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1. Introduction

Guidance laws are categorized into two-point and
three-point guidance schemes [1].

Abstract. In this paper, a closed-loop optimal line-of-sight guidance law for first-order
control systems is derived for stationary targets. The problem is solved for the one-
dimensional case using normalized equations to obtain normalized guidance gains and
performance curves. Three sets of normalized equations are introduced and discussed
using different normalizing factors. The performances of the guidance laws are compared
in normalized forms with zero-lag optimal guidance and a first-order optimal scheme
with steady-state gains using a second-order control system. Normalized miss distance
analysis shows that the miss distance of the first-order guidance law is smaller than the
two mentioned schemes for small total flight times.
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tion [6], fuzzy-logic [7-9], robust [10], adaptive [11],
variable-structure [12], linear model predictive con-

trol [13] and optimal control [14-16]. The genetic
The three-point

guidance is sometimes referred to as Line-Of-Sight
(LOS) guidance, in which the vehicle maneuvers to
keep itself on the line between a reference point and a
target point, i.e. reference-to-target line-of-sight [1,2].
This type of guidance law is used in the trajectory
design of moving vehicles, especially aerial vehicles,
such as missiles [2,3] and unmanned aircraft. LOS
guidance can be considered a special case for trajectory
tracking and terrain following. In other words, the
three-point guidance scheme can be extended when the
reference line is not straight, e.g. in a terrain following
problem [4,5].

Modern control theory and estimation are utilized
to develop three-point guidance laws and trajectory
tracking control strategies, such as feedback lineariza-
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algorithm [17], ant colony optimization [18], and neural
network [19] may also be used in the design and
development of this class of guidance and control laws.

These control methods are also used in two-point
guidance schemes. For example, two-point Optimal
Guidance Laws (OGLs) in closed-loop are available
for first-, second-, and high-order control systems [20].
Analytical approaches for three-point guidance are
more difficult than two-point guidance, because of
the additional constraint on the vehicle trajectory
for keeping it near the reference-to-target LOS. Only
simple cases are solved analytically in closed-form for
three-point guidance, e.g. as treated in [21,22] for a case
of idealized LOS trajectory.

Derivation of optimal three-point guidance laws
is also more complex than the two-point strategies,
because of the above-mentioned additional constraint
on vehicle trajectory. The general formulation of the
optimal LOS guidance, deterministic [23] or stochas-
tic [23,24] approach for linear systems can be derived
simply from linear optimal control theory. However,
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the solutions of the resulting relations in closed-form
are of most interest in guidance theory and application.
The optimal solutions for perfect control system of
linearized LOS problem have been obtained in [14,15]
for stationary targets; however, their performance
indices are slightly different. The guidance gains of [15]
have also been derived for a steady-state solution.
Increasing the order of the control system highly
increases solution difficulties in the closed-form. The
optimal solution of the first-order system has been
presented in [25] for specified values of parameters,
without obtaining explicit relations for guidance gains
in terms of time constant, time-to-go, and LOS weight-
ing factor.

In this paper, the optimal solution of LOS guid-
ance is derived for a first-order control system and
guidance gains are obtained explicitly in terms of time
constant, time-to-go until the final time, and LOS
weighting factor. The relations are also normalized
to give more insight into the design and performance
analysis of the guidance law.

The rest of the paper is organized as follows:
Section 2 presents the governing equations of motion in
normalized form. Section 3 formulates the optimal line-
of-sight guidance in closed-form. Section 4 presents
the simulation results and comparison of the proposed
first-order OGL with other guidance laws, followed by
conclusions in Section 5.

