
Scientia Iranica B (2016) 23(3), 1037{1047

Sharif University of Technology
Scientia Iranica

Transactions B: Mechanical Engineering
www.scientiairanica.com

Numerical study of material properties, residual stress
and crack development in sintered silver nano-layers on
silicon substrate

M. Keikhaiea, M.R. Movahhedya;�, J. Akbaria and H. Alemohammadb

a. Center of Excellence in Design, Robotics and Automation, Department of Mechanical Engineering, Sharif University of
Technology, Tehran, P.O. Box 14588-89694, Iran.

b. Department of Mechanical and Mechatronics Engineering, University of Waterloo, 200 University Ave West, Waterloo, Ontario,
N2L 3G1, Canada.

Received 3 January 2015; received in revised form 8 May 2015; accepted 27 June 2015

KEYWORDS
Thin �lm;
Silver nanoparticles;
Nanoscale sintering;
Residual stress.

Abstract. In order to improve the performance of thin �lm devices, it is necessary to
characterize their mechanical, as well as electrical, properties. In this work, a model is
developed for analysis of the mechanical and electrical properties and the prediction of
residual stresses in thin �lms of silver nanoparticles deposited on silicon substrates. The
model is based on inter-particle di�usion modeling and �nite element analysis. Through
simulation of the sintering process, it is shown how the geometry, density, and electrical
resistance of the thin �lm layers are changed by sintering conditions. The model is also
used to approximate the values of Young's modulus and the generated residual stresses in
the thin �lm in the absence and presence of cracks in the �lm. The results are validated
through comparing them with available experimental data.
© 2016 Sharif University of Technology. All rights reserved.

1. Introduction

Synthesizing the thin �lms of conductive materials (e.g.
silver) is a critical step in the chip level manufac-
turing process. O�-chip interconnects in the micro-
electronic assembly process also rely on printed thin
�lm interconnections. The constant need for increasing
the functionality of microelectronic products, while
reducing their size and weight, calls for more precise
control of thin �lm interconnection manufacturing
process parameters. In most applications, the �lms are
very thin, in the range of nanometers, bonded to com-
paratively thick substrates, in the range of hundreds
of micrometers. The property mismatch between the
substrate and thin �lm can result in structural failures
such as crack formation and delamination. Addition-
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ally, there exist applications for 
exible electronics,
where the �lms are deposited on substrates with high
compliance. In these applications, the 
exibility of the
substrate elevates the failure modes of the deposited
thin �lms. As a result, determining the mechanical
properties of the thin �lm is of prime importance to
gain an insight into failure modes of the printed mi-
croelectronic circuits and optimize process parameters,
accordingly, to minimize potential structural failure.
These e�ects have been explored in previous research
work, both experimentally and theoretically [1-13].
Greer and Street [1,2] investigated residual stresses,
Young's modulus, hardness and variation of thick-
ness, and the density and resistivity of sintered silver
nanoparticles, experimentally. Lee et al. [3] performed
an experimental investigation to determine the crack
pattern in silver thin �lms deposited on a variety of
substrat with di�erent thicknesses and widths. Mei et
al. estimated the residual stresses of a sandwiched as-
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sembly using simulation and experimental research [4].
Zhou et al. modeled the thermal residual stresses of
ZrO2/(ZrO2+Ni) sandwich ceramics using simulation
and experimental research [9]. Marques et al. examined
the e�ect of heat treatment on the microstructure and
residual stress �elds of a weld multilayer experimen-
tally [10]. Wang et al. also assessed the mechanical
behavior of multilayer systems in heating and cooling
phases, and determined their residual stresses using
FEM [11].

The manufacturing of thin �lms may involve
the printing or spin coating of metallic nanoparticle
solutions, followed by thermal sintering, in which
the deposited thin �lms go through a heating-cooling
cycle. The mechanical and electrical properties and the
induced residual stress in the nanoparticle thin �lms
are highly a�ected by the sintering process parameters
and pre-sintering geometrical features.

In this paper, we aim to develop a modeling
platform to study the sintering of silver nanoparticles
based on inter-particle di�usion and �nite element
analysis. The model is used for estimation of the
mechanical and electrical properties in silver thin �lms
deposited on silicon substrates. The �lm density,
thickness, Young's modulus, electrical resistance, and
induced residual stress in crack-free and cracked thin
�lms of silver nanoparticles will be studied in this
paper.

