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Abstract. The area of the exit and throat region of a nozzle play a crucial role in

1. Introduction

this di erence, which have been justi ed by a lot of
experiments [2-7], include discontinuities of velocity
and temperature on the boundary, non-Newtonian
components of stress tensor, non-Fourier heat ux, and
formation of Knudsen boundary layer [8]. Based on
the degree of rarefaction, some of the aforementioned
features are present. The degree of rarefaction is
measured by the Knudsen number, de ned as Kn =
=L, with L denoting the characteristic length scale
of the device and  being the mean free path of the
gas
p molecules. The mean free path is given by  =
 =2RT 2 , where  is the dynamic viscosity, R is
the gas constant, and T and  are temperature and
density of the gas, respectively [9].
Based on a classi cation given by Beskok and
Karniadakis [10], gas ow can be categorized into four
regimes according to its Knudsen number. In the slip
ow regime, corresponding to 10 3  Kn  0:1, which
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its design. This paper is a report of numerical simulations carried out to investigate the
in uence of these parameters on the performance factors of an axisymmetric cold gas nozzle
of micron-size throat diameter. It was assumed that the deviations of the ow behavior
from that of a continuum ow can be taken care of by applying the rst-order slip boundary
conditions at the wall. The solution methodology includes a nite-volume-based numerical
procedure based on structured quadrilateral grids. A parametric study reveals that to
reach the highest values of the thrust and speci c impulse, one should choose a nozzle
with the highest possible throat diameter. However, by increasing the outlet diameter, the
thrust initially reaches a maximum and then decreases. In these conditions, the speci c
impulse is always a decreasing function of the outlet diameter of the micronozzle. It is also
observed that the mass ow rate is an increasing function of both the throat and outlet
diameters. In addition, the comparison of the results with and without slip velocity shows
that the amounts of the mass ow rate, thrust force, and speci c impulse are higher when
the rarefaction e ects are taken into account. Nevertheless, no fundamental di erence is
observed in ow physics with and without slip velocity.
© 2016 Sharif University of Technology. All rights reserved.

During the last two decades, the improvements in microfabrication techniques have led to the development
of an increasing number of micro uidic technologies.
Many micro uidic systems are potential application
areas for gaseous micro ows, such as miniaturized heat
exchangers for cooling of integrated circuits, portable
gas chromatography systems for the detection of airborne pollutants, microreactors for generating small
quantities of dangerous or expensive chemicals, and
novel high-throughput gas ow cytometers [1].
Because of signi cant rarefaction e ects, the ow
physics of gas ow at microscale can be quite different from those at macroscale. The features of
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is the subject of the present investigation, deviations
from the state of continuum are relatively small and
the Navier-Stokes equations are still valid, except at
the region next to the boundary which is known as
Knudsen boundary layer. The Knudsen boundary
layer is signi cant only up to distances of the order
of one mean free path from the wall [11]. Hence,
besides the velocity and temperature discontinuities at
the wall, its e ects are negligible in slip ow regime
and the Navier-Stokes equations may be applied to
the whole domain. The velocity and temperature
discontinuities are incorporated into the solution as
boundary conditions [12-14].
With the advent of micro- and nanosatellites in
recent years, the need for the development of miniaturized propulsion devices based on Micro-ElectroMechanical Systems (MEMS) has increased [15-18]. A
MEMS-based propulsion system might consist of an
array of tiny rocket thrusters on a silicon chip with
electronic circuitry that controls ring. Currently,
various micropropulsion concepts are being considered,
such as cold gas, catalytic decomposition, vaporizing
liquid, and mono- and bipropellant thrusters [19].
Despite the fact that numerous research works have
been reported in the literature on di erent aspects
of gas ow in microchannels [20-38], the studies that
address gas ow in microthrusters are still rare. One of
the rst attempts in this respect was made by Rossi et
al. [39]. They presented a new model for predicting the
processes inside the thruster based on the computation
of the unsteady gas ow inside the microthruster.
They, however, assumed the validity of the no-slip
conditions at the wall. This study was followed by
several research works by Alexeenko et al. [19,40,41].
They made use of both continuum and Direct Simulation Monte Carlo (DSMC) methods to explore the
performance factor of di erent micronozzles under both
steady and transient conditions. The same methods
were exploited by Liu et al. [42] in order to study
the ow through a two-dimensional micronozzle by
applying slip boundary conditions. It was found that
within the Knudsen number range under consideration,
both methods worked to predict the ow characteristics
inside micronozzles. A DSMC-based study, performed
by Chong [43], revealed that the statistical method
can deal well with the near-sonic ows in MEMSbased propulsion systems. More recently, a hybrid
CFD/DSMC methodology was utilized by Torre et
al. [44] to study the ow within an axisymmetric
micronozzle. A CFD solver was applied upstream
from a properly chosen cross-sectional (perpendicular
to the nozzle axis) interface, and a Direct Simulation
Monte Carlo solver was applied downstream from that
interface. There have also been some very recent works
reported by Watvisave et al. [45] and Sebasti~ao and
Santos [46]. These works deal with the e ects of
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wall accommodation and surface discontinuity on the
performance factors of two-dimensional micronozzles,
respectively.
The geometrical con gurations of a micronozzle,
such as its throat and exit areas, play crucial roles
in nozzle design [47]. However, no study has been
undertaken that addresses the in uence of these parameters on the performance of a micronozzle. In this
paper, a parametric study is conducted in order to
nd out the e ects of throat and outlet diameters on
the performance factors of a micronozzle utilizing the
nozzle proposed by Liu et al. [42]. Since most of the relevant works in the literature deal with two-dimensional
micronozzles, an axisymmetric version of the previously
mentioned nozzle is considered here. As Liu et al. [42]
reported the validity of the continuum analysis for their
proposed nozzle, a nite volume based numerical model
is used here for handling the problem by considering
slip boundary conditions at the wall. The formulation
of the problem is outlined in the next section.

