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predicting the flutter speed of a typical section in transonic regime. An implicit mesh-
less method, based on Euler and Navier-Stokes equations, is conducted to simulate the
transonic fluid flow around an airfoil. This technique is applied directly to the differential
form of the aerodynamic governing equations and the time integration is carried out using a
dual-time implicit time discretization scheme. The capabilities of the flow solution method
are demonstrated by flow computations around NACAO0012 airfoil under different flow
conditions. For structural dynamics simulation, a typical section model with pitching
and plunging motion capability is considered. Finally, the aeroelastic analysis of the 2D
model is performed by the consecutive simulation of both structural and aerodynamic
domains. Also, the effect of viscosity and time interval choice between two structural and
aerodynamic solvers on flutter instability is studied. A comparison between the obtained
results and those available in the literature shows the good accuracy of the present method.

(© 2016 Sharif University of Technology. All rights reserved.

1. Introduction

There is no escaping the fact that aeroelastic stability
investigations play an important role in the design-
ing process of an air vehicle. The most performed
activities and research in the aeroelastic field have
been determination of critical flutter speed. In this
regard, finding a suitable and powerful method for
solving structural and fluid flow fields has always been
an attractive subject for researchers [1,2]. Specifically,
from a fluid computational aspect, some well-known
analytical models, such as Theodorsen’s theory for
unsteady subsonic incompressible flow and the piston
theory for supersonic applications, are reachable (of
course with some limitations) [3]. Moreover, the
Computational Fluid Dynamics (CFD) method can be
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put into use to study the complex phenomena of a fluid
flow (e.g. flow separation, compressibility, shock, etc.).
Using these methods may increase solution complexity
and computational effort, and, thus, solution of an
especial case, such as a transonic flow regime, with a
suitable tool, is an important challenge in aeroelastic
analysis. Transonic aeroelasticity is more complex in
comparison with subsonic and supersonic regimes due
to the existence of shock waves across the airfoil. In
these regimes, the fluid flow equations can be used
in the linear form, which could be incorporated into
aeroelastic equations. However, transonic flow has a
nonlinear nature that is not easy to be solved with
the same techniques. One way to overcome these
difficulties is to use numerical methods (CFD) which
may be implemented through time-marching schemes.

Finite element or finite volume methods are ex-
tensively applied to address the computational aeroe-
lasticity field problems [4-6]. However, most of these
studies have some restrictions in transonic flow. The
first aeroelastic study in the transonic regime was
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performed by Edwards et al. [2]. In this paper, a
nonlinear time-marching aeroelastic model was solved
using Transonic Small Disturbance (TSD). Bendiksen
and Kousen achieved the flutter boundaries for a
NACA 64A010 airfoil using an explicit method based
on the convolution integral. They found that the large-
amplitude limit cycles could be achieved in unsteady
motion [7]. Lee studied the effect of viscosity using the
Finite Volume (FV) method [8]. Kholodar et al. [9]
applied a novel Harmonic Balance (HB) technique to
solve the flutter boundary in the presence of Euler
equations. In other work by Thomas et al. [10,11],
this method was developed for N-S equations to predict
flutter velocity. The effect of viscosity on flutter
velocity in the transonic regime, based on the HB
method, was investigated by Schwarz et al. [12].

Guruswamy [13] attained acceptable results using
different equations for 2D and 3D geometries, including
vertical flow. To capture valid results in these methods,
a refined mesh is required. Indeed, the problem of these
methods will be initiated when the complexity of the
model and its operational conditions are increased.

Compared to mesh-based methods, mesh-less
methods have some advantages. For example, the main
problem of Computational Fluid Dynamics (CFD) in
mesh-based methods is their difficulties in generation
of a practical mesh [14]. But, in mesh-less methods,
only computational points (instead of elements) are
used in the solution process. One of the major
disadvantages of all mesh-based methods (especially in
aero-elastic analysis) is their difficulty in the solution
of unsteady flow because of element deformation. This
obstacle could be resolved using mesh-less methods,
which employ computational points that are easily
replaced and moved in comparison with mesh-based
algorithms. This privilege can be useful especially in
unsteady conditions (because of a large number of time
steps in unsteady computations). These advantages
encourage the use of mesh-less method in aero-elastic
applications. Different mesh-less methods have been
presented in the literature [15,16]. A very efficient
implicit mesh-less method is applied to solve steady
compressible flows by Jahangirian and Hashemi [17].
In that paper, the least square method, based on the
Taylor series, was applied to calculate the derivatives.
The results indicated that the computational time
is decreased by 50% in comparison with the similar
Control Volume (CV) method using the same point
distribution [18]. In this paper, implicit and explicit
methods were developed to solve unsteady stationary
flows. The unsteady mesh-less method, based on point
replacement, has been provided by Wang et al. [19] and
Ortega et al. [20]. In another work, Wang et al. [21]
used Delaunay triangle principles to solve unsteady
flow.