2. Inter-particle di�usion modeling

2.1. Sintering process
Sintering is a processing technique to produce density-
controlled materials and components from metal
and/or ceramic powders by applying thermal energy.
The sintering process involves three stages:

1. Adhesion stage (start of di�usion);
2. Initial stage (particles geometry change by neck

growth);
3. Intermediate and �nal stage (di�usion by shrink-

age).

There is no clear distinction between the stages, as
the processes associated with each stage tend to over-
lap; however, some generalizations can be made to
distinguish the di�erent stages in a sintering process.
Swinkels and Ashby [14] considered speci�c govern-
ing relations of micro-scale particles for each stage.
The micro-scale sintering process can be extended to
nanoparticles, with some modi�cations. For example,
nano-scale particles have a signi�cantly larger surface
energy (
s) than micro-scale particles, which results
in a signi�cant reduction in sintering temperature.
Nanoparticle sintering is classi�ed into di�erent types
based on the dominant mechanisms for shrinkage or

Figure 1. Schematic diagram of nanoparticles and the
sintering mechanism.

Table 1. Low-temperature sintering mechanisms in
polycrystalline nanoparticles.

Mechanism Di�usion path Shrinkage

Surface di�usion Surface No
Lattice di�usion Surface No
Grain-boundary di�usion Grain-boundary Yes
Lattice di�usion Grain-boundary Yes

densi�cation. Agglomeration in polycrystalline mate-
rials (e.g. silver) is governed by solid state sinter-
ing, in which the major neck growth mechanisms for
nanoparticles of more than 10 nm in size are grain-
boundary di�usion and surface di�usion [15]. As shown
in Figure 1, the low-temperature sintering of nanopar-
ticles involves four major di�usion mechanisms. The
di�usion mechanisms and the dominant di�usion paths
are listed in Table 1. The main di�usion zone (shaded
area in Figure 1) is the area in which most of the
geometric variations occur during agglomeration of the
two nano particles.

Table 1 also summarizes the mechanisms which
are important for neck formation and shrinkage in
sintering nanoparticles.

2.2. Governing equations
In this paper, we employ modi�ed micro-scale gov-
erning equations adapted for nanoparticle sintering
to determine only an approximate con�guration of
particle di�usion, as follows.

2.2.1. Adhesion stage
To solve the di�erential equations of di�usion, an initial
value (x0) is required, which is obtained from the
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adhesion equation:

x0 =
�

sa2

10�

� 1
3

; (1)

where 
s is surface energy (J/m2), a is particle radius
(m) and � is shear modulus (N/m2).

2.2.2. Initial stage
In the initial stage, particles can be rearranged into
more stable positions by rotating and sliding in re-
sponse to the sintering forces. During particle re-
arrangement, there is an increase in inter-particle
contact, which enables the formation of a neck between
particles. Neck formation and growth are initiated by
inter-particle di�usion. The initial stage of sintering is
assumed to last until a neck radius of around 0.4 to 0.5
of the particle radius is attained [16].

The governing equations for the initial stage are
as follows [14]:

a) Surface di�usion from surface source:

_V1 =
3�xDs�s
s
(K3 �K2)

d2kT
; (2)

where _V1 is di�usive currents (m3/s), x is neck ra-
dius (m), Ds is surface di�usion coe�cient (m/s2),
�s is e�ective surface thickness (m), 
 is atom
volume (m3), K2 and K3 are curvatures (1/m), d2
is a geometric variable, k is Boltzmann's constant
(J/�K), and T is absolute temperature.

b) Lattice di�usion from a surface source:

_V2 =
3�xDs
s
(K3 �Km)

kT
; (3)

where _V2 is di�usive currents (m3/s) and Km is
curvature (1/m).

c) Grain-boundary di�usion from a boundary source:

_V3 =
16�Db�b
s
(�K1)

2kT
; (4)

where _V3 is di�usive currents (m3/s), Db is grain-
boundary di�usion coe�cient (m/s2), �b is e�ec-
tive boundary thickness (m), and K1 is curvature
(1/m).

d) Lattice di�usion from a boundary source:

_V4 =
32���Dv
s
(�Km)

2kT
; (5)

where _V4 is di�usive currents (m3/s), � is radius of
neck surface (m), � is geometric variable, and Dv is
lattice di�usion coe�cient (m/s2).

