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1. Introduction

compressibility on gaseous ow in microchannels. They
focused on the product of friction factor and Reynolds
number (f Re), and found that this value di ers from
the incompressible value of 96 for parallel-plate ducts.
They also found an expression for f Re as a function
of Mach number. Miyamoto et al. [3] investigated heat
transfer of compressible ow in a microchannel both
numerically and experimentally. At rst, they found
that the mass ow rate in microchannel decreases by
increasing heat ux. Then, they considered Nusselt
number for compressible ow and found that Nusselt
number approaches to fully developed incompressible
ow (Nu = 8:23) in the middle section of the microchannel, while the value is di erent from incompressible
ow at the inlet and outlet section. Hong et al. [4]
numerically investigated heat transfer characteristics
of compressible ow in a microchannel. According to
their work, the slip e ects at the wall temperature
become negligible by increasing compressibility (inletoutlet pressure ratio). In another work, Asako and
Toriyama [5] investigated heat transfer characteristics
of compressible ow in a microchannel when the walls
are at constant temperature. They mainly focused on
the change of mean air temperature, microchannel's
wall temperature at di erent channel heights, pressure

Constricted microchannel;
Compressible ow;
Rarefaction;
Convective heat
transfer.

are numerically investigated by considering the e ect of geometry, stagnation pressure and
temperature at the inlet, and applied heat ux at the walls. Kurganov-Tudmor method is
used to solve the governing equation; Maxwell and Smoluchowski approaches are used to
model the rarefaction e ects of compressible micro ow. This study shows that using slip
model is necessary in both high-speed and low-speed ows, especially at the downstream
of the constricted portion. Also, throat height reduction results in more rarefaction and
compressibility at the constricted region.
© 2016 Sharif University of Technology. All rights reserved.