2. Problem formulation
Consideration is given to compressible gas ow in
a convergent-divergent nozzle of micron-size throat
diameter, outlined in Figure 1. Note that this gure
is taken from the work of Liu et al. [42] which actually
represented a two-dimensional nozzle; nevertheless,
we consider it to be an axisymmetric micronozzle
and a two-dimensional domain is only considered for
validation of the results in Section 4.1. The working
gas, assumed to be nitrogen, possesses constant thermophysical properties and follows ideal gas behavior.
The ow is considered to be steady and laminar. It is
assumed that the nozzle wall is under adiabatic thermal
conditions. Owing to axial symmetry of the geometry,
an axisymmetric ow solver is used in this analysis.

2.1. Mathematical modeling

The compressible form of the Navier-Stokes equations
along with the conservation of mass and energy equations is applied to model the ow. The conservation of

Figure 1. Micronozzle con guration [42].
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mass at steady-state conditions is:

!
!
!
!) = 0;
r (v

(1)

where v is the velocity vector. The conservation
of linear momentum in conservative form, which is
suitable for nite volume methods, is also written as:

r:(pvv) = rp + r: + f:

(2)

In Eq. (2), p is the static pressure,  denotes the
stress tensor, and f is the body force per unit mass
which is zero in this study. For a Newtonian uid, the
relationship between  and the velocity components is:
 =




rv + rvT 23 r:vI :

(3)

The compressibility e ects are encountered in gas ows
at high velocity and/or for cases in which there are
large pressure variations. When the ow velocity
approaches or exceeds the speed of sound of the gas
or when the pressure change in the system (rp=p) is
large, the variation of gas density with pressure has a
signi cant impact on the ow velocity, pressure, and
temperature. The energy equation, written in Eq. (4),
incorporates the coupling between the ow velocity and
static temperature, and is solved simultaneously with
the continuity and momentum equations:

r: [v(E + p)] = r: (krT + :v) + qH ;

(4)

the slip velocity and the di erence between the wall
temperature and the gas temperature at the wall is
known as the temperature jump. The following slip
relation is used to model the slip velocity at the nozzle
wall [10]:




2 Fm @vs 2 @ 2 vs

+
+ ::: ;
vslip =
Fm
@n
2 @n2

(7)

where n is the normal direction of the wall, and vs is the
velocity vector component in the tangential direction s.
Moreover, Fm is the fraction of the molecules re ected
from the wall with an average tangential velocity
corresponding to that of the wall and it is called
the tangential momentum accommodation coecient.
Also, (1 Fm ) is the fraction of the molecules reected from the wall conserving their average incoming
tangential velocity [48]. In this study, it is assumed
that Fm = 1, which means that all the momentum
of the gas molecules is transferred to the wall. In
this case, there is a di use re ection at the wall. If
Eq. (7) is truncated to include only up to the rstorder terms in  and the curvature e ects are taken into
account, we recover Maxwell's rst-order slip boundary
condition [9] which is imposed on the wall boundaries
as the velocity boundary condition:




2 Fm @vs @vn
vslip =

+
:
Fm
@n
@s

(8)

Mw p
:
(6)
RT
Here, Mw is the molecular weight. The temperature
will be computed from the energy equation.

