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Abstract. A new model of groundwater flowing within a confined aquifer was proposed
using the concept of local derivative with fractional order. The derivative, used in this
model, obeys all the properties of a local derivative, and has a fractional order. The new
groundwater flow equation was solved analytically via three different analytical methods.
The first method was the well-known method of separation of variables. The problem with
this method is the introduction of the eigenvalue that does not have physical meaning.
The second method was achieved using novel integral equation called Atangana-transform,
and this method yields an exact solution. An alternative method based on the modified
Boltzmann transformation also yields the exact solution. Some numerical simulations were
done to express the efficiency of the model.

(© 2016 Sharif University of Technology. All rights reserved.

1. Introduction

In the past decade, several researchers have devoted
their attention to investigate the flow of groundwater
within the geological formation called aquifer. The
first mathematical equation describing this problem
was proposed by Theis, however, we shall mention that
this equation was borrowed from the heat model where
the medium through which the head transfer is homo-
geneous [1-4]. The mathematical equation proposed
by Theis uses the local derivative. However, in the last
century, it was revealed in many branches of sciences
that the derivative proposed by novel is not able to
accurately describe some complex physical occurrences,
for instance, this derivative cannot account for the
variability of an aquifer. Anomalous diffusion processes
in complex media can be well characterized by using
fractional-order diffusion equation models [5-9]. The
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time derivative term is corresponding to the long-time
heavy-tailed decay and the spatial derivative for non-
local diffusion. In 2006, Botha and Cloot proposed the
model of groundwater flow using the Riemann-Liouville
fractional order derivative [10]. Although the numerical
simulation showed good agreement with experimental
data, it is required to consider that the physical motive
of and the physical meaning of this model cannot be
explained. For instance, the initial condition used for
their model does not have physical meaning because
there is no fractional initial condition in nature. In
addition, the derivative used in their study describes
the flow in the global scale; therefore, one cannot
describe the flow at the borehole, as it is local. In
2013, further studies using the Caputo derivative were
done at the Institute for Groundwater Studies, South
Africa, and the good news with the Caputo derivative is
that it allows the use of the traditional initial condition,
however, one cannot describe the flow at local scale [11-
14]. To take into account the variability of the aquifer
together with the locality of the flow, we propose the
use of the new derivative called beta-derivative. This
derivative has been used in many fields, for instance,
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in epidemiology. Another concept of local derivative
with fractional parameter was used in the following
works [15-19]; however, this derivative cannot be used
in groundwater flow problem because the derivative has
been proposed to take care of fractal observations which
are not found in an aquifer. In this study, we aim
to propose a new model for the flow of groundwater
within a confined aquifer using the beta derivative [20].
The structure of this paper is as follows: in Section 2,
we shall present some useful properties of the beta-
derivative; in Section 3, we shall present the derivation
of the new equation; in Section 4, shall we present the
derivation of analytical solution using three analytical
methods, and finally in Section 5, we intend to present
numerical simulation with experimental data.

2. Some information about beta-derivative

Definition 1: Let f be a function, such that, f : [a,
o0) — R. Then, the beta- derivative is defined as:

1-p8
fle+i{o+ = — f(z)
£D2 (f()) = lim Gl F‘f’) ) -

for all « < z,8 € (0,1]. Then, if the limit of the above
exists, f is said to be beta-differentiable [15,16].

It can be claimed that the above definition does
not depend on the interval. If the function is differen-
tiable, our definition at a point zero is different from
ZE10.

Theorem 1. Assume that g # 0 and [ are two
functions beta-differentiable with the 8 € (0,1], then
the following relations can be satisfied [14]:

L 5D (af(z) +bg()) = af DI (f(2)) + b5 D (9(x))
all @ and b are real number;

2. 4'DP(c) = 0 for ¢ any given constant;

3. DI (f9(x)) = f(2)g DI (g(2)) + g(2)§ DI (f(@));

Aps (1@ _ F@EDIg(e)—g(@)E DI ((2))
4. oDz(gm)— : @2 :

The proofs of the above relations are the same as
the one in [15,16].
Theorem 2:  Assume that f : [a,00) — R be a
function such that f is differentiable and also beta-
differentiable. Let g be a function defined in the range
of f and also differentiable, then we have the following
rule:

0 D7 (fog(x)) = f(a)5 DI (9(f ()

= g(2)5 DI (f(9(x))). (2)

Definition 2: Let f : [a,00) — R be the given
function, then we propose that the beta-integral of f
18:

sty = [ (o4 F(lﬁ))ﬁ Ft)dr 3)

The above operator is the inverse operator of the
proposed fractional derivative. We shall underpin this
statement by the following theorem [15,16].

Theorem 3: §D? [15(f(x))] = f(x) for all a <
x, B € (0,1] with f as a given continuous and differen-
tiable function [15,16].

