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Abstract. A micromechanical phase-�eld model is utilized to study the evolution of nano-
structure Al3Sc phase in Al-Sc alloy. We study the formation of Al3Sc precipitates in an
Al-Sc alloy by using an elastic phase-�eld model. Since the precipitates of Al3Sc phase are
fully coherent with the Al matrix, the elastic energy will have an in
uence on the resulting
morphology. We have studied the e�ects of elastic strain energies on shape evolution of
Al3Sc phase, numerically. The simulated nano-structures evolve from spherical to cubic
shapes. The equilibrium shape of the coherent Al3Sc phase is found to be determined by
minimizing the sum of the elastic and interfacial energies through the phase-�eld equations.
A coherency loss is observed when the precipitates reach a speci�c size. The simulation
results show good agreements with previous experimental studies.
© 2016 Sharif University of Technology. All rights reserved.

1. Introduction

Due to their light weight, high strength, and corrosion
resistance, Al-Sc alloys are of great interest for high-
performance structural applications. As a promising
and attractive age-hardened aluminum alloy, Al-Sc
alloy has been extensively investigated in experimental
and numerical studies [1-4]. In binary Al-Sc alloys,
Sc additions provide an excellent improvement in me-
chanical properties owing to the formation of a high-
number density of nano-scale L12-Al3Sc precipitates
during aging [5-8].

In addition of dilute amounts of Sc to Al, the
most important intermetallic compound is the Al3Sc
phase. The L12-Al3Sc precipitates are coherent with
the �-Al matrix with a little lattice mis�t of about 1%
and form the �-Al/L12-Al3Sc interface and a two-phase
microstructure. These precipitates have an ordered
structure based on the Al fcc lattice with Sc atoms
at the face center of unit cells and are very stable
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with respect to coarsening [8,5]. Due to the similarity
between crystal lattice of Al3Sc phase and the Al
matrix in terms of their structures and dimensions,
the spherical Al3Sc phase particles precipitate fully
coherently with the matrix during decomposition of
solid solution [7]. Therefore, in the decomposition of
supersaturated solid solution of Al(Sc), formation of
nano-scale Al3Sc phase and its morphology will depend
on elastic energies as well. Therefore, the resulted
morphology is determined by the elastic energies and
elastic interactions between the precipitates and the
matrix. In this paper, we aim to study the elastic
contributions in evolution of these phase particles by
using a phase-�eld approach.

The phase-�eld method has emerged as a pow-
erful tool to predict microstructure evolution in many
material systems like coherent solid-state phase tran-
sitions [9,10] and multiphase growth [11,12]. It is a
genuine representation of the original free-boundary
problem in sharp-interface limit as the interface thick-
ness tends to zero. In the phase-�eld concept, the
interfacial conditions are avoided by introducing a set
of smooth variables, the so-called phase-�eld variables,
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which characterize time and spatial evolutions of bulk
phases in the underlying system [13]. The phase-
�eld model has successfully been applied to study the
coherent precipitation of L12 ordered intermetallics
from a disordered fcc solid solution in Ni-base al-
loys [14], in which the formulation of the free energy
is based on the concentration wave representation of
the ordered state. In a di�erent way, Folch and Plapp
have developed a phase-�eld model for eutectic and
peritectic solidi�cation, in which a smooth free energy
functional is used to connect any two phase [15]. The
work of Folch and Plapp has further been extended
to include anisotropic elasticity and misorientations in
eutectic growth [16,17], in which the free energy of the
system consists of a chemical free energy and an elastic
free energy.

Here, the previous elastic phase-�eld model [16] is
�rst adapted to phase transitions in solids with cubic
anisotropy and then applied to model the evolution of
Al3Sc precipitates in an Al-Sc system. This extension
of the Folch and Plapp model to precipitate growth is
new and has not been reported in the literature. We
have represented the related phase-�eld equations in
the �rst part of this paper. The e�ects of elastic mis�t
in precipitation of Al3Sc particles are discussed later
and the simulation results are illustrated.