It is noteworthy that because of the assumed adiabatic
thermal boundary conditions, there will be no temperature jump at the wall and, hence, we do not speak
about the temperature jump expression.
The problem will be well posed if the full information on the ingoing and outgoing characteristics
can be recovered from the imposed combinations of
conservative variables. At a subsonic inlet, the choice
(u; p) as boundary conditions is not well posed, but any
other combination involving  as a physical condition
will result in a well posed problem. In this study,
the pressure and total temperature at the inlet are
speci ed. The inlet density can be obtained from
the inlet pressure (pin ) and temperature (Tin ) using
Eq. (6). The pressure at the nozzle exit is used for
calculations as long as the ow is subsonic. For a
supersonic ow at the outlet, there is no need to
impose any boundary conditions and the exit values
of ow parameters are obtained by the extrapolation
of internal domain information [49,50].

2.2. Boundary conditions

2.3. Micronozzle performance

where k is thermal conductivity and the rst two terms
on the right-hand side of Eq. (4) represent energy
transfer due to conduction and viscous dissipation,
respectively. Also, qH is the rate of volumetric heat
generation due to the sources other than viscous heating, which are assumed absent in the present study. In
addition, E is the internal energy per unit mass and is
de ned as:
E=h

p v2
+ ;
 2

(5)

where h is the sensible enthalpy for ideal gasses.
Finally, the ideal gas law is written in the form:
=

As stated before, because of rarefaction e ects, the
velocity and temperature of the gas at the solid surface
are di erent from the corresponding values of the
wall. The velocity of the gas at the wall is known as

One of the most important performance parameters
when dealing with propulsion systems is the thrust
force. For a steadily operating propulsion system
moving through a homogeneous atmosphere, the total
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thrust is equal to:
Ft =

Z

e ve2 + pe

Aout



p0 dA;

(9)

where e , ve , and pe are the outlet values of density, velocity normal to the boundary, and pressure,
respectively. The rst term is the momentum thrust
represented by the product of the propellant mass ow
rate and its exhaust velocity relative to the vehicle. The
second term represents the pressure thrust consisting
of the product of the cross-sectional area at the nozzle
exit.
The speci c impulse Isp is the total impulse per
unit weight of propellant. It is an important gure of
merit for the performance of a propulsion system [51].
The speci c impulse is computed from the relation:
F
Isp =  t ;
(10)
mg

with m standing for the mass ow rate and g representing the standard acceleration of gravity (9.81 m/s2 ).

3. Numerical procedure
The continuity, momentum, and energy equations subject to the boundary conditions provided in Section
2.2 were numerically solved to simulate the ow within
the micronozzle. These equations were discretized by
means of the nite volume method and the coupling
between the momentum and continuity equations was
handled through a semi-implicit pressure based method
like SIMPLE [52] which is very usual and robust in the
single-phase ow simulation. The convection terms in
all equations were discretized using the second-order
upwind scheme. The solution was considered to be
converged when the scaled residual became less than
10 6 for the continuity and momentum equations and
lower than 10 8 for the energy equation.
After discretization, the conservation equation for
a general variable  at a cell P can be written as [52]:
aP P =

X

nb

anb nb + b;

Figure 2. Computational grid (structured quadrilateral
cells).

The scaled residual for the continuity equation is:
c
Riteration
N:
(14)
c
Riteration
5
The computational grid, shown in Figure 2, consists of
structured quadrilateral grid with 80 boundary layer
grid cells in the radial direction and about 200 grid cells
in the axial direction. Grid independency was checked
by doubling the number of cells in each direction and
negligible di erence was observed between the results.

