M and
v.

5. Closing remarks
We have presented the heat transfer analysis in peristaltically induced ow of magnetohydrodynamic uid
in the presence of Hall and ion-slip currents. The
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Table 1. Variation of heat transfer coecient Z for a = 0:5, b = 0:6, d = 1,  = =4, x = 0:1, and Q = 1.
Parameters
Parameters
Z
( xed values)
(varying values)
i

v

i

i

i

i

i

= 1;

v

= 0;

= 0 :5 ;

= 0 :5 ;

= 0 :5 ;

= 0 :5 ;

= 0 :5 ;

t

= 0;

t

= 0:1; K = 1; M = 3; Br = 0:5

= 0:1; n = 1; K = 1; M = 3; Br = 0:5

v

v

t

v

v

= 0 :1 ;

= 0 :1 ;

t

t

= 0:1; n = 0:5; K = 1; Br = 0:5

= 0; n = 0:5; M = 1; Br = 0:5

= 0; n = 0:5; K = 1; M = 1; Br = 0:5

= 0; n = 0:5; K = 1; M = 1; Br = 0:5

= 0;

t

= 0 ; n  = 0 :5 ; K = 1 ; M = 1

problems associated with the uid ow and heat
transfer are modeled in wave frame of reference. Then,
exact solutions have been constructed. The results are
displayed through the graphs in order to interpret the
in uence of various interesting parameters. The main
ndings of this article are listed as follows:




The maximum pressure, P0 , against which peristalsis works as pump decreases with an increase
in each of Hall parameter n , ion-slip parameter
i , permeability parameter K , and velocity slip
parameter v . However, it decreases when Hartman
number M is increased;
(2)
The critical values, Q0 , Q(1)
h , and Qh , increase

when there is an increase in n , i , and K . However,








n

0
0.3
0.6
1

6.2376
4.4032
3.4710
2.8574

i

0
0.3
0.6
1

4.1383
3.5929
3.2050
2.8574

M

0
1
2
3

1.6481
1.8890
2.6062
3.7884

K

0.1
0.2
0.5
100

5.8134
3.6812
2.3823
1.5056

v

0
0.1
0.2
0.3

2.3011
1.9438
1.7607
1.6545

t

0
0.1
0.2
0.3

2.3011
2.2464
2.1991
2.1580

Br

0
0.3
0.6
1

0.7391
1.6763
2.6136
3.8632

the opposite e ects are seen for the cases of M and
v;
The e ects of n , i , K , and v are to decrease
the adverse pressure gradient, while the e ect of
M is to increase it. Furthermore, the favorable
pressure gradient shows the opposite behavior when
compared with the adverse pressure gradient;
An increase in K results in an increase at the center
of the channel and a decrease near the channel walls;
The velocity u decreases around the centerline of
the channel when v is increased, whilst it increases
along the channel walls;
The transfer of heat is reduced by an increase in K
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and v . However, it increases due to an increase in
both t and Br;
An increase in n , i , K , v , and t leads to a
reduction in the value of the heat transfer coecient
Z . On the other hand, Z increases for increasing M
and Br;
An increase in n , i , and K results in an increase
in the volume of the trapped bolus, while the e ects
of M and v on trapped bolus are the opposite.
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