2. Phase-�eld model

Consider the precipitate growth in a matrix with an
interface of width, W . The distinct entities which
should be considered in precipitate growth are the
precipitate, the matrix, and the interface between
them. Here, we aim to study the formation of Al3Sc
precipitates in an Al-Sc alloy by using an elastic phase-
�eld model. In the phase-�eld method, we represent
the entire microstructure by continuous scalar vari-
ables, the so-called phase-�eld variables, as the volume
fraction of the existing phases in the system. Each
phase-�eld variable, which is denoted by �i, is unity
in the corresponding ith single phase region and zero
outside that phase, i.e. �i 2 [0; 1], and smoothly varies
between these two values. �i = 1 then represents
the domain where phase i exists, �i = 0 where it is
absent, and 0 < �i < 1 is its bounding interfaces [16].
The phase-�eld variables should satisfy

P
i �i = 1. In

precipitate growth, the index i represents the matrix
and the precipitate phases, respectively.

Traditional phase-�eld models are connected to
thermodynamics by a phenomenological free energy
functional, written in terms of the phase-�eld and other
�elds, such as temperature, concentration, and strain.
Through a dissipative minimization of this free energy,
the dynamics of one or more order parameters, as well
as those of heat or mass transfer are governed by set
of non-linear partial di�erential equations. In phase-

�eld models of coherent binary alloys considered here,
the free energy density is a functional of two phase-
�led variables, ~� = (�p; �m), a concentration, c, a
temperature, T , and vector of elastic displacements,
~u. The total free energy of the material system is
described by the volume integrals of the free energy
density, as introduced in [16]:

F =
Z
V
f(~�; c; T; ~u)dV; (1)

where the bulk free energy density, f(~�; c; T; ~u), is given
by:

f(~�; c; T; ~u) =
�2�j~r~�j2

2
+Hfp(�i) +Xfch(�i; c; T )

+ Y fel(~�; ~u); (2)

where �� =
p
HW is a constant that sets the interface

energy and has the unit of energy per unit length,
[J/m]1=2, and the gradient term on rhs of Eq. (2) is the
kinetic part of the free energy density. The constant
W sets the length scale of the interface between matrix
and precipitate phases. The constants H, X, and Y
have the dimension of energy per unit volume [J/m3].

The dimensionless functions fp, fch, and fel
must have two local minima to account for two pos-
sible phases, which are the matrix m and precipitate
phase, p. The elastic interactions are included in the
phase-�led model by de�ning an elastic free energy
density, fel, which is described in Eq. (11). The
function fp is the double well potential, which has two
minima for �p and �m, corresponding to the phase-
�eld variables of the matrix and precipitate phases,
respectively. The simplest choice for fp, which is
usually used in the phase-�led models, is:

fp(�i) =
X
i

�2
i (1� �i)2 for i = m; p: (3)

Structural transformations in alloys involve the precip-
itation of one or more ordered phase from a disordered
phase and mass transport. The transformation that
we consider here is the precipitation of Al3Sc phase
particles from the Al matrix. Two concentration
�elds are de�ned in this case, one for the precipitate
phase, cp, and another for the matrix phase, cm. The
concentrations cp and cm are restricted to satisfy a
constant chemical potential by imposing the condition
@Bp(cp)=@c = @Bm(cm)=@c, where Bp and Bm are the
free energies of the precipitate and the matrix phases,
respectively. This implies that any di�use interface
is a mixture of matrix and precipitate phases with a
constant chemical potential.

The function fch is the chemical free energy
density, which determines the phase-diagram of the
alloy and is de�ned as:
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fch(�i; c; T ) =
1
2

(c�X
i

cigi(�i)2 +
X
i

Bi(T )gi(�i);

for i = m; p; (4)

where ci is the concentration of the phase i in equi-
librium with another phase and Bi is the free energy
density of phase i.