Neck growth rate ( _x, m/s) can be obtained by
combining the di�usion currents from Eqs. (1) to (5),
as follows:

_x =
_V1 + _V2 + _V3 + _V4

2�x��
: (6)

2.2.3. Intermediate and �nal stage
In the intermediate and �nal stages of sintering, after
formation of the neck, the center distance between the
particles is reduced. The grain-boundary and lattice
di�usion mechanism are dominant during this stage of
sintering. As a result, the governing equations are [14]:

a) Grain-boundary di�usion from a boundary source:

_V5 = � 2�Db�b
s
K1

kT
�

ln
�
x+�
�

�� 3
4

�
:
; (7)

where _V5 is a di�usive current (m3/s).
b) Lattice di�usion from a boundary source:

_V6 = � 4��Dv
s
Km

kT
�

ln
�
x+�
�

�� 3
4

�
:
; (8)

where _V6 is a di�usive current (m3/s).

The linear shrinkage rate ( _y, m/s) can be calculated
using the following relation:

_y =
_V5 + _V6

�(x2 � �2)
: (9)

Swinkels and Ashby [14] showed that x, y, a, �, �, K1,
K2, K3, and Km are inter-related, according to the
following equations:

� =
x2

2(a� x)
; (10)

� = tan�1
�
a� y
x+ �

�
; (11)

Km = �1
�

+
1
x
; (12)

K1 =
K2
m

K2
; (13)

K3 =
2
a
: (14)

The constants d2 and K2 are obtained by de�ning a
material property constant (A):

A =
Db�b
Ds�s

: (15)

For A >> 1 (A = 2:58�1013 for silver), d2 and K2 can
be determined from [14]:

d2 = 0:55�; (16)

K2 = 0:8199Km

r
A�
x
: (17)
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Figure 2. Schematic representation of initial �lm
con�guration before sintering process.

2.3. Nanoparticles di�usion modeling
For modeling the nanoparticle sintering process, we
considered silver nanoparticles with a diameter of
40 nm arranged in a single-layer �lm with dimensions
of 120 � 200 nm, as shown in Figure 2. The sintering
parameters were adopted from the experimental work
in [1,2]. According to [2], the heating-cooling cycle of
the sintering process is divided into three stages:

1. Ramp-up heating from 25 to 150�C at a rate of
3�C/min;

2. Isothermal heating at 150�C for 1 hour;
3. Ramp-down cooling from 150 to 25�C at a rate of

3�C/min.

Since stage 2 has the maximum temperature
and time, it is assumed that the major geometry
changes will occur during the isothermal sintering, and
the geometry changes in stages 1 and 3 are ignored.
Additionally, the evaporation of organic solvent, in
which the nanoparticles are suspended, is ignored, as it
happens during a short period of time in stage 1. The
following further assumptions are made for modeling
the di�usion:

1. Particles are pre-arranged in regular stacks, as
shown in Figure 2;

2. The radius of particles remains unchanged during
the sintering process;

3. The substrate is rigid and particles do not di�use
into the substrate;

4. Horizontal shrinkage in the nanoparticle layer is
ignored, because the ratio of length to thickness of
the layer is large.

As described in the previous section, neck for-
mation (change in x) occurs in the initial stage of
sintering, and compaction (reduction in y) happens
in the intermediate and �nal stages of the sintering
process [16].

The di�erential equations of di�usion in the ini-
tial, intermediate and �nal stages ((6) and (9)) were

solved using a quasi-static approach by developing a
solver code in MATLAB® to determine neck radius
(x), and shrinkage (y). The neck surface radius (�),
which also occurs in the di�erential equations, can be
determined from Eq. (10). The modeling constants of
silver nanoparticles for the sintering process are listed
in Table A.1 in the appendix. According to Eq. (1), for
40 nm silver particles, the initial value (x0) is 2.47 nm.