2. Normalized equations of motion

The governing equation of motion of a vehicle, P, as
a point mass for a one-dimensional case is h = a,
where h is the distance of the vehicle from the line
between reference point O and the target position, as
shown in Figure 1. Also, a is the vehicle acceleration
assumed in the direction normal to the reference-to-
target LOS. The overdot indicates differentiation with
respect to time. The control system is taken as a first-
order transfer function from commanded acceleration u
to achieved commanded acceleration a, that is:

1

(8) = 1075

(1)

a
u
where T is the time constant of the control system. The

h A

o ——>
Target

Figure 1. Geometry of one-dimensional problem.

state space representation of the problem is given by:

h

v=a (2)
a=(u—a)/T

where v is the velocity component of vehicle P normal
to LOS (along the h axis in Figure 1). The state space
equations are normalized using the following change of
variables:

Tzfv szfv Tgo:?a (3)
A h R v
h=arm YTap )
i 2 o U
e (5)

where A is a normalizing parameter in m/s?. Here,
the normalizing factor in [26] is generalized using
parameter A. Also, t; is the final time and ¢, = t5 —¢
is the time-to-go until the final time. The normalized
state space form is then given by:

B =
¥ =a (6)
@ =0—a

where ()’ denotes differentiation with respect to the
nondimensional time, 7.
When the control system is given in the form of:

1

O

(7)

SIS

similar to our simulation, the last equation of the state
equations is replaced by the two following equations:

(8)

or, in the normalized form, as:

SACl =2(u—x1)

(9)

where 7 is the additional state variable due to increas-
ing the order of the control system, and &; = 1 /A.

The second-order control system (Eq. (7)) de-
scribed by the preceding relations is used for the
performance analysis of LOS guidance laws in the
implemented simulation code. Since the first-order
OGL is obtained assuming a first-order control system,
the performance analysis is carried out for the higher-
order control system; otherwise the comparison will not
be justified.
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3. Optimal guidance problem

The problem is to find the commanded acceleration, u,
as the input control that minimizes the performance
index:

1 [
J= 5/ (bh2 + u2)dt, (10)

to

subject to state space Eq. (2), where b > 0 is the
weighting coefficient for the vehicle deviation from the
LOS. The initial and final conditions are:

h(to) = ho h(t;)=0
v(ty) = vo v(ty) = free (11)
a(to) = ag a(ty) = free

where subscript “0” indicates the initial value, and the
final time, ¢, is specified.

The problem is now restated in the normalized
form to obtain the normalized commanded acceler-
ation, #, that minimizes the following performance
index:

J L [T rang oy 7 4
SR =bT 12
e 2/0 (bh +u)d7’, b=0oTt,  (12)

subject to the normalized state space Eq. (6). The
nondimensional initial and final conditions are:

h(ro) = ho h(rs) =0
B(19) = o o(ty) = free (13)
a(to) = ao a(1y) = free

The final nondimensional time, 74, is also specified.
The Hamiltonian of the normalized problem is given
by:

1.4 1
H= 5bh2 + 51? + A0+ A+ Ao (—a).  (14)

The optimality condition gives:

OH
o

0—a=—\, (15)

Costate vector X is simply obtained as:

Ao = —bh
L (16)
= - — = —
oF v h
M = =M + Mg

where & = [B D &]T and X = [)\h v )\a]T‘ Since
the final values for #(7) and a(7y) are free, we have:

{)\W(Tf) =0

17
)\a(Tf)ZO ( )

To solve the problem, the state and costate equations
are combined as follows [27]:

d [ 7
i 5=+ 13 .
where:
01 0 0 0 0
001 0 0 0
0 0 -1 0 0 -1
AP=1%0 0 0 o0 o0 (19)
0 0 0 -1 0 0
00 0 0 -1 1

From Eqgs. (13) and (17), the nondimensional initial
and final conditions are:

h(7o) = ho h(r;) =0
’LA)(’T()) = @0 /\vU(Tf) =0 (20)
a(t9) =0 Ao(T7) =0

The solution of state space equation (18) in terms of
the initial conditions has the form:

fo), vl e

where @ is the state transition matrix for the system
matrix, A,. Therefore, we have:

(I)(T — To) = C_l {(SI - AP)_I}TfTO ’ (22)

where I is a 6 x 6 identity matrix, s is the Laplace trans-
form variable, and £~! denotes the inverse Laplace
transform. The state transition matrix elements can be
solved analytically for the problem (see Appendix A).
Eq. (21) may be written from the current nondimen-
sional time, 7, to 74, as follows:

f(Tf)] [5(7)}

v = P(1y) | 7 . 23
L‘(Tf) 6x1 (7oc) M) 651 %)
Applying the final conditions, A(7;) = 0, A,(77) = 0,

and A,(7f) = 0, for the first, fifth, and sixth rows of
the preceding relation, yields:

S11(Tg0)(T) + d12(740)0(T) + G13(7g0)a(7)
+614(70) A (7) + 01500 (7) + 61620 (1) =0, (24a)
051(Tg0)D(T) + B52(740)0(T) + b53(7g0)a(T)
+ 054 (Tgo) A (T) + P55 A0 (T) + P56 Aa (7) =0, (24b)

D61(Tg0)A(T) + P62(740)0(T) + P63(7g0)a(T)

+¢64(Tgo))\h(7—)+¢65/\v(7-)+¢66/\a(7):O' (240)
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The three preceding equations are rewritten in the
following matrix form:

Py(750)Z(7) + P2 (TQO)X(T) = 67 (25)
where:
[611(790)  612(7T40)  D13(T40)]
Pi(150) = |51(Tg0)  052(Tg0) P53(7g0) |, (26)
¢61 (Tgo) ¢62(Tgo) ¢63 (Tgo)_
[614(790)  615(T90)  D16(Tg0) ]

Py(740) = | 054(Tg0)  &55(7g0)  D56(7g0) | - (27)

If Py(7y,) is invertible, X(r) can be obtained from
Eq. (24) as:

X(r) = =Pa(ry0) " Pi(7y0)F(7). (28)

Costate \,, from the preceding relation, is written as
follows:

Aa(T) = Ci(Tg0)h 4 Cy(1430)0 + Col740)it, (29)
where
Chp = —fig11 — fads1 — f3de
év = —f1¢12 - f2¢52 - f3¢62 (30)
Co = —fidis — fats3 — facdes
and:
_ 054(Tg0) 65(Tgo) — B55(Tg0)P64(Tyo)
e Pl oW
 014(Tg0)965(Tg0) — D15(Tg0) P64 (Ty0)
B ] e
_ 014(T40) 55(Tg0) — D15(Tg0) P54(Tg0)
h= P70 o

| Pa| =¢14(P55066 — P56 P65) + P54 (016065 — D15%66)
+ Goa(D15056 — P16¢55)- (32)

For brevity, argument 7, in ¢;;() and P» was omitted
from Eqgs. (30) and (32). Therefore, the normal-
ized commanded acceleration can be obtained from
Eqgs. (14) and (29) as:

~ ~

6(1) = =Ch(Tgo, D)l — Co(T40, )0 — Ca(Ty0, D). (33)

For the purpose of clarity, the constant bis added to the
arguments of the normalized guidance gains. Hence,
the optimal commanded acceleration is written in the

following form:
u(t) = Au(r) = —Crh — Cyv — Cya, (34)

where the guidance gains, C}, C,, and C,, are given

Ch = 7 Ch
c, =+, (35)
C,=0C,

Similarly, the history of the commanded acceleration is
obtained as (79 = 0):

a(r) = [=Ni(7) + Nao(7) Po(rp) ™" Pu(7)] (0), (36)

where:

Nl(T):[%l(T) P62(T) ¢63(T)]
(37)

No(7) = [%4(7) b65(T) ¢66(7)] :

The behavior of the normalized guidance gains is shown
in Figure 2 for different values of & = 0.01,0.05,0.1.
As can be seen in the figure, the guidance gains reach
the steady-state values when 7, approaches infinity,
which, in practice, is for 7, = 10 ~ 12 for the
mentioned values of weighting coefficients. These
steady-state values are displayed in Figure 3 versus the
normalized weighting coefficient (b).