The relative stability of the phases depends on the
concentration values. This requires adding a function
to the free energy density that well tilts the double by
an amount proportional to the local driving forces [15].
We construct a function, gi, that well tilts the double
and besides keeps the minima of the free energy at �xed
values �i = 0, 1 independent of the value of c. In other
words, gi(�i) should be a monotonic function satisfying
gi(�i = 0) = 0 and gi(�i = 1) = 1. We construct the
tilting function, gi, analogous to the available models
of single-phase solidi�cation [18] as follows:

gi(�i) = �3
i (6�

2
i � 15�i + 10); (5)

where the index i represents the ith phase region, which
could be the precipitate or the matrix phase. We de�ne
the chemical potential � as the variation of F with
respect to the concentration c:

� =
�F
�c

= c�X
i

cigi(�i) for i = m: (6)

The concentration �eld c evolves according to mass
conservation equation:

@c
@t

= ~r �
�
M(~�)~r�F

�c

�
; (7)

where M(~�) is the chemical mobility. Substituting the
chemical potential given by Eq. (6) in Eq. (7), the mass
conservation equation becomes:

@�
@t

= ~r � �D(~�)~r���X
i

ci
@gi(�i)
@t

; (8)

where D(~�) = XM(~�) is a phase-dependent di�usivity.
In our model, we consider the di�usivity as D(~�) =
D�m, where D is the solute di�usion coe�cient.

To describe the elastic stresses in evolution of
coherent precipitates, we consider uni-directional mis�t
applied on the interface of two di�erent solid phases.
The mis�t strain �m accommodates the mis�t stress �mij
on the boundary between two solid phases as described
in [16]. The constitutive law for a material with cubic-
anisotropy is established by only 3 material constants,
C11, C12, and C44. In two-dimensional model, the
displacement vector is ~u = (u1; u2) and the stress and
the strain tensors are ~� = (�11; �22; 2�12 and ~� =

(�11; �22; 2�12), respectively. We write a general stress-
strain relation according to linear elasticity to relate
the stress and strain tensors, �ij and �ij , respectively:

�ij =
1
2

�
@ui
@xj

+
@uj
@xi

�
; (9)

�sij = csijkl�kl � �mij �ij ; s = m; p; (10)

where i; j = 1; 2 in our phase-�eld model.
The elastic free energy fel(~�; ~u), which incorpo-

rates the elastic interactions due to the lattice mis�t
between the precipitate and the matrix phases in the
phase-�eld model, is de�ned as:

fel =
X
s=m;p

h(�s)fsel; (11)

fsel =
1
Y
csijkl(�kl � �m�ij)2; (12)

where cijkl is the forth-order sti�ness tensor. The
phase-dependent elastic free energy density of the
system fel is constructed by the sum of the elastic free
energy densities of individual phases fsel weighted by
a function h(�s). We choose h(�s) = �2

s(3 � 2�s),
which satis�es h(�s = 1) = 1, h(�s = 0) = 0 and
h0(�s = 0; 1) = 0. The mis�t strain �m is included
in Eq. (12) to incorporate the in
uence of the mis�t
between eutectic lamellae.

The temporal evolution of the two non-conserved
phase-�eld variables �m and �p gives the location of
interface between the precipitate and the matrix phases
and is a relaxation toward the minimum of the free-
energy functional F :

�(~�)
@�i
@t

= � 1
H
�F
��i
j�m+�p=1; for i = m; p: (13)

�(~�) is a relaxation time and controls the time of
attachment of atoms to solid interfaces. Since we have
the constraint �p + �m = 1 in our phase-�eld model,
we can consider the equation of motion (Eq. (13)) for
the precipitate phase only. The evolution of the matrix
phase is then computed as �m = 1��p. The derivative
�F=��ij�p+�m = 1 in Eq. (13) can be evaluated by
the method of Lagrange multipliers analogous to [15].
Using this and replacing the components of the free
energy density, fp (Eq. (3)), fch (Eq. (4)), and fel
(Eq. (11)) in Eq. (13), we obtain the evolution of �p
as:

�(~�)
@�p
@t

=W 2
�r2�p � 2�p(1� �p)(1� 2�p)

� �c
2
@gp(�p)
@�p

[�(cm � cp)� (Bm �Bp)]

� �e
3

�
2
@h(�p)
@�p

fpel � @h(�m)
@�m

fmel

�
; (14)
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By taking the derivatives @g(�p)=@�p and @h(�p)=@�p,
Eq. (15) is then simpli�ed to:

�(~�)
@�p
@t

=W 2
�r2�p � 2�p(1� �p)(1� 2�p)

� 15�c�2
p(1� �p)2[�(cm � cp)

� (Bm �Bp)]� 2�e[2�p(1� �p)fpel
� �m(1� �m)fmel ]; (15)

where W = ��=
p
H is the thickness of the interface

between the precipitate and the matrix phase. �c =
X=H is a coupling constant that connects the phase-
�eld model to the material parameters and the phase-
diagram of the alloy. The constant �e = Y=H
also couples the elastic interactions to the phase-�eld
equation.