3. Derivation of the new groundwater flow
equation

To derive the new groundwater flow equation, we make
use of the principle of continuity equation of flow, that
is, the difference between the rate inflow and the rate
outflow from annular cylinder is the equation of water
volume change within the annular space. Thus:

Qy— Q1 =4DPIV(H)], 0< B <1, (4)

where )1 is the rate of inflow, Q5 is the rate of outflow,
and the right hand side is the rate of volume change
that account for the variability of the aquifer together
with the locality of the flow within the annular space.
The new definition of slope of the hydraulic gradient
at the inner surface is [21,22]:

If h is the height of piezometric surface above the im-
pervious stratum, then the slope of hydraulic gradient
line at the outer surface is provided as [22]:

. Oh(r,t)  O%h(r,t)
> + or2 (5)

Nonetheless, using Darcy’s law, we obtain:
Q) = Kj(Area of the flow). (6)

Therefore, in the case of the inner flow, we have the
following expression:

Oh(r,t) N O?h(r,t)

@ =K ( or or?

) 2x(r +dr)b). (7)

In the case of outflow, we have the following expression:

Qs = (W) (277b). (8)

Here, b is the thickness of the confined aquifer. Now
from the definition of storage coefficient (S), S is the
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volume of water released per unit surface area per unit
change in head normal to the surface. Therefore, the
change in volume is given as:

OV = 2nrSdrdh. (9)
This leads us to the following equation [22]:

o DYV (8)] = 2mrdrg D} [h(2)], (10)
where t is the time since the beginning of pumping.

However, substituting Eqgs. (7) and (8) in Eq. (10), we
obtain the following equation:

K <ah(r’ ) +32h(r’ t)) (27r(r + dr)b)

ar or?
[ Oh(r,t)
- K ( o )(27r7’b)

= 271 Sdr{ DS (h(r, t)). (11)

Now, dividing on both sides by 27rdr and neglecting
the higher order terms, we obtain:

Oh(r,t)  O%h(r,t S

Thus, in terms of transmissivity, we have:

Oh(r,t) N 9?h(r,t)

_Saps
ar 87’2 - fo DO (h(r7 t))

The above equation is the modified groundwater equa-
tion of unsteady flow towards the well. In this equation,
h is hydraulic head, r is radial distance from the well,
S is storage coefficient, T' is transmissivity, and ¢ is the
time since the beginning of pumping [1-4,20-22].

4. Derivation of analytical solution

In this section, we present three different analytical
methods for solving the new groundwater flow equa-
tion.

4.1. Method of separation of variable
Separation of variables, also known as the Fourier
method, is any of the several methods for solving
ordinary and partial differential equations, in which
algebra allows one to rewrite an equation so that each of
two variables occurs on a different side of the equation.
For a partial differential equation with two parameters,
the method assumes that the solution is in form of:

h(r,t) = U(r)V(t). (13)

Then, the above is replaced in the main equation, and
two different equations are obtained with the inclusion
of an eigenvalue. We shall use this method to derive the

solution of the new groundwater flow equation. Now,
replacing Eq. (13) into Eq. (12), we obtain:

dU (r) 2U(r) Sa

= Z4pP .
v+ vint P = Lpl v )
(14)
Rearranging, we obtain the following equations:
dU(r) |, d*U(r) _ 2
4 e = = AU(r)
d dr? (15)

DIV = =NV (1)

Here A is known as eigenvalues. The first equation in
the above can be solved using the Sumudu transform.
The Sumudu transform of a function posits that f(x)
is defined as:

SN = [ Texp [-2] fayde,

u

Here are some useful properties of the Sumudu trans-
form operator:

S(p) = T =IO (16)
S (") ) = T ZIO O a7)
521 @) = ;5. (18)

Now applying on both sides of equation using the above
properties, we obtain the following expression:

1dU(w)  Ulw) = U(0) _U'(0)

_ 2
— = " = AU (u). (19)

Rearranging, and taking into account the boundary
condition, we obtain:
dU (u)
du

u + (1+ (Mu)?) U(u) = 0. (20)

Eq. (20) can further be arranged as follows:

dU(u) _ (1 +()\u))2du. (21)

U(u) U

The above equation has an exact solution:

U(u) = exp l—/w)\u))] . (22)

u

Nevertheless, applying the inverse Sumudu transform
on both sides of Eq. (22), we obtain the following
solution:

U(r) = Jo(A2r). (23)
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The above expression is known as the Bessel function
of the first kind and is defined as:

= (-nf 1 2
=3 S w (3)

The second equation of Relation (15) that is:

S
24Dl (n)] =

has as an exact solution:

T2 1) 1
as((”r(m) GL )] o

Thus, using the procedure of the separation of vari-
ables, we obtain the exact solution of the new ground-

Wa(er ﬂOW equallon as:

h(r, t) :cnij% exp [—

_ <r(15)>ﬂ)} Jo[Aur]. (25)

Using the initial condition, we obtain the exact solution
of the new groundwater equation to be:

Q T, 1
h(’l’7t) :m gexp [— 5 ((t + m)ﬁ

~ (5" )] b

We shall now present an alternative way for solving this
equation.

_)‘QV(t)7

V(t) =cexp [—

4.2. Beta-Laplace transform method

Due to the nature of the new groundwater equation,
it is not possible for the common Laplace transform to
be used in order to derive the exact solution from this
equation. We shall, therefore, use the newly-introduced
integral transform operator called the beta-Laplace
transform or Atangana transform operator [16].