The steady state normalized guidance gains can
also be obtained directly from the following algebraic
Ricatti equation:

0=-S4,-ATS - Q+ SBR'B”S, (38)

where A is the system matrix of the state equation (6),
B=1[0 0 1]" is the input matrix, R = 1, and Q is
the weighting matrix of the state vector for a standard
quadratic form:

01 0 b 0 0
A,=10 0 1], Q=10 0 0 (39)
00 -1 0 0 0

The costate vector is then given by X(7) = S#(7). Since
only the third element of the costate, A,, is required for
calculation of the commanded acceleration, only the
third row of matrix S is needed, that is:

Sa1 = Vi, (40a)

N \/—y1+2\/yf+163
32 = 7 + 5 ;

533 =V 1+ 2532 - ]., (4:OC)

S

(40D)
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Figure 2. Normalized guidance gains profiles.

where:
Y =

Zig= (3262 +

Zy + Zs,

9

32v/120% + 81b4

)

(41)

(42)

The normalized commanded acceleration is then given

(43)

(44)

2.5 T
— _Tzch _________
8 2.0F[ = T, [ e
61.5 2L | R T e
] -
S D uut T S S AN
2 1.0 o B it U E—
S L P e
£ St .
S 0.5p"
z,
00 1 1 1 1 1
0.0 0.1 0.2 03 04 05 06 07 0.8 09 1.0
bT*

Figure 3. Steady-state normalized guidance gains vs.
weighting coefficient.
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Figure 4. Normalized commanded acceleration vs.
normalized time for different values of b = 0.01,0.05,0.1

(vo =0).

4. Simulation results and discussions

Here, the performance analysis of the First-Order
Optimal Guidance (FOOG) strategy is investigated
and compared with its steady-state solution and Zero-
Lag Optimal Guidance (ZLOG) law. First, consider a
first-order transfer function described by Eq. (1) for
the vehicle control system. The acceleration initial
condition is set to zero. Three different normalizing
factors are introduced for the problem, i.e. 4 = hy/T?,
A =vy/T, and A = asat, Where ag,y is the acceleration
limit of the vehicle. Each normalizing factor is useful
for a specific class of scenarios.

In the first class of scenarios, the initial vertical
velocity is set to zero, i.e. vy = 0 without considering
the acceleration limit. For this class, A = ho/T?
is chosen as the normalizing factor. Therefore, the
behavior for the commanded acceleration and deviation
from LOS can be solved numerically, once for all
values of initial deviation from LOS and the control
system time constant, as shown in Figures 4 and 5.
As expected, increasing the weighting factor increases
the required acceleration commands, as depicted in
Figure 4, resulting in a more rapid decrease in LOS
deviation, as shown in Figure 5.

In the second class of scenarios, the initial devi-
ation from LOS is assumed to be zero. In this class,
A = vo/T may be chosen as a normalization factor.
Similarly, increasing the weighting factor increases the
required acceleration commands in order to decrease
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— bT* =0.01{]

- bT* = 0.01

- bT* = 0.01[]
10 15 20 25

)T

Figure 5. Normalized deviation vs. normalized time for
different values of b = 0.01,0.05,0.1 (vo = 0).

— »T* = 0.01(]
- bT* = 0.05|]
/ -~ bT* = 0.10
-1.05 5 10 15 20 25

)T

Figure 6. Normalized commanded acceleration vs.
normalized time for different values of b = 0.01,0.05,0.1

(ho = 0).

2.0 — bT* =0.011
- bT* = 0.05

1.5 - bT* = 0.10 |1
& 10t
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= :
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0.0 e \_~ VNS S——
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/T

Figure 7. Normalized deviation vs. normalized time for
different values of b = 0.01,0.05,0.1 (ho = 0).

the LOS deviation more rapidly, as shown in Figures 6
and 7. Therefore, there is a tradeoff to select an
appropriate value for the weighting factor.

The mentioned normalization can be used for
other situations, e.g. hy = 10, as in Figures 8
and 9, when A = wvy/T. We are now to compare
the performance of the First-Order Optimal Guidance
(FOOG), FOOG with steady-state gains labeled by
FOOG (ty = oo) in related figures, and the Zero-
Lag Optimal Guidance (ZLOG) in normalized form
(Appendix B). The comparison of the three guidance
laws is carried out for a second-order control system
described by Eq. (7). The acceleration commands and
LOS deviation are shown in Figures 8 and 9, respec-
tively, for the three guidance laws without acceleration
limit, when b = 0.01 and iLO = 10. The acceleration
commands for FOOG and FOOG (t; = oo) are almost

1.0
—ZLOG

0.5~ FOOG ]
-~ FOOG (t; = oo) )

—

!
=
=)

0 1 2 3 4 5 6 7 8 9 10
)T

Figure 8. Normalized commanded acceleration vs.
normalized time for three guidance laws (ho/voT = 10,

b=0.01).