With the advance of micro and nano technology,
visualization and calculation of physical phenomena in
small-scale geometries have been the topic of numerous
studies in di erent elds of science. In the eld of
Micro uidics, various investigations of compressible
gas ow and heat transfer in straight microchannels
have been widely investigated. The laminar slip ow
thermal entry problem in rectangular microchannels
with constant wall heat ux has been analytically
studied by a modi ed integral transform technique by
Yu and Ameel [1]. It was found that heat transfer may
increase, decrease, or remain unchanged, compared to
the nonslip conditions, subjected to two dimensionless
variables
v Kn and , and aspect ratio R.
v Kn indicates the rarefaction e ects or microscale
e ects and is a measure of the momentum exchange
between the uid and the walls, while represents the
properties of uid/wall interaction and is a measure
of the e ects of temperature jump near the walls.
Asako et al. [2] numerically studied the e ect of
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ratios, and heat uxes, and then compared them with
incompressible ow. According to their results, the
mean temperature along the channel has a maximum
point at the middle section and at the channel's outlet;
the bulk temperature decreases as a result of conversion
of internal energy into kinetic energy.
In the slip ow regime, the Navier-Stokes equations are still valid together with the modi ed boundary conditions at the wall [6,7]. Xu and Zhao [8]
(2007) chose the Navier-Stokes equations subject to
slip wall boundary conditions and simulated small-scale
nozzle ow subject to di erent back pressures. They
studied the shock structures at low Knudsen number
ows. They found that the viscous e ect would be
the key parameter in shock wave formation within the
micronozzle.
Chen and Cho [9] investigated the mixing characteristics of ow through microchannels with wavy
surfaces. However, they modeled the wavy surface
as a series of rectangular steps and it seemed to
cause computational errors at boundary, especially in
microscale geometry. Also, their working uid was
liquid and they applied no-slip boundary conditions at
the microchannel wall surface. Besides, other aspects
of heat transfer in wavy micro-channels were studied
in [10-12].
Recently, Louisos et al. [13] have reviewed the
key ndings obtained from computational studies of
supersonic micronozzle ow using both continuum and
kinetic based techniques. They reported that the
combination of viscous, thermal, and rarefaction e ects
on the microscale ow structure would considerably
a ect the supersonic ow behavior in micronozzles.
They described di erent aspects of rarefaction e ects
in nozzle performance.
Lin and Gadepalli [14] investigated the gas ow
characteristics in an axisymmetric micronozzle con guration within parameter ranges di erent from previous
studies. They put emphasis on the e ect of throat
diameter covering a range of macro to micro scales on
the nozzle's performance. The nozzle throat diameter
was varied from 10 mm to 0.1 mm; the throat Reynolds
number was varied from 5 to 2000.
Rij et al. [15] investigated the e ects of rarefaction, viscous dissipation, compressibility, and axial
conduction on the Nusselt number in a rectangular
microchannel subject to constant wall heat ux and
constant wall temperature. It was shown that rarefaction and viscous dissipation e ects signi cantly
a ect the convective heat transfer rate in the slip ow
regime. They also found that combined e ects of
viscous dissipation, ow work, and shear work within
the slip ow regime cause Nu to increase in the case of
constant wall temperature.
San et al. [16] (2009) studied the size and expansion ratio e ects on the micronozzle ow eld behavior
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solving the two-dimensional augmented Burnett and
the Navier-Stokes equations. They reported small differences in the solutions of low Knudsen number ows
subject to either slip or no-slip boundary conditions.
Duryodhan et al. [17] conducted an experimental and
three-dimensional numerical study on the heat transfer
of a single phase liquid ow in a heated diverging and
heated converging microchannel. They found that the
heat ux in a converging microchannel is much more
uniform as compared with a diverging microchannel,
which clearly indicates the stronger conjugate e ect in
a converging microchannel.
Darbandi and Roohi [18] provided a deeper understanding of the ow behavior in the micro/nanoscale
converging-diverging nozzles. They investigated the
e ects of back pressure, Knudsen number, and gassurface interaction on the nozzle ow behavior by
the compressible OpenFOAM solver. Shokouhmand
and Bigham [19] analyzed both the hydrodynamic and
thermal aspects of a gaseous ow in the constricted
microchannels.
Sadeghi et al. [20] investigated the e ect of
corrugated roughness on the fully developed forced
convection of a rare ed gas in a micropipe. They
concluded that the pressure drop is an increasing
function of the relative roughness.
The gaseous slip ow forced convection in microducts of di erent cross sections was investigated by
Baghani and Sadeghi [21]. Four di erent cross sections
of polygonal, trapezoidal, rhombic, and elliptic shape
were considered for presentation, and the tabulated
data of Nusselt number were presented for each geometry by covering the entire slip ow range of the
Knudsen number.
In another work, Sadeghi et al. [22] studied the
gaseous slip ow mixed convection through vertical
channels of two di erent cross sections, namely, polygon, with circle as a limiting case, and rectangle. In
their study, the ow was assumed to be fully developed,
and both classical thermal boundary conditions of
H1 and H2 were considered in the analysis. Their
analysis revealed that both the Nusselt number and the
pressure drop parameter are the increasing functions
of the Grash of Reynolds ratio. Whereas an increase
in Knudsen number generally gives rise to smaller
values of the Nusselt number and the pressure drop,
the Knudsen number's functionality of the H2 Nusselt
number for the triangular duct is the opposite. Also,
Sadeghi and Saidi [23] derived the analytical solutions
for laminar forced convection heat transfer of a viscous
dissipative gas ow in two micro-geometries, namely,
micro-annulus and parallel plate micro-channel. They
assumed that the ow is steady and fully developed,
both hydrodynamically and thermally. The rarefaction
e ects were taken into consideration using rst-order
slip velocity and temperature jump boundary condi-
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tions. They found that viscous heating causes singularities in Nusselt number values. Also, asymmetry
causes singularities in Nusselt numbers of both microannulus walls and also the parallel plate wall to have
lower heat ux, even in the absence of viscous heating.
Mirmanto [24] studied ow boiling heat transfer of
de-ionized water in single horizontal microchannels by
means of linear pressure gradient method and pressure
gradient measurement method to see if the linear
pressure gradient assumption is valid for any heat
uxes. He recommended to use pressure gradient when
the generated pressure drop is low.
Asadi et al. performed a comprehensive review on
the heat transfer and pressure drop characteristics of
single and two-phase microchannels that is accessible
in [25].
Yari Ghale and Haghshenasfard [26] developed
a CFD approach to predict the Nusselt number and
friction factor of Al2 O3 /water nano uids in a straight
and ribbed microchannel heat sink. They showed
that two-phase model is more precise than the singlephase model by the comparison of numerical results
and experimental data. Also, it was found that by
increasing the channel width, the heat transfer performance increases; while by increasing the rib height, the
thermal performance of the channel decreases.
Li and Haramura [27] investigated analytically
the heat transfer characteristics of the reciprocating
laminar ow in a micro-channel type porous-sheets
Stirling regenerator, including the entrance e ects,
to facilitate the ecient design and optimization of
Stirling engines. Wand [28] developed an approach
using the Ritz method for slip ow and heat convection
that can be applied to any tube cross section. This
method for slip ow and constant ux heat transfer
in ducts of general shape was established and applied
to the isosceles triangular duct, yielding tables for
the Poiseuille number and the Nusselt numbers. This
approach is a boundary tted method such that curved
boundaries and sharp corners do not pose a problem.
In addition, the boundary conditions for the slip ow
need local normal derivatives, which are dicult to
construct for nite di erence or nite element schemes.
But, according to the current theorems, these mixed
boundary conditions are automatically satis ed by the
minimization of the functional.
Law and Lee [29] did a comparative study on the
heat transfer performance, pressure drop, and instability characteristics in straight- nned and oblique- nned
microchannels, and showed that the heat transfer
performance of the oblique- nned microchannels is signi cantly better than its straight- nned counterpart.
Kiyasatfar and Pourmahmoud [30] did an investigation on the fully developed ow and heat transfer of
conducting non-Newtonian uids through square microchannels under the in uence of an applied uniform