3. Results

3.1. Sintered thin �lm geometry
Figure 3 shows the variation of the geometrical vari-
ables during isothermal sintering at 150�C.

From Figure 3, it is seen that the particles'
shrinkage increases with a relatively constant slope,
whereas the neck radius and the neck surface radius
have a quick growth at �rst, but the slope decreases
over time. This can be attributed to the fact that at
the early stage of sintering, the volume of material in
the neck zone is very small, compared to the volume
of the particles. As a result, silver atoms 
ow from
particles towards the neck zone. As time passes, due to
the increase in the ratio of material volume in the neck
zone to particle volume, the mass 
ow rate decreases.

A geometrical analysis was performed to extend
the results of a two-particle sintering in Figure 3 to four
neighboring nanoparticles (Figure 4). The analysis was

Figure 3. Normalized value of neck radius, shrinkage,
and neck surface radius during isothermal sintering at
150�C for 1 hour.

Figure 4. Initial state of four nanoparticles before
sintering and the geometrical analysis to obtain the �nal
shape after sintering.
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Figure 5. Nanoparticle �lm geometry change during
sintering process at 150�C for 1 hour (dashed line:
pre-sintering, solid line: post-sintering).

Figure 6. Normalized thickness and density changes
during isothermal sintering at 150�C for 1 hour.
(Normalization is based on initial �lm thickness and bulk
silver density.)

extended to the entire �lm to �nd the �nal geometry
after sintering, as shown in Figure 5.

3.2. Thickness and density
Using the results of the geometrical analysis in Sec-
tion 4.1, the thickness and density changes are cal-
culated and plotted in Figure 6. As expected, the
�lm thickness decreases, and the density increases due
to the agglomeration of particles. For comparison,
the thickness variation measured in an experimental
work in [2] is also plotted. It is observed that the
results of modeling are in good agreement with the
experimental data. The results show that the �lm
thickness decreased by 16.5% after 1 hour sintering.
The initial density of the �lm was 84.6% of bulk
silver due to the existence of voids in the particle
arrangements. The density reached 98.8% of bulk state
as a result of sintering.

3.3. Electrical resistivity
Electrical resistivity is a critical parameter for the
interconnect materials. The resistance of the inter-
connections is directly related to the current handling
capability and electrical power loss. The high electrical
conductivity of the low-temperature sintered nanoscale

Figure 7. Resistivity changes during isothermal sintering
time at 150�C.

silver layers makes them a potentially excellent in-
terconnecting material with high current handling
capability and enhanced electrical performance. Ad-
ditionally, since the low-temperature sintered silver
has a relatively stable resistance up to 650�C, it is
a potentially suitable candidate for high-temperature
electronic packaging applications [16].

The resistivity of the two sintered particles can be
obtained from the following equation [2]:

�(t) =
2�0

�
ln
�

2a� y(t)
y(t)

�
; (18)

where �(t) is resistivity (
.m), and �0 is initial resis-
tivity (�0 = 3� 10�8 
.m for silver).

The resistivity variation for the silver thin �lm,
as a function of sintering time, is plotted in Figure 7.
The sintering process causes the agglomeration and
densi�cation of particles, which results in a reduction
of resistivity.

As shown in the �gure, at the beginning of the
sintering process, the resistivity decreases with a steep
slope which is due to the neck-formation through
surface di�usion at the beginning of the sintering
process. The resistivity values obtained from [2], for
silver nanoparticle �lms, are plotted in the �gure for
comparison.

The di�erence between the initial values of resis-
tivity in the model and the experimental results can be
attributed to the modeling assumptions made for the
arrangement of particles and by ignoring the e�ect of
evaporating solvent. As seen, over time, the modeling
results follow the experimental measurements.

3.4. Young's modulus
The mechanical properties of thin �lms are of signi�-
cant importance due to their e�ects on the mechanical
stability and functionality of the �lm, especially in
microelectronic applications, where the thin �lms are
exposed to temperature induced mechanical stresses.
In micro-electro-mechanical devices, such as micro-
sensors and micro-actuators, thin �lms are used as
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structural materials, and their functionality depends
on their mechanical properties. Young's modulus is
an important mechanical property of any synthesized
thin �lm. The value of Young's modulus at bulk
state is not applicable to sintered porous structures.
There are several experimental methods to estimate
Young's modulus. In this work, we develop a Finite
Element Model (FEM) to predict Young's modulus of
the sintered silver thin �lms.