We evaluate the elastic displacements (u1; u2) by
a set of nonlinear equations, which are obtained by
writing the mechanical equilibrium equation within the
alloy system:

@
@xj

 X
s

h(�s)�sij

!
= 0 for s = m; p: (16)

An elastic phase-�eld model with cubic-anisotropy
for eutectic solidi�cation is developed in [16]. We
modify this model to account for elastic interactions in
precipitation of Al3Sc phase from the Al matrix. The
elastic free energy of the individual phases in Eq. (12)
for cubic-anisotropy is given by:

fsel =
1
Y

[(Cs11 + Cs12)(�211 + �222) + 2�212C
s
44+

� 2�2m(Cs11+Cs12)�2�m(Cs11+Cs12)(�11+�22)]:
(17)

Substituting �ij and �ij from Eqs. (10) and (9) in
Eq. (16) and taking the derivatives for i, j = 1; 2,
results in a system of two di�erential equations in terms
of the displacement �elds, u1 and u2 (see Ref. [16]
for more details). Once the displacements are found
by solving Eq. (16), the corresponding strains are
computed from the linear elasticity theory, Eq. (9).
After that, the calculated components of the strain
tensor will be substituted in the phase-�eld evolution
equation (Eq. (15)). The phase-�led equation is solved
together with the di�usion equation (Eq. (8)) and the
phase-�led variables �p and �m and the concentration
c are evaluated at each time step.

3. Numerical simulations

3.1. Model parameters
We consider a supersaturated Al-Sc solid solution,
which can decompose via a precipitation reaction to

form coherent precipitates of the Al3Sc phase. In our
phase-�eld model, the temperature is kept constant
when an isolated precipitate of phase p is growing into a
matrix of phase m. The compositions of Al matrix and
Al3Sc precipitates are normalized in such a way that
the scaled equilibrium composition of phase m is zero
and that of phase p is one. The radius of the particle
precipitates is r0 with composition of cp. The initial
composition outside the particle is c1. We de�ne the
matrix supersaturation parameter (equilibrium volume
fraction) as � = (c1 � cm)=(cp � cm), where cm
is the equilibrium matrix composition obtained from
phase diagram and the precipitates grow under a
supersaturation of (c1� cm). We use estimated values
of D = 5:2�10�4 m2/s and � = 0:1 for the simulations.

Uniaxial compression tests of Al-Sc alloy show
that the Al3Sc intermetallic compound is harder than
pure Al phase. The mechanical properties of L12-
Al3Sc precipitates are widely investigated [19,20]. The
used values of the elastic constants of the precipitates
and the matrix are listed in Table 1. As in the
standard phase-�eld models [18], the interface thickness
W should be larger than the average capillary length, �d,
to make the phase-�eld simulations feasible. Therefore,
we choose W= �d as the resolution for our model in a way
that it ful�lls the above requirement. We de�ne the
phase-dependent relaxation time as:

�(~�) = �� +
�m � �p

2
(
�m � �p
�m + �p

); (18)

where �i (i = m; p) is the time relaxation of each
individual phase and �� = (�m+�p)=2. We scale lengths
by W and time by �� and get the following dimensionless
parameters:

~�(~�) =
�(~�)

��
; ~D =

D��
W 2 and ~t =

t
��
: (19)

The elastic coupling constant �e is �xed by �e = �c so
that Y = X.

We use a standard �nite di�erence approach to
discretize the model equations with a grid spacing
�x=W = 0:8. The time-independent mechanical equi-
librium equations, Eq. (16), are solved together with
the phase �eld and the di�usion equations, Eqs. (15)
and (8), which are simulated by a �rst-order Euler
Scheme with a time step �t=�� = 0:06.

A series of two-dimensional simulations are per-
formed in a rectangular box with symmetric boundary
conditions. The simulations are started with several
Table 1. Elastic constants for pure Al and Al3Sc phase as
reported in [8].