magnetic eld, considering e ects of viscous dissipation
and Joule heating. According to their results and the
capability of MPL model in the correctly prediction
of apparent viscosity of non-Newtonian uids in the
whole region of shear rate from zero to in nity, they
recommended MPL model to be used in similar cases.
Pelevi and VanderMeer [31] used the lattice Boltzmann
method for the rst time to investigate in uence of
three-dimensional surface roughness on uid ow and
heat transfer phenomena within a microchannel. It
was found that the Gauss function is an ecient and
convenient method to build the roughness rather than
the other models. In addition, they investigated the
in uence of the roughness cut-o frequencies and the
relative roughness height. They concluded that the
in uence of the roughness cut-o frequency cannot be
neglected. Also, it was found that there is a minor
e ect of the relative roughness on uid ow and heat
transfer phenomena.
Heydari. [32] considered a combined electroosmotic and pressure-driven ow of a viscoelastic uid
through a long rectangular microchannel. The rheological behavior of the uid is assumed to be represented
by either of PTT or FENE-P models. The ow is
considered to be steady, laminar, and fully developed.
It is assumed that the liquid contains an ideal solution
of fully dissociated symmetric salt. Moreover, the
channel wall is considered to be subject to a constant
zeta potential.
According to the previous work, high-speed compressible ow in a sinuous curved micro channel is not
investigated. In this work, the objective is to study
the e ects of di erent criteria of pressure ratio, heat
ux, and the throat area on the uid ow regime and
thermal characteristics inside the channel. Speci cally,
the rarefaction, slip condition, and also variable uid
properties are taken into account in this work.

2. Problem de nition
Schematic of channel geometry is shown in Figure 1. As
shown, air with stagnation pressure and temperature of
Pstg and Tstg = 300 K enters the microchannel with the
height of 30 m while constant heat ux is applied at
the walls. A curved microchannel with a length of 2H
is constricted along the plane microchannel. The total
length of plane microchannel is 17H and the outlet

Figure 1. Schematic of the geometry.
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pressure is P0 = 100 kPa. The zero gradient velocity is
applied at outlet and inlet; slip or no-slip condition is
applied at the walls depending on the cases in the table.
The constricted microchannel pro le is a sinusoidal
function as follows:

H Dt  
cos
(x 6H ) :
(1)
y=
2
2H
The uid properties are considered a function of temperature. To do this, Sutherland [33] and modi ed
Euken models [34] are supposed for viscosity and
thermal conductivity, respectively:
Sutherland model:

p

A T
(T ) = s T ;
1 + T0

T0 = 110:4;

As = 1:458  10 6 :

(2)

Modi ed Euken model:


k(T ) = (T ) 1:77R + 1:32

R



1

:

(3)

In our simulations, the change of throat height, pressure ratio, and heat ux at the walls are considered.
Di erent simulation characteristics are listed in Table 1. Since the gas ow is pressure driven, zero
gradient condition is applied for the velocity at the inlet
and outlet zones. Also, pressure eld is subjected to
zero gradient condition at the walls. The convergence
criterion for the numerical simulation was the minimum
residual of 10 8 for all parameters.

3. Governing equations
Governing equations of this study consist of conservation laws of unsteady compressible ow with variable
uid properties. The continuity equation is:
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+
+
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(4)
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where  is the viscosity calculated via Eq. (2). The
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Table 1. Throat height, stagnation pressure and

temperature, heat ux, and wall boundary condition at
the walls.
D
q00
Slip/no slip
# Pstg
(kPa) (m) (kW/m2 )
1
110
5
100
Slip
2
120
5
100
Slip
3
130
5
100
Slip
4
140
5
100
Slip
5
150
5
100
Slip
6
110
5
100
No slip
7
120
5
100
No slip
8
130
5
100
No slip
9
140
5
100
No slip
10
150
5
100
No slip
11
150
5
0
Slip
12
150
5
1
Slip
13
150
5
10
Slip
14
150
5
15
Slip
15
150
10
100
Slip
16
150
15
100
Slip
17
150
20
100
Slip
18
150
25
100
Slip
19
150
30
100
Slip

energy equation of compressible ow is:




@T @uT @vT
@u @v
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+
+
= P
+
1 @t
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k
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where k is the uid thermal conductivity. The last term
on the right-hand side is viscous dissipation, work done
by shear stress forces, which has an important role in
our investigation. This term is calculated as below:

+
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2

(7)

The conservation equations are along with the equation
of state:
P = RT:
(8)
In order to model the rarefaction e ects of gas ow in
micro scale, Maxwell model is used:
3 Pr( 1)
1
2 v
q
+
( qs );
Uslip Uw =
v  2RTw s 4 RTw
(9)

where Uslip and Uw are the slip velocity and wall velocity, v is the accommodation coecient of momentum,
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and qs is the tangential component of heat ux at
the wall. The second term on the right-hand side is
the e ect of thermal creep on the slip velocity. For
temperature eld, the rarefaction e ect (temperature
jump) is calculated by applying Smoluchowski model:
Tslip Tw =





1
2 T 2( 1)
q
( qn );
T
+ 1 R 2RTw
(10)


in which Tslip and Tw are the slip temperature and wall
temperature, T is the accommodation coecient of
temperature, and qn is the normal component of heat
ux at the wall.
In order to solve the governing equations,
Kurganov-Tudmor (KT) method is used, which was
introduced in 2000 [35]. In this method, a collocated
cell is used to solve the eld of velocity and pressure;
there is no need for Reyman solvers. In addition, KT
method is a very stable and relatively simple approach
to solve compressible ows. OpenFOAM code is used
for applying this method and Crank-Nicholson method
is applied for solving the unsteady equations along the
time.

Figure 2. Veri cation of the code for a straight channel.
Di erent mesh sizes are used for more comparisons.

4. Mesh independency and veri cation
In this section, the correctness of the numerical code
is checked by comparing the results with the previous
results. Also, independency of solution from the mesh
size is investigated. In order to verify our numerical
code, compressible viscous ow in a straight microchannel is calculated and compared with Hong et al.'s
work [3]. Compressible air ow in a microchannel with
height and length of 10 m and 2000 m is considered
while a constant heat ux of 104 W/m2 is applied at the
walls. Air with stagnation temperature and pressure
of 300 K and 400 kPa enters the microchannel while
the outlet pressure is 100 kPa. According to Figure 2,
there is a very good agreement between the results of
our code and the results of Hong et al. [4] for a straight
channel.
The distribution of Mach number along the
curved channel by using di erent mesh sizes are shown
in Figure 3. For this mesh study, the problem condition
is analogous with the case 11 in Table 1. According to
these results, the mesh size of 30  200 has been used
in our study.