Several mesh-less methods have been applied for

fluid-solid interaction problems [22-25]. For instance,
Hu et al. [22] applied the Pure Particle Method (PPM)
to complex geometries, along with large deformation
capability. In another work, a staggered algorithm,
based on the mesh-less method, has been extended for
fluid-structural interaction [23]. However, only a few
works have been performed based on the least square
method.

The main objective of the present work is to
further extend the application of the least square mesh-
less method to aeroelastic moving boundary unsteady
problems under transonic flow conditions. At the
first stage, the ability of the flow solution method is
demonstrated. It is shown that the convergence rate of
this method is higher than the similar Control Volume
(CV) method with the same discretization and initial
data [18]. In the next step, the ability of the method is
shown regarding the solution of unsteady flow. Then,
the provided computational aerodynamic model is
incorporated into the system of aeroelastic equations of
a typical section model to perform aeroelastic analysis.
Also, the effect of viscosity on flutter instability is
studied.

2. Computational models

2.1. Aerodynamic model

The fluid flow around a moving, two-dimensional airfoil
is governed by Navier-Stokes (N-S) equations, which
can be written in the differential form as [17):
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U and V represent the z and y components of relative
velocity and are evaluated as:

U=uz—uxy, V=v—-y. (3)
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Figure 1. A sample point and its neighbors.

For a perfect gas, the following equation can be written
as:

u? + v?
P=(-1) pE—%

(4)
In this study, for applying the mesh-less method,
equations are used in a conservation form. In this
method, the differential form of governing equations
is implemented, and a least-square approximation is
used to calculate the derivatives [26].  According
to Figure 1, C; is the set of computational points,
which are neighbors for point 7, and the value of any
parameter, ¢, is defined at the mid-point between two
adjacent points [27]. The amount of function ¢,; is
assumed to change linearly along line 75. Using Taylor’s
formula for point ¢ and its neighboring points, the
following equation is achieved [17]:

¢ 9¢
((93:) Az;j + (83/) Ayij = Agij, Ay = xj — @4,
Ayi; = yj — i, Adij = @5 — ¢ (5)

Similar equations are achieved for all cloud points
which are neighbors with point ¢ by considering an
arbitrary weighting factor, w;. This may result in the
following matrix for point i [26]:

2
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By considering Eq. (5) and using the least-squares
method, the derivatives of each parameter can be
estimated as follows [26]:

o¢ = O¢
bl A, =
0z |, jzz:la] & Jy

The coefficients in Eq. (7) can be computed through
solving Eq. (6) [16]:
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To achieve a semi-discrete form of the Navier-Stokes
equations (Eq. (1)) at point ¢, using Eq. (7), the
following equation is obtained [16]:
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In this equation, Af;; and Ag;; are:

Afij = fj — f¢7 Agij =g; — 8- (10)
By defining H = aF + bG (which is defined as flux
in the direction of the least square coefficients and is
similar to flux which is calculated in the mesh-based
methods [17]) in Eq. (9), the following equation can be
achieved:
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By applying the central difference method to the

Navier-Stokes equations, the following equation can be
achieved:
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Due to the use of the central difference method,
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unstable results are achieved. In order to overcome
this problem, stabilizing terms are used in Eq. (9) by
adding damping terms. In this dissipation model, in
order to prevent oscillations, especially in critical zones,
an aggregation of the second and fourth differences of
conserved variables (W) is added to Eq. (11) [17], which
is denoted by the D symbol in the following relation:

ow; = I Ma, [+ v
EYR 2(2 AHG 410 — Row. [Z AH; j+1/2:|>
Jj=1 7=1

-D, =0. (13)

These dissipation terms are defined by:
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where ¢ and %) can be formulated as:
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Vij =
The values of constant ks and k4 are in the range
0 < ky <1land 55z < kg < 33 [28]. Eq. (11) is
applied to each node in the computational domain and
a set, of ordinary differential equations are obtained as
follows [28]:
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An implicit time discretization is applied in Eq. (16),
which can be written as [17]:
(9W?+1
ot

+ R;(w"t) = 0. (17)

In this equation, the superscript n+1 is applied for time
level (n + 1). For %, by using the implicit backward
difference, by considering the order of accuracy of k,
the following equation is achieved:

k
d 1 1. -
%“Ktz;m 1, (18)
qg=1
where:
A~w T = w it wn, (19)

Considering the second order accuracy, the following
equation can be obtained:
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where w?™! is nonlinear and, so, cannot be solved by

analytical methods. To overcome this problem, a new
residual, R*, is defined and referred to the unsteady
residual:

3wPtl  4wn  w?!

