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Abstract. In seismic numerical modelling, it is readily to simulate the wave eld of

1. Introduction

(physical) domain into simple and regular model in
the computational domain. In this way, complex or
irregular model can be indirectly simulated. In nature,
the conformal mapping or some similar techniques,
which transform complex or unsolvable or ill-posed
problems in the original domain into simple or solvable
or well-posed problems in a certain transform domain,
have been studied in seismic wave modelling [4,5],
seismic processing [6,7], and seismic inversion [8]. In
this paper, we apply the conformal mapping to the
regular pentagon model, the generalized quadrangular
model and the horny model, and analytically derive
and numerically simulate the wave eld with either a
displacement boundary condition or a stress boundary
condition.

Conformal mapping;
Cavity;
Scattering;
Seismic wave;
Numerical modelling.

the cavities with simple and regular geometric boundaries. However, the real cavities are
always complex or irregular, such as general quadrilateral or horny model. In this paper,
conformal mapping is applied to three representative cavity models, including a pentagon
model, a generalized quadrangular model, and a horny model. First of all, we transform
the original cavity model in the physical domain into a certain simple regular model in the
computational domain and, accordingly, transform the boundary condition in the physical
domain into that in the computational domain. Then, the wave eld on the boundary in the
computational domain is calculated. Finally, we generate the wave eld on the boundary in
the physical domain by using the inverse conformal mapping, when the conformal mapping
function is invertible. Two experiments by adopting either a displacement boundary
condition or a stress boundary condition illustrate that the wave elds for the three di erent
kinds of cavities mainly concentrate on the boundary of the corresponding cavity.
© 2016 Sharif University of Technology. All rights reserved.

In exploration geophysics discipline, some cavities in
subsurface rocks are often related to reservoirs, since
they can load oil or gas. Therefore, it is important to
analyze the response character of seismic wave by a cavity [1,2]. It is easy to simulate the wave eld of the cavities with simple and regular geometric boundaries by
using numerical methods or even analytical methods.
However, it is dicult to directly simulate a complex
or irregular model, which represents real cavity model.
The conformal mapping [3] provides an idea which
transforms complex or irregular model in the original
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Education, Yangtze University, Wuhan Hubei 430100; and
2Hubei Cooperative Innovation Center of Unconventional
Oil and Gas, Wuhan Hubei 430100.
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2. Theory
2.1. The scattering wave eld

Consider a 3-D isotropic elastic medium embedded into
an in nitely long cylindrical cavity (Figure 1). The
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vs2 r2 u3 =

@ 2 u3
;
@t2

(7)

where vs = (=)1=2 is the shear wave velocity, and
r2 = @x@221 + @x@222 is a Laplace operator.
In the case of steady state, Eq. (7) becomes a
Helmholtz equation:

r2 u3 +

2u
3

= 0;

(8)

where = (!=vs )1=2 is the shear wave number.
From Eqs. (1) and (5), we have:
11 = 22 = 33 = 12 = 0;

and:

Figure 1. The cavity model and its boundary

p = p1 + p2 . The shaded part in the model is the cross
section of the cavity. Cross section is on the x1 x2 plane
and the cavity stretches along x3 axis.

elastodynamic equations without body forces can be
described as [9]:
lm = uk;k lm + 2"lm ;
(1)
ml;m = 

@ 2 ul
;
@t2

"lm = (ul;m + um;l )=2;

3l = u3;l ;

@ 2 u3
+ 2 u3 = 0;
@p@ p

4

(3)

and:

(6)

By substituting Eqs. (5) and (6) into Eq. (2), we obtain:

(10)

where l is 1 or 2.
For illustrative purposes, complex variable p =
x1 + ix2 and its complex conjugate p = x1 ix2 in
the original physical domain (also called p domain)
are introduce. In this case, Eqs. (8) and (10) can be
rewritten as:

(2)

where lm is the stress, u is the displacement, ()
is Dirac-Delta function, "lm is the strain, and  and
 are the Lame constants. The subscripts l, m, and
k denote three spatial variables. A comma after a
quantity denotes partial derivative with respect to
spatial variable. For example, ul;m denotes partial
derivative of the displacement along the l direction with
respect to spatial variable m.
Substitution of Eq. (1) into Eq. (2) yields the wellknown Navier-Cauchy equation:
@2u
(clmpq up;q );m =  2l ;
(4)
@t
where clmpq is the fourth-order elasticity tensor. The
traditional summation rule over repeated indices is
applied throughout this paper.
We consider the scattering problem of plane SHwaves by three kinds of in nitely long cylinder cavities
with di erent cross sections in this paper. Assuming
the cross section is on the x1 x2 plane and the cavity
stretches along x3 axis (Figure 1), the 3-D problem can
be expressed by a 2-D problem. That means:
u1 = u2 = 0;
(5)
u3 = u3 (x1 ; x2 ; t):

(9)



(11)


@u3 @u3
+
;
13 = 
@p
@ p




@u3 @u3
23 = i
+
:
@p
@ p

(12a)
(12b)

Note that the shear modulus lm (l 6= m) is replaced by
symbol lm (l 6= m).
According to Eq. (11), the scattering wave eld
w(s) from the cavity meets:
4

@ 2 w(s)
+ 2 w ( s) = 0 :
@p@ p

(13)

By substituting a conformal mapping p = F (c) into
Eq. (13), we obtain the corresponding equation in the
computational domain (also called c domain):
2 dF dF
@ 2 w(s)
=
w(s) ;
(14)
@c@ c
4 dc dc
where c is a point in the computational domain.
After separating the variables c and c, w(s) (c; c)
can be written as:

w(s) = w1 (c)w2 (c):

(15)

By substituting Eq. (15) into Eq. (14) and performing
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integrate operator, we have:
w1 (c) = g1 ( )exp [i F (c)=2] ;


(16a)


w2 (c) = g2 ( )exp i F (c)=(2) ;

(16b)

where g1 and g2 are two constant functions determined
by a separation constant  .
Substituting Eq. (16) into Eq. (15) and integrating  , the general expression of the scattering wave eld
can be given as:
 

Z
F (c)
(
s
)
w = g( )exp i F (c) +
d;
(17)
2

L
where L is a path on the c domain, which is readily
chosen to ensure that the integration in Eq. (17) is
convergent.
By setting  = exp( i1 ) and F (c) = jF (c)jexp
(i ), Eq. (17) can be rewritten as:
w ( s)

=



Z

iexp( i1 )g [exp( i1 )] exp i jF (c)j

L

cos(1



) d1 =

Z

L



exp i jF (c)j cos(1

g1 [exp( i )]


) d1 :

(18)

The function g1 [exp( i1 )] in Eq. (18) can be spread
into an in nite series:
1
X
g1 [exp( i1 )]=
an ein1 ;
(19)
n= 1
where an is the coecients of the series. Introducing a
variable 2 = 1
=2, Eq. (18) becomes:

Z
1
X
(
s
)
w =
an exp [in(
=2)] exp in2
L
n= 1


i jF (c)j sin 2 d2 :

(20)

The result of the integration in Eq. (20) is just a Hankel
function Hn(1);(2) [ jF (c)j].
When jF (c)j ! 1:
Hn(1);(2) [

jF (c)j] 
n
2


4

s



;



2
exp
 jF (c)j



i jF (c)j
(21)

where Hn(1);(2) () denotes the rst kind and the second
kind of Hankel function for the nth order, respectively.
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The scattering wave eld in Eq. (20) should meet
the following Sommerfeld radiation condition:

p

lim cjw(s) j < M;

c!1

p

lim c
c!1



@w(s)
@c

(22)


i w(s) = 0;

(23)

where M is a nite constant. Thus, we can only
choose the rst kind of Hankel function, Hn(1) [ jF (c)j].
Consequently, the nal general form of scattering wave
eld in the computation domain can be expressed as:


1
X
F (c) n
(
s
)
(1)
w =
An Hn ( jF (c)j)
(24)
jF (c)j ;
n= 1
where An is an unknown constant, which requires to
be determined from the boundary condition.