12 T T
e —ZLOG
10 NG ~FOOG T
N ~~FOOG (ty = )

t/T

Figure 9. Normalized deviation vs. normalized time for
three guidance laws (ho/voT = 10, b = 0.01).

10 :
—7ZLOG
8T, ~FOOG I
ol / N, -~ FOOG (t; = o)
~ 4—,»" ~"\\ .
a s
= 2{\
of \\/ e
) H L
0 5 10 15 20 25

Figure 10. Normalized miss distance vs. normalized final
time for three guidance laws (vo7"/ho = 5, b = 0.05).

close together, as seen in Figure 8, but the acceleration
commands for ZLOG are quite different, especially for
the last instants (about the system time constant).
Further simulations show that the differences between
the performances of FOOG and its steady-state version
increase for smaller ¢ /T, and vice versa. The steady-
state FOOG gives a similar performance, like FOOG
for 7y > 20. Figure 9 shows that FOOG (t; = o0)
produces more miss distances than those of the two
other guidance laws.

To investigate more precisely, the normalized Miss
Distances (MD) are compared for different total flight
times in Figures 10 and 11 for different normalization
factors, without an acceleration limit. The normalized
miss distance of FOOG is smaller than that of the two
others. In addition, as shown in Figure 12, the miss
distance of zero-lag optimal guidance can be fluctuated
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12 T :
,,,,,,, N —ZLOG
10\ XY -~ FOOG
8 5 -~ FOOG (t; = oo)
. \ . (ty )
s 6 \ %,
~ A
| 4 8
=k \ x
oL\ S
-2 H
0 5 10 15 20 25

tf/T

Figure 11. Normalized miss distance vs. normalized final
time for three guidance laws (ho/vo1 = 10, b = 0.05).

—ZLOG |
~FOOG
-~ FOOG (t; = o)

A AN
VARVARN

tf/T

5

Figure 12. Normalized miss distance vs. normalized final
time for three guidance laws (ho/voT = 10, b = 0.8).

2.0 T T

—7ZLOG
L5[{~FOOG ~ g
Lol FOOG (t; = o)

1_/ 1 1 1 1
0.4 05 06 0.7 08 0.9 1.0
bT*

Figure 13. Normalized miss distance vs. normalized

weighting factor (b) for three guidance laws (ho/voT = 10,
75 = 10).

versus normalized final time, like an undamped oscil-
lation, if large values of weighting factor are needed to
satisfy the miss distance requirements. To investigate
more precisely, the normalized miss distance is plotted
versus the weighting factor in Figure 13 for 7y = 10,
showing the poor performance of the ZLOG when the
weighting factor is increased. It is worth noting that
point 7; = 10 gives a relatively good result, with
respect to other normalized final times for ZLOG, as
shown in Figure 12.

Up to now, the performance analysis has been
carried out with no acceleration limit. The effect
of acceleration saturation is investigated here in Fig-
ures 14-17. The normalized miss distance for the
three guidance laws is depicted in Figure 14 using the
normalizing factor A = ag,. The three guidance laws
produce similar miss distances for small normalized
flight time, depending on initial errors, because the

25 /S —7L0G 1
50 5, - FOOG |
\ N -~ FOOG (t; = o0)
a 1.5 '\v
& \
§ 1.0} 8, 4
<
Q0.5 8
= ,
0 0 [ RS S """';“-:'_ _______________
-0.5 L
0 5 10 15 20 25

ty /T
Figure 14. Normalized miss distance vs. normalized final

time for three guidance laws (ho/asutT? = 2,

v0/asacT = 0.5, b = 0.05).

\ : ]
2H=7L0G : \ : ]

-~ FOOG
-3H--FOOG (t; = )

0.0 0.1 0.2 03 04 05 06 07 08 09 1.0
bT*
Figure 15. Normalized miss distance vs. normalized

weighting factor (b) for three guidance laws (ho/voT = 10,
75 = 10, astT[vo = 2).