Definition 3:
B—n
0 < 8 < n the Laplace transform of (t + ﬁ) f()

exists, then the Atangana-transform of f is defined as:

Let f be a function such that for any

[*S) B—n
LMWWﬁzA G*&@) ﬂ%m%ﬂ%@

The above operator has the following property:

n
ZSL 1fn k)

Ls [¢D7 (1) =s"T .
k=1

Therefore, applying the Atangana-transform on both
sides of Eq. (12), we obtain:

aH(T,S) + aQH(T,S) _ E(sH(T S) —

ror ar2 T h(r,0)).

We can now apply the Laplace transform on both sides
to obtain:

H
u%““LQH(T’5)_“2H(075)—/\2H(u,8)20. (28)
with:

)\2 = SE

Applying the boundary condition together with the
initial condition, we obtain the following:

udH(u7s)

I + (u? = M) H(u,s) = 0. (29)

The exact solution of the above equation is given as:

Ulr,s) = J0<51'°:).

Therefore, applying the inverse Laplace twice for s and
u, we obtain the following exact solution:

<[l B (o)
(i) )

applying again the initial condition, we obtain the
following exact solution of the new groundwater flowing
within a confined aquifer:

o= [ 3l 25 (o)
(st o=
u = %h(r t) = t_ctoexp[—u5o]. (30)

The following integral will be referred to as beta-
exponential integral:

[ i[5 (i) - (o)l
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4.3. Alternative method

An alternative method is used here to derive the exact
solution of the new groundwater flow equation. This
method is often used for some classes of parabolic
partial differential equation. This method used the
concept of reduction of dimension; in particular, the
method used the Boltzmann transformation. In this
method, they defined an arbitrary t5 < ¢ by the
equation:

Sr?

AT(t — to)’ (32)

Ug =
However, in the case of the new groundwater flow equa-
tion, the above equation cannot be used, and to extend
this method to the scope of beta-partial differential
equation, we propose the following transformation:

Sr?
Upo = . (33)

B
AT (t —to + ﬁ) - (r(}a))

Now, let us consider the following function:

h(r,t) = exp[—ugo), (34)

c
t—to
with ¢ being any arbitrary constant. If we assume that
ry 18 the ratio of the borehole from which the water is
being taken out from the aquifer, thus, the total volume
of the water withdrawn from the aquifer is provided by:

Q()Ato = 4ncT. (35)
Here:
h(r,t) = —Ctg exp[—ugo), (36)

is the drawdown which will be experimental at a
detachment, r from the pumping well after the time
space of Atg. Now, «, assume that the above formula
is continual m-times, meaning that water is being
removed for a very short period of time, At;, at con-
secutive times. tp41 = tp + Atk (k=0,1,2,...,m). In
this instance, since the new groundwater flow equation
is linear, the total drawdown at any time ¢ > t;, is given
by:

hos0) = o 3 T expl-upol (37)

47T t
k=0

Note that in the above equation, the summation can be
transformed into an integral if At — 0, Then Eq. (37)
becomes:

exp —ug0]

h(r 47TT/ Qa)—, — . (38)

A particularly important solution which arises when ¢,
is considered at the origin zero and at the point the
discharge rate is independent of time, then Eq. (36)
becomes:

h(r,t) —% /00 %exp {—j;—); ((t + ﬁ)’a

(st = o

5. Numerical simulations

In this section, we shall show some numerical simu-
lations of the new groundwater flow model; here we
use Q = 100, T = 10, and S = 10~°. The plots are
shown for two different values of . The simulations are
depicted in Figures 1 and 2 as the time-space change
of water level. Figures 3 and 4 show the contour plot
as the function of time and space.

Drawdown

Figure 1. Exact solution of the new groundwater flow
equation as a function of x and ¢ for a = 0.6.

o N
o ot

Drawdown
-

Figure 2. Exact solution of the new groundwater flow
equation as a function of x and ¢ for a = 0.5.
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2 4 6 8
Figure 3. Contour plot exact solution of the new

groundwater flow equation as a function of z and ¢ for
o= 0.6.

10 |

2 4 6 8

Figure 4. Contour plot of exact solution of the new
groundwater flow equation as a function of z and ¢ for
o =0.5.

6. Conclusion and discussion

Groundwater is an important source of potable water;
consequently, many studies are required to accurately
understand the movement of this water within the
geological formation called aquifer. This description
is usually achieved using mathematical formula, for in-
stance, the Theis groundwater flow equation. However,
this equation uses the concept of derivative. The Theis
equation uses the Newton version of derivative that
does not accurately describe many physical problems
as were revealed in many researches in the literature.
The modified equation by Botha and Cloot used the
Riemann-Liouville fractional derivative. This version
does describe the flow non-locally, therefore, it cannot
be used at the borehole. In addition, it uses non-
conventional initial and boundary conditions. A mod-
ified one by Atangana, using the Caputo derivative,
also describes the flow non-locally. Although it uses
the usual initial and boundary conditions, it cannot be

used at the borehole. This new model describes the
flow locally and also describes it globally.
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