2.2. Boundary conditions

In order to calculate the scattering wave eld by
Eq. (24), we must rstly get An . The boundary
conditions, such as displacement boundary or stress
boundary, need be adopted to solve An .
According to Eq. (12), we have:
@w
:
(25)
@ p
To conveniently deal with boundary conditions and
boundary value relationship, we bring in curvilinear
coordinate system (; ; x3 ). Assuming that the intersection angle of  axis and x1 axis is ', the two shear
stress components in the curvilinear coordinate system
become:

@w
x3 =13 cos ' + 23 sin ' = 
exp(i')
@p
13 + i23 = 2

+



@w
exp( i') ;
@ p

(26a)


x3 = 13 sin ' + 23 cos ' = i

@w
exp(i')
@p



@w
exp( i') :
@ p

(26b)

Consider that the displacement on boundary p1 and the
shear stress on boundary p2 are known; the boundary
condition of the steady-state problem can be expressed
as:
w = f1 (p)
8p 2 p1 ;
(27)






@w
@w
exp(i') + exp( i') = f2 (p)
@p
@ p

8p 2 p2 ;

(28)

where f1 (p) is a known displacement boundary func-
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tion, and f2 (p) is a known stress boundary function.
Eqs. (27) and (28) are the displacement boundary
condition and the stress boundary condition in p domain, respectively. We will introduce the two boundary
conditions in c domain to solve An below.

we get the following equation from Eq. (33):

2.2.1. Displacement boundary condition
According to Eqs. (24), (25), and (27), we obtain:
1
X
An Hn(1) ( jF j)(F=jF j)n = f1 w(i) ;
(29)
n= 1

cL0 Hn+1 ( jL())(L()=jL()j)n+1

where w(i) is the incident wave eld. In the case of
the polar coordinate c = exp(i), Eq. (30) can be
regarded as a function related to angle . To solve
An , a term exp( iz)(z = 0; 1; 2; :::) is multiplied
by both sides of Eq. (30). Then, it is integrated from
 to . Subsequently, An can be calculated by solving
the following equation:
n
1  1 Z 
X
L()=jL() Hn(1) [ jL()]
2


n= 1


exp( iz)d An =


w(i) ()

1
2

Z 



f1 ()

exp( iz)d;

(30)

where L() = F (ei ).

2.2.2. Stress boundary condition
According to the chain rule, we have:
@w
1 @w
= 0 ;
@p F @c
@w
1 @w
= 0 ;
(31)
@ p F @ c
 0 dF
where F 0 = dF
dc , F = dc .
By substituting Eq. (31) into Eq. (28), we obtain
the stress boundary condition in c domain as:


@w
@w

c
+
c

(32)
jF 0 j @c @ c = f2 :

Then, we substitute Eq. (32) into Eq. (24) and obtain:
1 
X
cF 0 Hn 1 ( jc)(F=jF j)n 1 cF 0 Hn+1 ( jF )
n= 1


(F=jF j)n+1 An =


@w(i)
c
:
@ c



2 jF 0 j
f
 2

c

1
X
n=



1
2
1 

Z 



cL0 Hn 1 ( jc)(L()=jL()j)n 1



1
exp(iz)d An =
2


ImL()
c

c

Z 









2 j L0 j
f ReL();
 2

@w(i) [ReL(); ImL()]
@c


@w(i) [ReL(); ImL()]
exp( iz)d: (34)
@ c

2.3. Conformal mapping for three cavity
models

In this paper, we design three cavity models, including
a regular pentagon model (also called Model 1), a
generalized quadrangular model (also called Model 2),
and a horny model (also called Model 3). In p domain,
it is dicult to calculate scattering wave eld of plane
SH-waves by a certain model among the three models.
Therefore, we adopt conformal mapping to simplify
scattering wave eld modeling, which is performed in c
domain.

2.3.1. The conformal mapping for a regular pentagon
model
Figure 2 is the conformal mapping from an arbitrary
polygon in p domain to a unit circle in c domain.
The exterior angles of the arbitrary convex polygon
are 1 ; 2 ; :::; n and the vertexes of the polygon are
p1 ; p2 ; :::; pn . The points c1 ; c2 ; :::; cn in c domain located on the circumference of the unit circle correspond
to p1 ; p2 ; :::; pn in p domain, and ck = eik (k =
1; 2; :::; n). On the basis of complex function theory,
we have:


ck  k =
;
(35)
c
where G is a constant only related to the shape and
direction of the polygon. By Eq. (35), an arbitrary
p = F 0 (c) = Gnk=1 1