4 T
— 710G
-~FOOG
°r - FOOG (t; = o0)
&y
=3
= or e —
a
=
2l

4 H H i
0.0 02 04 06 08 10 12 14 16 1.8 2.0
Rsat
Figure 16. Normalized miss distance vs. normalized

acceleration limit (Rsat)Afor three guidance laws
(ho/’l)oT = 10, Tf = 15, b = 005)

accelerations of all three guidance strategies are sat-
urated. If we have sufficient final time (or a larger
acceleration limit), the acceleration comes off the limit
and the performances of the guidance laws become
different, resulting in a smaller miss distance for FOOG
than the other two. For example, the miss distance
at point 74 = 10 is analyzed in Figure 15 versus
weighting factor. This figure can be compared with
the case without an acceleration limit, as shown before
in Figure 13. The normalized miss distance versus
normalized acceleration limit is depicted in Figure 16,
for 7/ = 15 and hg = 10. As seen in this figure,
the performance of FOOG is superior to ZLOG in the
middle range of showed normalized acceleration limit.

To investigate further the effect of weighting
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10*MD /v T

@/74//% 2 ' C/”
(

NN
0.15 \ \y}/w%
0.10 5\/15{3% /

6 7 8 9 10 11 12 13 14 15
tf/T
(a)

bT*

ot

10*MD/’U[)T

SN

bT*

tf/T
(b)

1000*MD /voT
T T T —T T T T

T4

5.0 5.5 610 615 7I.0 7l.5 8.0 85 9.0 9:5 10.0
t4)T
(c)
Figure 17. Normalized miss distance contours:
normalized weighting factor vs. normalized final time for
(a) ZLOG, (b) FOOG (74 = o), and (c) FOOG
(ho/voT = 10, asatT /vo = 2).

factor in miss distance, the normalized miss distance
contours, constant MD/vyT, for the three guidance
laws are plotted in Figure 17, when hg/voT = 10
and astT/vg = 2. The figure is not shown for
tr/T < 5 because the effect of the acceleration limit
is dominant for prescribed initial errors and parame-
ters. For ZLOG, a clear trend cannot be observed in
Figure 17(a); however, for larger values of normalized
final time, such a trend can be seen. The plotted
contours for steady-state FOOG display a regular trend
in Figure 17(b). Comparing Figure 17(a) and (b),
shown for 10 x MD/v,T, determines in which regions
the steady-state FOOG produce less miss distance
than that of ZLOG. The normalized miss distance
contour for FOOG is shown in Figure 17(c) plotted for
1000 x MD/voT to show better the very small values
of normalized miss distance.

The allowable minimum final time to achieve a

18
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Min ty /T
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=
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\::
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—
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ho/’UUT

VoA B ®

T

“‘!
1
H
—

Figure 18. Normalized minimum final time vs.
normalized initial distance to LOS (b = 0.1, asas?'/vo = 2).

e R
g8 1
& |[-zLoG
= 4|l Fooa
o “[|--FOOG (t; = o0) PR
g I S m——
2 4
of

10 12 14 16 18 20
h()/’UQT

0 2 4 6 8

Figure 19. Normalized minimum final time vs.
normalized initial distance to LOS (b = 0.1, asa?'/vo = 5).
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Figure 20. Miss distance vs. target maneuvering time to
the final time for three guidance laws (b =5, T = 0.5,
ho =0, vg =0, asat = 10g).

predetermined miss distance is depicted in Figures 18
and 19 for the three guidance laws in normalized form.
In these figures, the allowable normalized miss distance
is chosen less than 0.02, i.e. MD/voT < 0.02. As
expected, the first-order optimal guidance law can work
in smaller final times, compared to the others. The
fluctuation in Figure 18 is due to an acceleration limit
of asatT/vg = 2. Increasing the acceleration limit
decreases the fluctuation, as seen in Figure 19.
Although the formulations have been developed in
one dimension, they can be utilized in two dimensions
(two channels), in practice. In addition, we are now to
evaluate the performance of the three mentioned guid-
ance laws in two-dimensional geometry for a special
case of target maneuvers. In Figure 20, a stationary
target moves from rest with a speed of 5 m/s normal
to the initial LOS in the last instants, and the vehicle
having a speed of 250 m/s launches without initial
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errors. The target maneuvering time to the final time
is denoted by t4,,, in the figure. Asshown in Figure 20,
the miss distance of the first-order guidance law is less
than the others for the mentioned case of maneuvering
target.