In order to calculate Young's modulus, a �nite
element simulation of a tensile test is developed in
ABAQUS. The modi�ed geometry of the thin �lm
was modeled, and the bulk modulus of silver, which
is a function of temperature, is used for the solid
areas. A uniform mesh with a 4-node bilinear plane
stress quadrilateral (CPS4R) was used to discretize the
modi�ed �lm geometry. As shown in Figure 8, the �lm-
substrate interface was �xed and a known tensile stress
was applied on the �lm.

The equivalent Young's modulus was calculated
using Hooke's law:

Ef =
�f
"f
; (19)

where Ef is the Young's modulus of the �lm (Pa), �f
is �lm stress (Pa) and "f is �lm strain.

Figure 9 shows the variation of Young's modulus
versus temperature for the sintered and bulk state of
silver. Greer et al. [2] determined the biaxial modulus

Figure 8. Modeling of tensile test in ABAQUS.

Figure 9. Young's modulus at di�erent temperatures for
sintered thin �lm and bulk silver.

of the nanoink derived silver �lms by nanoindentation,
and found that it is independent of the �lm thickness.

According to their experimental work, Young's
modulus at ambient temperature (25�C) was 69.3 GPa.
According to Figure 9, our FEM simulation predicts a
Young's modulus of 71.5 GPa at room temperature,
which is in decent agreement with the experimental
results.

3.5. Residual stress in crack-free thin �lm
Residual stresses can occur through a variety of mech-
anisms, including plastic deformations, temperature
gradients (during thermal cycle) or microstructural
changes (i.e., phase transformation). During the sinter-
ing of thin �lms, for example, when thin �lm materials
with di�erent thermal and crystalline properties are
deposited sequentially under di�erent process condi-
tions, the formation of residual stresses is inevitable.
These stresses arise mainly from the evaporation of the
solvent, shrinkage, and the di�erence between the Co-
e�cient of Thermal Expansion (CTE) of the substrate
and the �lm. This generates signi�cant residual stress
in the cooling phase. The stress variation through a
stack of thin �lm materials can be very complex, and
can vary between compressive and tensile stresses from
layer to layer.

Hsueh [17] determined a general formulation to
estimate residual stresses in thin �lms and substrate
for a multilayered system (i = 1 to n), as follows:

�s =
2
t2s

(3z + 2ts)
nX
i=1

Eiti
1� �i (�i � �s)�T;

for � ts � z � 0; (20)

�i =
Ei

1� �i (�s � �i)�T for i = 1 to n; (21)

where �s is substrate stress (Pa), �i is the ith �lm
stress (Pa), ts is substrate thickness (m), ti is the ith
�lm thickness (m), Ei is the Young's modulus (Pa)
of the ith �lm, �i is the ith �lm Poisson ratio, �s is
the substrate coe�cient of thermal expansion (1/�K),
and �i is the ith �lm coe�cient of thermal expansion
(1/�K).

For a bilayer system (n = 1), with sub-micron
thin �lms, the stress variation through the thickness is
ignored, and the average stress is considered [18]. For
a bilayer system, the substrate and average �lm stress
are obtained from:

�s =
2
t2s

(3z + 2ts)
Ef tf

1� �f (�f � �s)�T

for � ts � z � 0; (22)

��f =
Ef

1� �f (�s � �f )�T; (23)
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Figure 10. Schematic representation of symmetry
structure of two stress-free layers with di�erent properties.

��f =
�

Es
1� �s

�
t2s

6tfr
; (24)

where ��f is average �lm stress (Pa), tf is �lm thickness
(m), �f is the Poisson ratio of the �lm, �f is the
coe�cient of thermal expansion of the �lm (1/�K), and
r is substrate curvature radius (m).

Figure 10 shows the schematic cross sectional view
of a thin �lm deposited on a substrate. It is assumed
that before the sintering process, the �lm is stress-free.
After the sintering process, the presence of residual
stress in the �lm causes the change of curvature in
the substrate and the �lm. As a result, the residual
stress can be estimated from the substrate curvature,
according to Eq. (24).