@w(i)
@c

(33)

Similar to the steps for deriving Eq. (30) from Eq. (29),

Figure 2. The conformal mapping from an arbitrary
polygon to a unit circle.
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convex polygon in p domain is transformed into a unit
circle in c domain.
According to the binomial theorem, Eq. (35) can
be expanded to the following equation:


p = F 0 (c) = G 1

n
1 X
c k=1



1
k ck + O( 2 ) :
c

(36)

The right side of Eq. (36) is zero if we take the value
of variable c on the vertexes. In this way, the character
of the conformal mapping p = F 0 (c) is destroyed on
these vertexes. To overcome this problem, we replace
Eq. (36) by a polynomial corresponding with regard to
1= . On the condition of the polygon being equilateral,
we denote the exterior angles as k = 2=n(k =
1; 2; :::; n). Furthermore, we assume that the N points,
c1 ; c2 ; :::; cn , satisfy the equation cn 1 = 0; thus, we
have:
2
F 0 (c) = G(1 c n ) n :
(37)
The derivation process of Eq. (37) is described in the
Appendix.
For large jcj, Eq. (37) can be expanded as the
summation of a power series with regard to 1=c. Thus:




2
2(2 n) 1
+
: + ::: :
n
nc
2n2 c2n

F 0 (c) = G 1

(38)

Integrating F 0 (c) and ignoring constant term, Eq. (38)
becomes:


p =F (c) = G c +

1

2
1
:
n(n 1) cn 1

2(2 n)
2n2 (2n 1)



: 2n 1 + ::: :
c

(39)

Taking n = 5 and G = 1, and neglecting the high-order
terms, we have:
1
1
p = F (c) = c + 4 + 9 :
10c
75c

(40)

Figure 4. The conformal mapping from a general
quadrilateral to an upper half plane.

2.3.2. The conformal mapping for a generalized
quadrangular model
Figure 4 is the conformal mapping from a generalized
quadrangular model in p domain to an upper half plane
in c domain. The cross section of the cavity model in
physical domain is marked as ABCD, where point A
is located at in nite distance, and points B, C, and
D are located at nite distance. Note that points
B and D are located at the same position. If we
calculate the wave eld directly in physical domain,
there will be singularity at the vortexes B, C, and D.
According to the complex function theory, the problem
will be successfully solved if we map the generalized
quadrangular in p domain to the upper half plane in c
domain. The corresponding conformal mapping is:
p = p0 + K

Z

(c + 1)

p

= p0 + K c2

1;

B = c C = (c

1)

D = dc

(41)

where K and p0 are two unknown constants. B , C ,
and D are the exterior angles on the points B, C,
and D, respectively. According to point B and its
corresponding point B', we can get 0 = p0 + A0; thus,
p0 = 0. According to point C and its corresponding
point C', we can get i = Ki, therefore, K = 1. Thus,
the conformal mapping is:
p=

p

c2

1:

(42)

Eq. (40) is a nal expression for the conformal mapping
from a regular pentagon to a unit circle (Figure 3).

2.3.3. The conformal mapping for a horny model
Figure 5 is the conformal mapping from a horny model
in p domain to an upper half plane in c domain. The
are angle of the horny model is =3, the vertex is at
the origin point, and angular bisector is along the real

Figure 3. The conformal mapping from a regular

Figure 5. The conformal mapping from a horny model to

pentagon to a unit circle.

an upper half plane.
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axis. That means:
=6 < argp < =6:

(43)

For the model, we rst transform the horny model in p
domain into right half plane in t domain (or
p transitional
domain) via conformal mapping p = 3 t, and then
transform the right half plane to upper half plane in
c domain through rotation transform t = ic. In a
word, we have the conformal mapping from a horny
model to an upper half plane:

p

p = i 3 c:

(44)

3. Examples
We consider plane SH-waves propagating on the x1 x2
plane in this paper. The incident wave eld is:
w(i) = b0 exp [i (p + p)=2] ;