4. Results and discussion
4.1. Two-dimensional micronozzle

To validate our simulation, the Mach number pro le at
the exit plane of the nozzle assuming a two-dimensional
nozzle is compared with the results of Liu et al. [42].
The comparison for the no-slip and slip conditions at
the wall is shown in Figures 3 and 4, respectively.
The good agreement between the results in both
cases indicates the validity of the present results. The
geometrical parameters of the nozzle in this section are
provided in Table 1. The temperature of nitrogen gas
at the inlet is 300 K and the inlet total (stagnation)
and outlet static pressures are considered 10000 Pa and
10 Pa, respectively. The value of the speci ed static
pressure was used only when the ow was subsonic.
If the ow became locally supersonic, the speci ed

(11)

wherein aP is the center coecient and anb is the
coecient for neighboring cells. The residual is computed as the sum of imbalance in Eq. (11) over all the
computational cells. The scaled residual is de ned as:
P
P
j

cells
nb anb nb + b aP P j :
P
R =
(12)
cells jaP P j
For the continuity equation, the un-scaled residual is
de ned as:
Rc =

X

cellsP

jrate of mass creation in cell P j :

(13)

Figure 3. Comparison between the Mach number values
at the exit plane of the micronozzle obtained in the
present study assuming the validity of no-slip conditions
and those reported by Liu et al. [42]. Here, Y is the
distance from the centerline of the nozzle.
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Figure 4. Comparison between the Mach number values

Figure 5. Mach number pro le at the centerline of

Table 1. Geometrical parameters of microthruster for the

layer, therefore, can be assumed to form a virtual
nozzle with its throat located a little at the right of the
original nozzle. This is why the ow at the centerline
becomes slightly supersonic after the throat.

at the exit plane of the micronozzle obtained in the
present study considering the slip condition e ects and
those reported by Liu et al. [42]. Here, Y is the distance
from the centerline of the nozzle.
base case.

Lin
Lout
Lt
R
L1
L2
1
2

70 m
138 m
30 m
50 m
48 m
157 m
30
20

pressure was no longer used; the pressure and all other
ow quantities were extrapolated from the ow in the
interior.
It can be seen in Figures 3 and 4 that when the
no-slip boundary condition is imposed at the wall, the
Mach number gradient is higher near the wall, whereas
the pro le has smaller gradients near the center of
nozzle. The ow is also subsonic near the wall and
it becomes supersonic around the nozzle centerline. As
can be observed in Figure 4, the Mach number pro le
is atter when slip occurs at the wall. The ow is also
supersonic all the way through the exit plane.
The Mach number pro le at the centerline is
shown in Figure 5. Despite the quasi one-dimensional
inviscid ow where the sonic point is at the throat,
the ow at the centerline becomes slightly supersonic
after the throat. The reason behind this di erence
is the viscous e ects; the pertinent mechanism will
be discussed in the following. It is clear that in the
presence of viscosity, a viscous boundary layer is formed
at the wall. The ow outside this layer can be assumed
inviscid. With the viscous layer, the boundary of the
inviscid ow is modi ed. Because of high velocity ow,
the distribution of the viscous layer thickness is not
symmetric with respect to the throat and is therefore
thicker after the throat. The boundary of the viscous

two-dimensional micronozzle.

4.2. Parametric study of axisymmetric
micronozzle

In this section, the inlet gas temperature and static
pressure are 300 K and 10000 Pa, respectively. The
outlet pressure is also 1000 Pa. We begin the presentation of the results for the axisymmetric nozzle
with giving the axial velocity contours for both the
slip and no-slip conditions in Figure 6. As it can be
seen, in the presence of rarefaction, the axial velocity
contours intersect the nozzle wall, re ecting a nonuniform velocity at the wall. This is reasonable as the
di erence in the shear rates at the wall causes di erent
slip velocities throughout the wall according to Eq. (8).
Figure 7 shows the static pressure distribution
inside the micronozzle. There is a gradual variation in
the static pressure from the inlet to the throat and after
that, the static pressure drastically decreases up to the

Figure 6. Axial velocity (in m/s) contours for

axisymmetric micronozzle. Dotted lines: slip conditions;
solid lines: no-slip conditions.

Figure 7. Pressure (in Pa) distribution for axisymmetric
micronozzle.
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Figure 8. Pressure distribution at the centerline of
axisymmetric micronozzle.

exit of micronozzle. The constant pressure line is nearly
vertical, which means the pressure gradient is small
in the radial direction. The axial distribution of the
static pressure at the centerline is also given in Figure 8.
The relevant results for the no-slip conditions are also
depicted in this graph for comparison. Whereas the
pressure is the same for both cases at the two nozzle
ends, due to the xed boundary conditions, it is a little
higher at the other points for the no-slip conditions,
especially at the vicinity of the throat. This may be
attributed to the higher axial gradients of the velocity
near the throat in the presence of rarefaction.