Figure 3. Variation of Mach number along the curved
channel for di erent mesh sizes.

5. Results
5.1. The e ect of pressure ratio

According to the work of Hong et al. [4], in a plane
channel, by increasing pressure ratio, the e ect of
rarefaction decreases in comparison with compressibility e ects. Distribution of Knudsen number is
shown in Figure 4. Heat ux of 104 W/m2 is applied

Figure 4. Knudsen number distribution along the

micro-channel at di erent pressure ratios in slip and no
slip conditions (Dt = 5 m, q00 = 104 W/m2 ).
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to the walls and throat height is considered 5 m.
As shown, at pressure ratio of 1.1 and at the microchannel's upstream (x < 180 m), the Knudsen
number curves of slip and no-slip conditions are quite
similar, and increase monotonically. In the curved
portion (150 < x < 210 m), there is a considerable
increase in rarefaction because of raising the Mach
number. Finally, at the downstream (x > 210 m),
the di erence between slip and no-slip models appears
to be important. In fact, after the curved portion,
the density and pressure decrease dramatically which
causes increment of rarefaction and in the rare ed
regime, we expect to have a sensible di erence between
slip and no-slip models at the walls.
In order to estimate the compressibility at di erent pressure ratios, distribution of Mach number along
the micro-channel is demonstrated in Figure 5. To
show more details of Mach number in a constricted portion, the Mach number curves of this section are magnied. In general, the di erence between slip and no-slip
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models in prediction of compressibility is not sensible.
As expected, at pressure ratio of 1.1, the ow at a
constricted region is incompressible. And, when the
pressure ratio goes above 1.2, compressible ow is seen.
After the discussion of rarefaction and compressibility, the non-dimensional surface temperature is
considered in Figure 6. According to this gure,
at the upstream and before the constricted portion,
there is no sensible di erence between slip and no-slip
models of velocity and temperature at the walls, while
considerable distinction appears at the constricted
microchannel and its downstream, and it is necessary
to use Maxwell and Smoluchowski models for velocity
and temperature elds to take into account the e ects
of rare ed gas ow. Another important point is that
using slip model is necessary at every pressure ratio.
Also, as the pressure ratio increases, the necessity
of slip modeling increases in the constricted channel.
Thus, in the subsequent sections, the Maxwell and
Smoluchowski models are used in the simulations.

Figure 5. Mach number along the channel at di erent pressure ratios (Dt = 5 m, q00 = 104 W/m2 ).

Figure 6. Wall temperature at di erent pressure ratios (Dt = 5 m, q00 = 104 W/m2 ).
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Figure 7. Mach number contours and velocity vectors
around the constricted microchannel (Pstg =P0 = 1:5,
Dt = 25 m, q00 = 105 W/m2 ).

5.2. The e ect throat height

Another important parameter in the description of gas
ow in a constricted channel is the throat area. In
this section, by considering a constant heat ux of
q00 = 105 W/m2 and a pressure ratio (Pstg =P0 ) of 1.5,
the e ect of constriction height (Dt ) on hydrodynamics
and thermal characteristics is investigated. At rst,
we compare the circulation just at the downstream of
the constricted region by considering the constriction
height of 5 and 25 m. As seen in Figure 7, in the
case of Dt = 25 m, the order of Mach number at
the upstream is about 0.3, and as expected, compressibility increases at the constricted channel, while the
concentration of high-speed ow is widely expanded at
the downstream. The velocity pro les at di erent cross
sections are mainly uniform and no circulation (wake
region) is seen after the constriction. On the other
hand, as seen in Figure 8, with a constriction height
of 5 m, high-speed ow is concentrated at the constricted channel; the ow compressibility dramatically
decreases afterwards. In this case, the high-speed ow
causes a wake region after the constriction in which
there is a clockwise circulation.
Distribution of Knudsen number for di erent
constriction heights is demonstrated in Figure 9. In a
plane channel, the rarefaction increases monotonically;
the change of Knudsen number is not considerable.
When Dt = 25 m, rarefaction increases in comparison
with a plane channel as a result of decreasing mass ow
rate, but there is not an evident change of Knudsen
number at constricted part. Further decrease of throat
height results in sudden increment of Knudsen number
in the constricted microchannel, which is caused by

Figure 8. Mach number contours and velocity vectors
around the constricted microchannel (Pstg =P0 = 1:5,
Dt = 5 m, q00 = 105 W/m2 ).