5. Conclusions

An optimal three-point guidance law has been derived
in a closed-loop for a first-order control system with-
out acceleration limit. The final position and total
flight time are both fixed. The optimal commanded
acceleration has been developed in one dimension;
however, it can be used in two channels separately in
the same formulation. In the closed-loop formulation,
the optimal gains are in terms of normalized time-
to-go and normalized weighting factor; therefore, the
time-to-go may be, in practice, estimated by vehicle-
to-target closing velocity and range-to-go. Moreover,
the formulation is normalized in three forms to give
normalized guidance gains and also normalized miss
distance curves. Each of the normalizations has advan-
tages for a normalized parametric study of the problem.
The performance of the guidance laws is compared
in normalized forms with zero-lag optimal guidance
and a first-order optimal scheme with steady-state
gains using a second-order control system with/without
acceleration limit. The preliminary study shows that
the miss distance of the first-order guidance law is
smaller than the two mentioned schemes for small total
flight times; however, a complete study with state
estimation in the presence of noise and disturbance is
suggested in a six-degree-of-freedom flight simulation.

Nomenclature

a Vehicle acceleration

A Normalizing parameter

b Weighting coefficient

Ch,C,,C, Guidance gains

h Distance from line-of-sight

H Hamiltonian

L1 Inverse Laplace transform

J Performance index

S Laplace domain variable

ty Final time

tgo Time-to-go until the final time

T Time constant

U Commanded acceleration

v Velocity component of vehicle normal
to LOS

z State vector

X Costate vector

T Nondimensional time
i} State transition matrix
0 d()/dt

(0 d()/dr
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Appendix A: Derivation of state transition
matrix

The state transition matrix for system matrix (19) is
obtained by Eq. (22). For calculation of the state
transition matrix, first, the characteristic equation and
its roots are obtained. The characteristic equation is
found to be:

~

|sI — A, =s%—s*—b=0. (A.1)

The roots of the characteristic equation can be found by
the general solution of a cubic algebraic equation [28].
Therefore, we have:

X?—X?—b=0, (A.2)
where X = s2. According to [28], when D = Q3 +Q3 >
0, we have one real and one conjugate pair of roots:

1 b b b

Q2:—+7$D:7+*>0

Qi=-
27 2 27 4 (A.3)

1
§7
As seen in the preceding inequality, D is positive when

b > 0. In this case, the characteristic equation (A.1)

can be factorized in the following form:
(2 — a®)(s% 4+ 2¢ws + w?)(s? — 2(ws + w?).  (A.4)

The real root of Eq. (A.2) is represented by a2, and is
given by:

/ 1
o = Zl + Z2 =+ g, (A5)
where:
(1 b Vizb+s1z\®
Z2=(@::VD) = (27+2i18> ~
(A.6)

After some manipulation, w and ¢ are obtained as:

Lo\ 1/4
w= (o[;) , (A7)
C_l(l_cv?—l>1” (48
V2 202 ’ ’

The behavior of a, w and { versus b can be viewed in
Figure A.1. It can be shown that the expressions under
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Figure A.1. The behavior of a,w and ( vs. b=0bT*.

the radical sign in Eqs. (A.5) and (A.8) are positive for
our problem (b > 0) and also ¢Z < 1/2.

From Eq. (22), the state transition matrix can be
written as:

. M185+M284+M353+M4S2+M5S+M6

B(s)

s6—st—b (A.9)
where:
Ml = I6><6
M, = 4,
My =4y =1 (A.10)

M4 - AP(AI% - I)
My = A2(A2 = 1)

Using Eq. (A.4), the partial fraction form of the state
transition matrix may be written as in Eq. (A.11) as
shown in Box I.