4.2.1. E ect of throat diameter on micronozzle
performance
In this section, the e ect of the throat diameter on the
thrust and speci c impulse of micronozzle is discussed.
The throat diameter and convergence half angle are
speci ed in Table 2. The outlet diameter and nozzle
length are same as the values provided in Table 1.
The values of the mass ow rate, thrust, and speci c
impulse corresponding to di erent throat diameters are
also provided in Table 2. The results are also shown
in Figures 9 and 10. Note that although throughout
this section the no-slip condition results will also be
presented for comparison, the tabular data is only
given for rare ed conditions. Figures 9 and 10 indicate
that both thrust force and mass ow rate increase
noticeably with the throat diameter, but the thrust

Table 2. E ects of throat diameter on microthruster

performance. Note that Isp is given by Eq. (10) with
g = 9:81 m/s2 .

Case Lt 
Ft
Isp
m
1
6
no. (m)
(N  10 ) (kg/s108 ) (s)
1
16.32 44
0.05
0.25
1.97
2
25.86 34
1.97
0.75
26.65
3
33.32 27
4.06
1.37
30.1
4
57.48 8
13.89
4.63
30.59
5
70
0
21.99
6.38
35.16
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Figure 9. E ect of throat diameter on speci c impulse

and thrust force. Note that Isp is given by Eq. (10) with
g = 9:81 m/s2 .

Figure 10. E ect of throat diameter on mass ow rate.
force increment is more signi cant so that the speci c
impulse also increases with the throat diameter.
To describe the reason of the increase in thrust
force with the throat diameter, the Mach number
distribution in the form of iso-contours for Cases 1 and
5 with throat diameters of 16 and 70 m is shown in
Figure 11(a) and (b), respectively. As observed, the
nozzle shown in Figure 11(a) has a larger divergence
half angle and the ow nearly becomes separated, so
the Mach number is very small (nearly zero) in a
noticeable portion of nozzle which results in a reduction
in the thrust force.
It can also be deduced from Figures 9 and 10
that the values of all the considered parameters are
higher in the presence of slip conditions. The slip
conditions tend to decrease the uid-wall interaction,
thereby decreasing the drag force against ow. This,
for a given driving force, which is assumed here by
xing the inlet and outlet pressures, gives rise to higher
velocities and, ultimately, higher amounts of the mass
ow rate and the thrust force. Moreover, since the slip
e ects are more pronounced than the mass ow rate
for the thrust force (note that this parameter contains
the square of velocity), the speci c impulse increases
as well.
The Mach number pro le at the nozzle axis is
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Figure 13. Axial velocity pro le at the micronozzle axis
for di erent throat diameters.

Figure 11. Mach number contours for micronozzle with
throat diameter of (a) 16 m, and (b) 70 m. Dotted
lines: slip conditions; solid lines: no-slip conditions.

Figure 12. Mach number pro le at the micronozzle axis
for di erent throat diameters.

shown in Figure 12 for ve di erent cases listed in
Table 2. As the throat diameter increases, the Mach
number at the nozzle outlet also increases. When the
throat diameter is 16 m, the Mach number increases in
the converging part of nozzle, and then it starts to decrease again in the diverging part. The same is true to
some extent for Cases 2-4, despite the fact that the ow
becomes supersonic near the throat. This seemingly
unexpected trend, which contradicts the predictions of

inviscid ow theory, is a consequence of viscous e ects.
When the viscous friction is taken into account, the
expansion process may be overwhelmed, leading to a
decrease in the Mach number [53]. The predictions of
the inviscid ow theory may be valid to some extent
even in the presence of the viscous friction, provided
that the ow inertia is high enough to overcome the
viscous e ects, as it is the case for the micronozzle
with the throat diameter of 70 m, showing a totally
increasing trend for the Mach number. However, the
isentropic computation for choked ow (sonic velocity
at the throat) shows that the outlet Mach number
should be 4.51, 3.31, and 2.91 for Cases 3, 4, and
5, respectively. Because of the viscous e ects, which
are signi cant at the microscale, the obtained Mach
numbers are smaller than the isentropic values.
Figure 13, depicting the axial velocity at the
centerline, shows that the trends of the results are
nearly the same for both the slip and no-slip ows,
revealing that they share the same ow physics. This is
not much surprising as in both cases, the gas is assumed
to be a continuum medium and the only di erence is
the di erent boundary conditions.
The e ect of the throat diameter on the nozzle
velocity and kinetic energy eciencies is also shown
in Table 3. The velocity eciency (actual average
exit velocity component parallel to the nozzle centerline

Table 3. E ects of throat
diameter on microthruster
eciency. The Rde nitions of the used velocity
eciency and kinetic
R
R
R
energy eciency are
respectively.