R»f n+1 — 7 _ 1 )
(W) 5AL,  2At T oAL

4 W;H’l (Z ai; Az ;5 + Z bijAyt,ij)
7j=1 j=1

+ Z AHL (w )

m

_ 1\]-:?:’00 ZAH n+1

—D;(w™). (21)

This equation can be used to solve steady-state prob-
lems by considering a new pseudo time (7).

5w”+1

5 +R}(w"H) =0. (22)

To solve the steady-state problem, one can have:

n+1
ow]
or

= 0. (23)

By comparing two equations, we can have R} (w"*1) =
0, which can be used to solve Eq. (24). By considering
time marching methods, such as the Runge-Kutta
method [23], the solution can be found.

In this research, implicit and explicit CFL
numbers are assumed to be 100000 and 5, respec-
tively [17,28]. To solve Euler and Navier-Stokes
equations at a solid boundary, it is assumed that the
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Solid bound

® Interior point
O Boundary point
® Ghost point

Figure 2. Schematic of boundary zone.

boundary is reflective and impenetrable [17], which can
lead to the following assumption for a solid boundary:

H P
du _, OH _, oP _

Y _ o _, 0P
on (24)

on a7 dn =0,
To achieve a better result, especially in the solid bound-
ary region, the Ghost point method [17] is employed.
In this method, some new points are added to improve
the accuracy of the mesh-less method in the solid
boundary (Figure 2). For the new points, the velocity
components are calculated as the following:

ug = —(uj —22), vy = —(vj —25),

For viscous flow,
ug =u; — 2|V, lng, vy =v; = 2|V,|n,,
For inviscid flow. (25)

Also, in the far field, characteristic analysis based on
Riemann invariants are exploited [17]. The points
neighbouring stencils inside the boundary layer region
and outside this area are shown in Figure 3.

2.2. Structural model

A NACA 0012 airfoil section model with plunging
and pitching motion has been considered as a two-
dimensional test case of the structural model. As
shown in Figure 4, the flexibility of each degree of
freedom has been shown using two discretized spring
models.

(a) In the boundary layer (b) In the domain outside

boundary layer

Figure 3. Neighboring stencils.

Figure 4. Typical section model.

The structural dynamics equations of motion can
be written as follows [3]:

mh + Saé + Knh = Qn,

Soh+ 1,6+ Kya = Qq. (26)

Since the aerodynamic equations are developed in
dimensionless form, it is better to use the non-
dimensional form of the structural equations. Thus,
they can be written as [3]:

- 1 2_
b+ cwad + 452 h = L, (27)
2 U 7%
= 1, 2r2 dc,,
.’Ii'ah + §Ta04 + ?Oé = '[L77T7 (28)

where h is defined by the following relation:

h=2 (29)
C

1 is defined as:
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. 30
= (30)
Also, w, can be explained as:
Wh
p=— 31
o= 22 (31)

Finally, the above equations, along with the aero-
dynamic equations, could be incorporated into the
framework of aero-elastic analysis.

2.3. Solution methodology

To perform aero-elastic analysis, structural and aero-
dynamic equations are solved sequentially. In this way,
the unsteady aerodynamic loads are firstly determined
using the mesh-less method for certain free-stream
conditions. In the next step, these computed loads are
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applied to the structural model and they are solved
by a transient dynamic analysis. Then, the obtained
results, including deformations (structural dynamic
response) and induced velocities, are applied to the
aerodynamic model in order to update its geometry and
boundary conditions for the next unsteady solution.
This process continues until the user defined end
condition of the problem is met. In this situation, the
solution is repeated until the difference between the
amplitudes of two successive picks of the alpha and
displacement response become less than 0.001. For the
aerodynamic solver, it is notable that at each time step,
the average error should reach the level of less than
0.0001. It must be noted that for transient dynamic
analysis, the 4th order Runge-Kutta scheme is used.
The flowchart of this aeroelastic solution algorithm
is shown in Figure 5. Using the above mentioned
methodology, an investigation is carried out about the
effects of different parameters using the complete CFD-
structural system.

3. Results

To validate the present method and show its capability
for aeroelastic computations, several numerical inves-
tigations are carried out which are explained in the
following subsections.