Figure 9. The e ect of throat height on rarefaction
(Pstg =P0 = 1:5, q00 = 105 W/m2 ).

considerable decrease of pressure and density at the
downstream.
The e ect of throat height on compressibility
(Figure 10) shows that by creating a constricted region
with a height of Dt = 25 m, in comparison with a
plane channel, Mach number at the straight portions of
microchannel decreases and increases in the constricted
area. Further decrease of throat height results in more
decrement of compressibility at the straight sections,
while the trend is di erent at the constricted region.
In this area, Mach number increases by decreasing con-
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Figure 10. The e ect of throat height on compressibility
(Pstg =P0 = 1:5, q00 = 105 W/m2 ).

striction height down to 15 m and then, Mach number
decreases again. Therefore, there is an optimum throat
height to have the most compressibility in the constricted channel. This phenomenon can be explained
by considering two major e ects of decreasing throat
height:
1. Increase of resistance against the uid ow and
decrease of mass ow rate;
2. Decrease of cross section at the constricted region
and increase of uid velocity in this area.
At lower throat heights, the rst e ect is so dominant
that the Mach number will not be considerable even by
less cross section at constricted portion.
Finally, the surface temperature is considered in
Figure 11. Similar to compressibility, there are two
e ects of decreasing throat height:
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Figure 12. The e ect of applied heat ux on rarefaction
(Pstg =P0 = 1:5, Dt = 5 m).

1. Decrease of mass ow rate and convective heat
transfer from the walls;
2. Decrease of cross section and more conversion of
thermal energy into kinetic energy at the constricted region.
By considering these two e ects, the minimum surface
temperature is achieved when the throat height is in
the range of 25 < Dt < 30 m.

5.3. The e ect of heat ux value

Another e ective parameter in uid ow is the heat
ux at the walls. In this section, 5 m throat height
is considered while the pressure ratio is 1.5. According
to Figure 12, the rarefaction increases as the walls are
heated more. This is mainly because of thermal creep
e ect in which more heat transfer causes less mass ow
rate and Reynolds number. On the other hand, the
compressibility is not changed by increasing heat ux
at the walls (Figure 13).
Figure 14 exhibits surface temperature of the
microchannel. As expected, more heat ux results
in a more surface temperature with higher rate of
increase along x-direction. As can be seen, just at the
downstream of the constricted portion, there is a local
maximum in temperature curve which is more evident
at higher heat uxes. This point is caused by the wake
region and less interaction of main stream with the
walls, thus less convective heat transfer.

6. Conclusion

Figure 11. Microchannel's wall temperature at di erent
throat heights.

Compressible air ow in a constricted microchannel
is investigated numerically. After studying the uid
ow at di erent pressure ratios and by considering
slip and no-slip models, it was found that using slip
model is necessary, especially at the downstream of
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3.

4.

5.
6.

Figure 13. Distribution of Mach number along the

microchannel at di erent heat uxes (Pstg =P0 = 1:5,
Dt = 5 m).

7.
8.

9.
10.

11.

Figure 14. Surface temperature along the microchannel
at di erent heat uxes (Pstg =P0 = 1:5, Dt = 5 m).

the constricted portion. According to the analysis,
decreasing the throat height results in a wake region at
the downstream. In general, decrement in throat height
results in more rarefaction and compressibility at the
constricted region. Also, there is an optimum throat
height in which minimum temperature is seen at the
region. Furthermore, at a constant pressure ratio and
throat area, more heat ux causes more rarefaction,
while the compressibility is not changed.
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