(45)

where b0 is the amplitude, which is set as 1.5 in this
paper.
We consider the displacement boundary condition for the rst experiment. As to Model 1, the
wave eld on the boundary of the unit circle shows
extreme value (Figure 6(a)), which veri es the wave
eld concentration principle. Note that it is hard to
obtain the displacement wave eld in p domain because
of the irreversibility of Eq. (41). For Model 2, the
variations of the displacement wave eld with position
in real axis of Model 2 in c domain are shown in
Figure 6(b). There are two peak values corresponding
to the two singularities of the model in p domain,
namely B (D) and C (Figure 3). By introducing the
inverse transformation of Eq. (42) into Eq. (30), we
can get the scattering wave eld in the p domain
(Figure 7(a)). For Model 3, we select 11 points on the
boundary with the distribution of spatial coordinates
from -5 to 5 and the interval as 1. By substituting
these points into Eq. (31), the displacement wave eld
on the boundary is obtained, shown in Figure 6(c).
From the gure, we can observe only one extreme point
corresponding to the angular point in p domain. In
addition, the displacement wave eld on the boundary

Figure 7. The displacement wave eld maps in physical
domain for (a) Model 2 and (b) Model 3.

and the angular point focus clearly. By substituting
the inverse transformation of Eq. (42) into Eq. (30),
we can get the scattering displacement wave eld in p
domain (Figure 7(b)).
We consider the stress boundary condition for the
second experiment. For Model 1, on the boundary
of the unit circle, the stress wave eld in c domain
also shows extreme value (Figure 8(a)), similar to the
displacement wave eld case (Figure 6(a)). However,
curves for the stress wave eld in Figure 8(a) are much
rougher than those for the displacement wave eld in
Figure 6(a). For Model 2, the variations of the stress
wave eld with position in real axis of Model 2 in c
domain are shown in Figure 8(b). There are also two
peak values corresponding to the two singularities of
the model in p domain, namely B (D) and C (Figure 3).
By substituting the inverse transformation of Eq. (42)

Figure 6. The displacement wave eld curves with di erent incident angles in the computational domain for (a) Model 1,
(b) Model 2, and (c) Model 3.
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Figure 8. The stress wave eld curves with di erent incident angles in the computational domain for (a) Model 1, (b)
Model 2, and (c) Model 3.

4. Conclusions
By applying conformal mapping to the regular pentagon model, the generalized quadrangular model or
the horny model, the wave eld in the computational
domain is analytically derived and numerically modelled with either a displacement boundary condition
or a stress boundary condition. When the conformal
mapping functions are reversible, the wave elds in the
physical domain can also be obtained.
The two experiments illustrate that the wave
elds for three di erent kinds of cavities mainly concentrate on the boundary of the corresponding cavity.
It indicates a potential evidence of the existence of
cavity, which is probably available information in the
oil seismic exploration.
Although the conformal mapping method is applied to the scattering wave eld model for three
simpli ed cavity models with di erent features and
shapes in this paper, it can also be used to deal with
cavities with arbitrary shapes.

Figure 9. The stress wave eld maps in the physical
domain for (a) Model 2, and (b) Model 3.

into Eq. (34), we can get the scattering wave eld in
the p domain (Figure 9(a)). For Model 3, we select 21
points on the boundary from -10 to 10 with step 1. By
substituting these points into Eq. (34), the stress wave
eld on the boundary is obtained, shown in Figure 8(c).
From the gure, we can observe only one extreme point
corresponding to the angular point in p domain. In
addition, the stress wave eld on the boundary and
the angular point focus clearly. By substituting the
inverse transformation of Eq. (44) into Eq. (34), we
can get the scattering stress wave eld in p domain
(Figure 9(b)).
The two experiments by using either the displacement boundary condition or the stress boundary
condition illustrate that the variation trends of the
displacement wave eld and those of the stress wave
eld are similar. In addition, they both accord with
the wave eld concentration principle.
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Appendix
From Eq. (36), we have:


F 0 (c)= Gnk=1 1

2
ck  n2 G n
= 2 k=1 (c ck ) n : (A.1)
c
c

If each c1 ; c2 ; :::; cn satis es cn
nk=1 (c ck ) = cn

1:

1 = 0, then:
(A.2)

By substituting Eq. (A.2) into Eq. (A.1), Eq. (37) can
be obtained:
2
G
F 0 (c) = 2 nk=1 (c ck ) n
c

=

G n
(c
c2

2

1) n
2

= G(1 c n ) n :

(A.3)
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