Aerodynamic
solution

Updating The log (residual)
points in is less than 0.0001
the field

A 4

Aerodynamic
load
determination

Y

Is the amplitude Structural
of alpha variations «— dynamic
less than 0.0017 response

Figure 5. The flowchart of the aeroelastic analysis.

Figure 6. Point distribution around NACA0012 (viscous
case).

3.1. Viscous case

To show the effect of viscosity and to show the ability of
the method in comparison with the control volume, the
first case is considered with flow conditions of Ma = 0.8
and Re = 500. The generated point distribution around
the airfoil is shown in Figure 6, which includes 13233
points in total, 72 points of which are located on
the outer boundary and 364 nodes lie on the solid
boundary. In this case, both Euler and Navier-Stokes
solutions are obtained, and the related results are
shown in Figures 7 and 8, respectively. It is notable
that in this case, the amounts of dissipation terms, (2)
and ¢, are 0.5 and 0.015, respectively.

In these figures, Mach number contours for dif-
ferent angles of attacks are shown. As illustrated,
there are considerable differences between the inviscid
and viscous results, which clearly show the viscosity
effect in this problem. Surface pressure distributions in
different situations are shown in Figure 9. As is clear,
viscous terms play an important role in shock involved
problems. To show the ability of the method, the con-
vergence rate and the pressure coefficient distribution
of the method at Ma = 0.8 and AOA=2.5 are compared
with similar CV methods with the same discretization
and the same initial data [18]. Figure 10(a) illustrates
that good results are achieved in comparison with the
CV method. The convergence history is shown in
Figure 10(b). As is obvious, the mesh-less method
has better convergence in comparison with the CV
method. The computations are performed on a Dual
core PC with 2.00 GHz speed. This benefit can be more
helpful in aeroelastic analysis, especially in saving CPU
time.

3.2. Unsteady case
The next case is chosen to simulate the unsteady flow
solution around an oscillating NACAQ0012 airfoil at
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(e)

(2) (b)
Figure 7. Mach contours around NACAQ012 using Euler equations at Ma = 0.8: (a) AOA=0; (b) AOA=2.5; and (c)

AOA=5.0.

()

(2) (b)
Figure 8. Mach number contours around airfoil using N-S equations at Ma = 0.8: (a) AOA=0; (b) AOA=2.5; and (c)

AOA=5.0.

(c)

(b)

Mesh-less method
— — — Control volume [18]

e
2
!
=]
S
1
0
[
\
1.0F Mesh-less method AN
«  Control volume [18] BN
- = ~
1 1 L I 1 SRR BN A SR SR SN B
0.0 0.2 0.4 0.6 0.8 1.0 5 10 15 20 25 30
X Cpu time (minute)
(b)

(a)
Figure 10. (a) The pressure coefficient distribution. (b) The convergence rate for NACA 0012. Ma = 0.8, AOA = 2.5, Re

= 500
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Figure 11. Point distribution model around NACA00012
airfoil.

Mach number of 0.8. The close-view of the point
distribution around the airfoil is shown in Figure 11.
The point cloud contains 6509 points, of which 275
points lie on the solid boundary. The outer boundary is
located 10 chords away from the airfoil with 65 points
on it. The point distribution is chosen the same as in
the first case. In this case, the periodic pitch angle can
be considered as follows:

a(t) = (am + ap sin(wt)), (32)
where o, and aq are equal to 0.00 and 1.0, respectively.
w can be calculated as follows:

2
= ko°° . (33)

In this investigation, k is chosen as 0.1. Figure 12
shows normal force coefficients and pitching moment
coefficients for inviscid flow. In this figure, the results
are compared with CV numerical results from [18] and
the experimental data of the AGARD [29]. As shown,
good results are achieved in comparison with other
reliable methods.

——o— Mesh-less method -
o Control volume [18]
¢  AGARD [29]

0.05

-1.0 -0.5 0.0 0.5 1.0

«

(2)

m

Table 1. Specifications of typical section model.

p (kg/m?) 1.2255 M (kg) 19.6245

I. (kg.m?) 4.1021  Kp (N/m) 1962.45518
K, (N.m/rad) 2563.8178 Ta 0.1

C = 2b (m) 1.8288 « -0.2

3.3. Flutter study

The ability of the present method to predict aeroelastic
instability is investigated by the flutter analysis of
a typical section. The structural and geometrical
specifications of the model are listed in Table 1.