For the thin �lm of silver on silicon, �s < �f and
�T < 0 in the cooling phase. As a result, according
to Eq. (23), the residual stress in the thin �lm and
the substrate are tension and compression, respectively
(Figure 11). The location of the neutral axis is obtained
from Eq. (22), when �s = 0.

Distribution of residual stresses in �lm and sub-
strate thickness, and also the natural axis position are
schematically shown in Figure 11.

A �nite element model of a silver thin �lm on
a silicon substrate was developed in ABAQUS for
estimation of residual stresses in the thin �lm. The
model was run for thin �lm thicknesses of 128 nm
and 200 nm, and substrate width of 381 �m. It is
assumed that the two-layer system is homogenous, and
the residual stress has not caused the formation of any
cracks in the thin �lm. To calculate de
ection, using
the symmetry of the �lm/substrate structure, half of
the structure is modeled, and symmetric boundary
conditions were applied at the middle by �xing that,

Figure 11. Schematic representation of residual stress
distribution in �lm and substrate.

while one side is free (Figure 10), and a uniform thermal
loading of 150�C to 25�C was applied.

The two-layer model was meshed with a 4-node
plane stress [4] thermally coupled quadrilateral, bilin-
ear displacement and temperature (CPS4T) mesh.

The properties of silver (Table A.2) and silicon
(Table A.3) were used for the substrate and the thin
�lm, respectively.

Figure 12 shows the geometrical changes of the
bilayer system with 200 nm and 128 nm silver thin
�lms in a cooling cycle from 150� to 15�. By combining
the geometrical results and Eq. (24), the residual stress
in the �lm is calculated as plotted in Figure 13. The
initial residual stress at 150�C for both thicknesses was
obtained from experimental results [1] (i.e., 110 MPa
for 128 nm �lm and 60 MPa for 200 nm �lm). As
shown in the �gure, the formation of the residual stress
is in decent agreement with the experimental data. It
is also observed that higher residual tensile stresses
(� 190 MPa) form in the thinner (128 nm) �lm.

Figure 12. De
ections of �lm in 128 nm (a) and 200 nm
(b) thickness in various temperatures from 150�C to 25�C
(cooling phase).

Figure 13. Stresses development in 128 nm and 200 nm
silver thin �lms during cooling cycle.
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3.6. Residual stress in a cracked thin �lm
The e�ect of residual stress on crack propagation is
of great practical signi�cance and has, therefore, been
the focus of much research. Considering the reliability
of the components containing residual stress, it is
important to determine crack growth under a residual
stress �eld. The assumption of a crack-free thin �lm
might not seem to be very realistic. As a result, we
extend the former analysis to a cracked �lm. We
considered a uniform elastic �lm of thickness tf bonded
to the surface of an elastic substrate of thickness, ts.
The �lm supports a biaxial tensile mismatch stress, but
is constrained to deform in plane strain bending.

It was assumed that a periodic array of parallel
cracks with spacing p has been formed in the �lm,
with the crack edges being parallel to the bending
axis (Figure 14). As a result of crack formation, the
curvature of the substrate midplane will be reduced
from the value obtained from Eq. (24). The objective
is to estimate the change in curvature due to crack
formation. This was carried out at the same level of
approximation as the approach of the Stoney formula
(Eq. (24)), but implementation of the assumptions
requires somewhat more care in the present case. The
main assumptions exploited here are:

(i) The state of stress in the �lm is determined solely
by elastic mismatch of the �lm with the unde-
formed substrate, and is not signi�cantly altered
by deformation of the substrate, as it becomes
curved;

(ii) The 
exural sti�ness of the substrate is not sig-
ni�cantly in
uenced by the presence of the �lm
material on its surface.

Under these circumstances, the change in curvature
from [19] is:

1
rwc
� 1
rnc

=
�l
p:rnc

tanh
�p
l

�
; (25)

where rwc is the �lm curvature radius with crack (m),
rnc is the �lm curvature radius without crack (m), p
is crack spacing, and l is a length parameter that is
proportional to tf .

Figure 14. Schematic view of �lm/substrate
con�gurations for a periodic array of parallel cracks with
crack spacing p.