C11 C12 C44 Ad
Al 108 61.3 28.5 1.21

Al3Sc 189 43 66 0.9
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spherical precipitates of initial radius r0 and composi-
tion of cp. We choose the input parameters W= �d =
15:085 and Y = X = 14:22 MPa. The coupling
constants �c = �e are set to 14.26.

3.2. Results and discussions
A series of runs with �ve precipitate particles of initial
radius r0 = 2 nm are performed to examine the
evolution of Al3Sc phase. One of these particles is
placed in the center of the simulation box and one
in each corner. All of the particles initially have the
same size. The mis�t strain is set to �m = 0:0125,
as reported in [8]. Figure 1 shows the morphology of
the Al3Sc precipitates after 16000, 38000, and 48000
time cycles. The shape variations of the coherent pre-
cipitates are understood by comparing these pictures.
As we can see, the precipitate particles evolve from a
spherical shape to cubic shapes, Figure 1(a). According
to experimental investigations of Al3Sc evolution [8],
coherency loss usually occurs when the precipitate size
is large enough. For precipitate radius greater than
20 nm, mis�t dislocations are observed, which result
in coherency loss, while precipitates with 5 nm of size
are coherent [8]. Marquis et al. [8] have observed loss
of coherency, detected from the presence of interfacial
dislocations, when the precipitate size reaches about
dcr = 40 nm in diameter, where dcr is de�ned as a
critical diameter for loss of coherency. In the presented

simulation, we have imposed the perfect coherency
between the Al and Al3Sc phases until the end of the
simulation time. The precipitate cuboids in Figure 1(a)
have about 40 nm size. After that cuboids reach
this critical value in diameter, a change in the pre-
cipitates' shape of trapezoids is observed, Figure 1(b)
and (c), which is not a usual shape in precipitate
growth. This morphology change can be interpreted
as the in
uence of the coherency strain between the
matrix and precipitates, which is still applied in the
phase-�eld model after that the cuboidal size reaches
dcr. This veri�es the founding about coherency loss
of precipitates reported in [8]. Therefore, a loss of
coherency should be imposed on the model after a
speci�c time.

To elucidate the e�ects of strain energy on pre-
cipitate evolution, we have performed a series of runs
with di�erent mis�ts, �m. The initial conditions are
the same as those of the previous simulation. Figure 2
represents the morphology of Al3Sc phase after 8000
time steps for � = 0:01, 0.02, and 0.04. For �m =
0:01, cuboidal precipitates are observed, while for
larger values of mis�t, i.e. �m = 0:04 and 0.06, the
cuboidal shapes are changed to some trapezoids and
some cup-like structures, respectively. This means that
the increase in precipitates radius is accelerated with
increasing the mis�t parameter. Therefore, the elastic
interactions play a role in the evolution of precipitates.

Figure 1. Evolution of the Al3Sc precipitate in Al-Sc alloy with �m = 0:0125. The microstructure at (a) t = 16000 cycles,
(b) t = 38000 cycles, and (c) t = 48000 cycles.

Figure 2. E�ects of mis�t strain on evolution of the Al3Sc precipitate in Al-Sc alloy at t = 8000 cycles: (a) �m = 0:01, (b)
�m = 0:02, and (c) �m = 0:04.
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We have also calculated the elastic stress and dis-
placements in the evolution of Al3Sc phase. The elastic
displacements u1 and u2 are obtained by solving the
mechanical equilibrium equation, Eq. (16). Figure 3
shows the displacements u1 and u2 for �m = 0:0125 at
t = 8000 cycles. The components of stress tensor are
given in Eq. (10). The normal stress �11 is illustrated in
Figure 4(a). In Figure 4(b), we have plotted the three

Figure 3. Elastic displacements in evolution of Al3Sc
precipitate at t = 8000 cycles and �m = 0:0125: (a) The
displacements u1; and (b) the displacement u2.

Figure 4. (a) The stress component �11 in evolution of
Al3Sc precipitate with �m = 0:0125. (b) The plot of three
stress components.

stress components �11, �12, and �22 along y=W = 100,
where the interface of the precipitates and the matrix
is demonstrated by a sharp change in stress values
(from positive to negative values). The normalized
value of �11 changes between -0.11 to 0.15 between the
precipitates and the matrix; that of �22 varies from
-0.03 to 0.1, and �12 from zero to 0.1.