Using the following Laplace transform formulas
(w>0,2<1):

018+CQ

s2—n2

Cy sinh(at)

P, (t)y=L"1 { ,
@ (A1)

} =1 cosh(at)+

P (t) _ £_1 { 035 + 04 }
pc -

82 4+ 2¢ws + w?

=e vt (Cg cos(wqt)+ (

?

Cy—C3¢w) sin(wgt) >
(

Wi A.19)
_ C"S + CG
S, (=Lt ——2
® {SZ—QCws—i—wz}
— pCwt <C5 cos(wat)+ (Ce+C5¢w) sin(wdt)>
wd (A.20)
where:
wa =w\/1-C2. (A.21)

The state transition matrix is finally obtained as

follows:

<I>(t) = <I>7“(t) + <I>Pc(t) + <I>nc(t)' (A'22)

Appendix B: Normalized perfect LOS guidance

The optimal guidance solution to minimize perfor-
mance index (10), subject to the differential equation
constraint, h = a, and the initial conditions, h(0) = 0,
v(0) = 0, and the final conditions, h(t;) = 0 and
v(ty) = free, is obtained as follows [14]:

w(1) = =Ch(tgo, b)h — Cy(tgo, b)v, (B.1)
where:
C, =

232 [sin(Bt,0) cos(Bty0)+sinh(Bt ) cosh(Bty, )]
~ sin(Bt,,) cos(Blyo) —sinh(Bt,,) cosh(Bl,,) (B.72a)

C, =

- 243 [sin2(6tgo)—.l—sinh2(ﬁtgo)] (B
sin(Btg0) cos(Bt o) —sinh(Bt4,) cosh(Btg0)

B=0bi/V2. (B.2¢)

Although the preceding commanded acceleration is
optimal for a perfect control system, the commanded
acceleration should be normalized for our performance
analysis when the control system is taken as a second-
order transfer function, that is:

(1) = -y, (rgo,i)) h— C, (Tgmi)) 0, (B.3)
where:
Or =

232 [Sin (BTQO) cos (BT90> +sinh (BTQO) cosh (ﬁATgO)]

)

sin (Brgo) cos (BTgo) —sinh (Brgo) cosh (Brgo) (B.4a)

20 [sin2 (BTQO) +sinh? (Brgo)}
_sin (ﬁrgo) oS (BTgo) —sinh (BTgo) cosh (BTgo)(BAb)

(B.4c)

The normalized commanded acceleration and guidance
gains are defined as before, i.e., similar to Eqs. (33)-
(35).



S.H. Jalali-Naini and S.H. Sajjadi/Scientia Iranica, Transactions B: Mechanical Engineering 23 (2016) 588-599 599
M1S5 +]\/[254—|—M353+IW482 +M5S+M6 - 015+CQ O35+C4 C55+CG (A 11)
6 _ g4 _}  s2—a? 824 2ws+w? 82— 2ws +w?’ ’
where:
CV2M1 —+ CVMg + Mr'
C, = - A12
! 2wt + ot ’ ( )
a2M2 + O[ﬂ{4 + Me
C, = . A3
2 2wt + at ( )
Cn = 146w My + (@Pw! = 200) My — 20°Cw’ M3 | 1 (w* + @®w?)My — 20w’ M5 + (4¢°w® — w? — a®) Mg
2T w3 (2wt + at) 4 W3 (2wt + at) (’A 14)
o 1 (2w® — ?WO) My + 202Cw® My — (W8 + a?w?) M3 + 2¢w’ My
! w3 (2wt + at)
1 (w* = 4w + W) M + 20w(4¢Pw® — 20° — o) M (A15)
4 wW3C(2wt + at) ’
o — 14Cw7M1 + (205 — a2wt )My — 202 (W3 M3 — (wh + a?w?) My }—QCw?’M;) + (w? = 4¢%W? + a?) M
5Ty W3 (2wt + at) 4 w3 (2w + at) (A716)
c _1 (a2wb — 2w8 )My + 202(w® My + (W8 + a?w?) M3 + 2¢w’ My
7y w3((2wt 4+ at)
1(4C%w? — w?* — a2w) M5 + 2¢w(4C%w? — 20?2 — a?) M,
+7( : )3 4C (4< ) = (A.17)
4 w3 (2wt + o)
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