Aout (vaxial )actual dA= Aout (vaxial )inviscid dA,



Case
m
m
invis.
no. (kg/s108 ) (kg/s108 )
2
3
4
5

1.24
2.068
6.15
8.67

0.75
1.37
4.63
6.38

and

Kinetic
energy
(J/s104 )
2.83
6.46
24
42

2
2
Aout (vaxial )act. vact. dA= Aout (vaxial )invis. vinvis. dA,

Inviscid
Kinetic
Velocity
kinetic
energy
eciency
energy
eciency
(%)
(J=s  104 )
(%)
30.7
48.7
120
163.1

60.48
66.25
75.28
73.59

9.22
13.26
20.00
25.75
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Table 4. E ects of outlet diameter on microthruster

performance. Note that Isp is given by Eq. (10) with
g = 9:81 m/s2 .

Isp
Case Lout 
Ft
m
2
6
8
no. (m)
(N  10 ) (kg/s10 ) (s)
1
30
0
1.45
0.5
29.6
2
72.2
8
2.09
1.0
21.3
3
107.2 15
1.35
1.08
12.7
4
119.5 17.5
1.18
1.07
11.2
5
131.8 20
1.03
1.11
9.48
6
156.7 25
0.81
1.11
7.45
7
182.4 30
0.67
1.11
6.15
8
209.7 35
0.58
1.11
5.33
9
273.3 44
0.49
1.10
4.52

Figure 14. E ect of micronozzle outlet diameter on
thrust force.

divided by the exit velocity when the ow is inviscid)
is about 60% and increases with the increment of the
throat diameter. The kinetic energy eciency (actual
kinetic energy of the uid leaving the nozzle divided by
the kinetic energy with isentropic expansion) is much
less than the velocity eciency and is about 9% and
26% for Cases 2 and 5, respectively.

4.2.2. E ect of outlet diameter on micronozzle
performance
In this part of the paper, the e ect of the nozzle outlet
diameter on the thrust force, speci c impulse, and mass
ow rate passing through the micronozzle is discussed.
The outlet diameter and divergence half angle are
speci ed in Table 4. The other geometrical parameters
are the same as those provided in Table 1. The mass
ow rate, thrust, and speci c impulse corresponding to
di erent outlet diameters are also provided in Table 4.
They are also shown graphically in Figures 14-16.
When the divergence half angle is 8 (Lout =
72 m), the thrust force reaches the maximum value.
For outlet diameters smaller than 72 m, a larger outlet
diameter results in a higher mass ow rate. Therefore,
the momentum and the thrust force at the exit plane

Figure 15. E ect of micronozzle outlet diameter on

speci c impulse. Note that Isp is given by Eq. (10) with
g = 9:81 m/s2 .

Figure 16. E ect of micronozzle outlet diameter on mass
ow rate through the nozzle.

increase. However, increasing the outlet diameter
beyond this value may cause ow separation in the
diverging part of the micronozzle, thereby decreasing
the thrust force.
Figure 16 shows that increasing the nozzle outlet
diameter up to 100 m signi cantly increases the mass
ow rate, but for values greater than 100 m, the outlet
diameter has nearly no e ect on the mass ow rate
which is a sign of the probable choking of the ow.

5. Conclusions
A numerical simulation of gas ow in an axisymmetric
micronozzle was conducted by considering rst-order
slip boundary conditions. The results showed that
both thrust force and speci c impulse increase with
the throat diameter, although speci c impulse is nearly
constant in the range of 30-60 m for throat diameter.
It was observed that the mass ow rate is also an
increasing function of the throat diameter. In these
conditions, the variations of the Mach number at the
axis are changed by increasing the throat diameter
from an increasing-decreasing behavior to an always
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increasing behavior. In addition, by increasing the
outlet diameter, the thrust reaches its maximum at the
divergence half angle of 8 and is then reduced. The
speci c impulse in this case is shown to be a decreasing
function of the outlet diameter, whereas the opposite
is true for the mass ow rate. Last but not least,
although the amounts of the mass ow rate, thrust
force, and speci c impulse are increased in the presence
of rarefaction, no fundamental di erence is observed
between the slip and no-slip results.
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