Formation of coherent rod-like precipitates of
Al3Sc has been reported in some experimental stud-
ies [8,5]. Therefore, we have performed some simu-
lations of precipitate particles organized in an array.
Figure 5 illustrates the evolution of an array of Al3Sc
precipitates with �m = 0:0125. The rod-like nano-
structure after 8000, 24000, and 36000 time steps is
presented in this �gure. The initial spherical particles
of Al3Sc with radius of r0 = 2 nm evolve to cuboids,
Figure 5(a). One can see that the cuboids at the ends of
the rod have the largest size, while those in the middle
of the rod have the smallest diameter. This diameter
variation is due to the coherency between the Al3Sc
precipitates and Al matrix and one can understand
that elastic interactions between these closely spaced
precipitates play a role.

When the �rst cuboid in the array reaches about
40 nm in diameter, its shape changes to trapezoid
(Figure 5(b)). After that, the height of this trapezoid
increases in time. Since formation of trapezoid precipi-
tates is not reported in the literature, we can conclude
that a coherency loss is required when the precipitate
size reaches a speci�c value. Another interesting
observation in Figure 5 is that the smallest cuboid
(the third one from the top) has retained its cubic
shape during the simulation. This also veri�es the
dependence of the elastic interactions on precipitate's
size during the evolution of Al3Sc phase.

The e�ect of mis�t strain on evolution of rod-like
structures of Al3Sc is shown in Figure 6, where the
array of precipitates is evaluated for three values of
mis�ts, �m = 0:01, 0.02, and 0.04. The acceleration

Figure 5. Evolution of Al3Sc and array of cuboidal precipitates in Al-Sc alloy with �m = 0:0125. The microstructure at
(a) t = 8000 cycles, (b) t = 24000 cycles, and (c) t = 36000 cycles.
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Figure 6. E�ects of mis�t strain on evolution of the rod-like Al3Sc precipitates. The array of cuboidal precipitates in
Al-Sc alloy is presented: (a) �m = 0; (b) �m = 0:02; and (c) �m = 0:04.

Figure 7. Elastic displacements in an array of cuboidal Al3Sc precipitates with �m = 0:0125: (a) The displacements u1;
and (b) displacement u2.

of growth kinetics with increasing the mis�t strain is
observed here as well.

At the end of the presented study, we have
evaluated the mechanical displacements and stresses in
the rod-like structure. The two displacements u1 and
u2 are illustrated in Figure 7 for �m = 0:0125. The
normal stresses, �11 and �22, for the same simulation
are shown in Figure 8(a) and (b), respectively. Stress
components are plotted along the line y=W = 100 in
Figure 8(c).

Finally, the e�ect of mis�t strain on normal stress
�11 in the rod-like structure is investigated. Three runs
with �m = 0:02, 0.04, and 0.06 are carried out and
the corresponding stress �elds are plotted in Figure 9.
Obviously, the value of �11 increases with increasing the
mis�t strain. Hence, the elastic interactions between

the precipitates and the matrix will increase.

4. Summary and conclusion

We have used an elastic phase-�eld model to investigate
the evolution of nano-structure Al3Sc precipitates in
Al-Sc alloy. The e�ects of elastic interactions on
formation of Al3Sc precipitates have been studied. The
simulation results have detected a coherency loss after
that the precipitates size reaches a speci�c value, which
is in agreement with previous experimental studies.
We have also shown that elastic energy plays a role
in evolution of the Al3Sc phase. We have observed
that the spherical precipitates are changed to cuboids
due to the coherency between the matrix and the
precipitates. The rod-like structures of Al3Sc phase
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Figure 8. (a) and (b) The stress components of �11, and �22, respectively, in evolution of Al3Sc precipitate with
�m = 0:0125. (c) The plot of three stress components.

Figure 9. The e�ect of mis�t strain on stress component �11: (a) �m = 0:02; (b) �m = 0:04; and (c) �m = 0:06.

have also been investigated in this study. Finally, the
e�ects of mis�t strain on the array of cuboids and
the related stress components and elastic displacements
have been evaluated.
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