This approximation is obtained for the case of a
periodic array of cracks under plane strain conditions
with normal stress, �, applied to the crack faces that
tend to open the cracks. The dependence of l on
elastic constants can be expressed in terms of the two
dimensionless parameters de�ned by:

� =
�Ef � �Es
�Ef + �Es

; (26)

�=
1
4

�Ef (1��f )(1�2�s)� �Es(1��s)(1�2�f )
�Ef (1��f )(1�2�s)+ �Es(1��s)(1�2�f )

; (27)

where � and � are known as the Dundurs parame-
ters [20], and:

�E =
E

1� �2 :

In this case, Dundurs parameters have been cal-
culated as:

� = �0:26; � = �0:0174:

With these values, l=tf = 3:4 has been chosen from [19].
Therefore, Eq. (25) is revised as:

rnc � rwc
rwc

= �3:4
tf
p

tanh

 
1

3:4 tfp

!
: (28)

Representative results for the ratio of substrate cur-
vature change, due to �lm cracking at the mismatch
stress to the corresponding curvature for a crack-free
�lm at the same level of mismatch stress, are shown in
Figure 15.

It is observed in Figure 15 that when the crack
spacing is small, compared to �lm thickness (tf=p !1), the crack has a large e�ect on stress relaxation,
whereas, when the crack spacing is very large, com-
pared to �lm thickness (tf=p ! 0), the crack has no
great in
uence in stress relaxation, and rwc = rnc.

The squared line (tf=p = 0) in Figure 16 shows
the stress in the 588 nm layer calculated, using FEM

Figure 15. Ratio of change in curvature in a cracked �lm
to curvature for a crack-free �lm at the same level of
mismatch stress versus crack spacing p.
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Figure 16. Stress development upon cooling for 588 nm
�lm for di�erent ratios of crack spacing.

for the crack free case, in comparison to the experi-
mental results. It is obvious that there is signi�cant
di�erence between the experimental and simulation
results. This di�erence can be attributed to crack
initiation and propagation across the thin layer during
the sintering process, which has not been considered
in the simulation process. If the presence of cracks is
considered, the stresses will be di�erent. Figure 16 also
shows the stress obtained from Eq. (24) versus sintering
temperature for various values of crack spacing. It is
observed that the experimental results are located at
a range of di�erent values of tf=p ratio. This change
can be obvious, because, as the stress in the thin layer
increases, the number of cracks increases and crack
spacing decreases; consequently, more stress relaxation
occurs, which leads to smaller net stresses.

4. Conclusion

In this paper, we developed a modeling platform for
the analysis of electrical and mechanical properties of
thermally sintered nanosilver thin �lms. The model
was applied to 40 nm silver particles deposited on a
silicon substrate. The results were presented for 150�C
isothermal sintering of 128 nm and 200 nm thin �lms.
The modeling results were also compared to the exper-
imental test results for the same sintering conditions.
The comparison shows reasonable agreement between
the experimental and modeling results, which validates
the model.

The model was extended for analysis of residual
stress in silver thin �lms, which was in decent agree-
ment with experimental data. This modeling platform
can be applied for the design of sintering processes for
nanoparticle thin �lms in micro-electromechanical and
microelectronics industries, in order to develop thin
�lms with desired qualities.
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Table A.1. Silver properties for di�usion equations.

No. Property Value No. Property Value

1 Db (m2/s) [21] 1:2� 10�5 exp
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RT

�
7 � (MPa) [14] 26400
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�� 185400
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�
8 �b (m) [14] 5� 10�10
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RT

�
9 �s (m) [14] 3� 10�10

4 Tm (�K) [22] 1234 10 k (J/�K) 1:380� 10�23

5 
s (J/m2) [2] 10 11 R (J/mol.�K) 8.314472

6 
 (m3) 1:71� 10�29

Table A.2. Mechanical properties of silver.
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1 Temperature (�K) 290 300 320 340 360 380 400 420
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� 1�K
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Table A.3. Mechanical properties of silicon.
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Appendix

Di�usion coe�cients and mechanical properties of Sil-
ver are given in Tables A.1 and A.2, respectively.
Also, the mechanical properties of Silicon substrate are
reported in Table A.3.
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