To conduct aeroelastic analysis, firstly, the de-
veloped unsteady Euler solver is utilized for fluid
computations in the coupled fluid-structure simulation.
The point cloud is considered the same as in the inviscid
case. Table 2 shows the obtained flutter velocity and
flutter frequency of this model in comparison with
other reference data [30,31]. It must be noted that
the mentioned reference data are obtained using an
analytical aerodynamic model (Theodorsen’s theory)
to capture the flutter speed. Also, for the velocity
beyond this critical value, for example v = 0.3, some
snap shots of the flow field and structural response are
presented in Figures 13 and 14. These figures reveal
that both amplitude responses of the system increase
in a rapidly progressive manner. Thus, the aeroelastic
system behaves in an unstable fashion.

The other notable point is that by choosing an
unsuitable time interval (At), numerical instability
can occur. This can affect the results and an inap-
propriate flutter speed, which are predicted by the
present method [32]. For example, by choosing v =
49 m/sec and two different time intervals, as shown
in Figure 15, different results are achieved. As is
obvious, in Figure 15(a), by choosing At = 0.000001,
the amplitude response of the system increases, while
in Figure 15(b), with the same initial data, and by
choosing At = 0.0001, the flutter is predicted. These

——6— Mesh-less method

. Control volume [18]
¢ AGARD [29]
0.05F
0.00 |-
-0.05 F
-1.0 -0.5 0.0 0.5 1.0

Figure 12. (a) Normal force coefficient, and b) pitching moment coefficient at Mach number of 0.8.
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(b)

(d)

®)

Figure 13. A few snap shots of the flow field for v = 0.3 at (a) 1 min, (b) 2 min, (c) 3 min, (d) 4 min, (e) 4:30 min, and

(f) 5 min.

i I
T i | ‘H

o T

10 15 20
Time

(2)

i
T T T

'
(M
T T 71

10 15 20
Time

(b)

Figure 14. (a) a vs. time, and (b) h vs. time at v = 0.3.

Table 2. Flutter speed of typical section model.

Present result

Ref. [30] Ref. [31]

Flutter velocity
Flutter frequency

49.164 m/sec
96.345 rad/sec

50.5968 m/sec
100.19 rad/sec

52.42 m/sec
104.34 rad/sec

results show that a proper time interval should be
chosen to prevent numerical instability.

For investigation of the ability of the present
method to analyze aeroelasticity under a compress-
ibility effect, especifically in the transonic regime,
an aeroelastic analysis of the previous model, under
different Mach numbers, is conducted, and the obtained
results are shown in Figure 16. This figure shows
that the present method, based on the Euler equation,

has good agreement with Ref. [4], and confirms the
acceptable accuracy of the presented mesh-less method
in aeroelastic computations. It must be noted that in
Ref. [4], Euler equations are applied using interpolation
techniques, such as kriging and Artificial Neural Net-
works (ANN), to predict flutter speed in the transonic
regime.

For comparing the results of different studies, the
flutter index (V) is defined as:
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Figure 15. The effect of time interval on flutter speed predicting at (a) A¢ = 0.000001, and (b) At = 0.0001.

0,3965 A Ref. [4]
g A B Present Euler
F0.3930 & . ® Present N-S
0.38 I n
“r 0.3740 &
B Fs
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0.3628
0.36 0.3609 l‘ 1
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N I 0.3517T@° 4
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- 0.3440m A
0.34} A "
| 0.33614@ 4 a
I 0.3294 1 A
- " 2 0.3205
0.32} A 4 Au @ 0.3186
1 , . 0.3141¢ .03116
0.60 0.65 0.70 0.75 0. 80

Mach number

Figure 16. Vp vs. Mach number.

NG

Figure 16 shows that the flutter index decreases with
increasing the Mach number until critical Mach num-
ber. However, after this value, the flutter index
increases sharply with increasing Mach number. The
transonic dip [33] can be seen in this figure, which is
because of the compressibility effects [34]. Also, the
obtained results show that considering the viscosity
in aeroelastic computations has little effect on the
stability results if the flight Mach number is less than
critical.  Thus, for this flight condition, the Euler
equation can be considered to overcome numerical
complexity [9]. For higher Mach number, the N-S curve
differences become large because, in this region, the
viscous effect cannot be neglected. In this zone, the
viscosity can replace the position of the shock, which
has an important role to play in separation of the
boundary layer. Thus, the flutter index can be affected
by boundary layer separation [34]. The differences
between the position of separations and shock waves
in Euler and N-S equations after Ma = 0.76 creates
enormous variations between the two results.

Vi = (34)

4. Conclusions

In this paper, a numerical aeroelastic model for a
typical section (two-dimensional wing) via a mesh-less
model is developed. For utilizing the time-marching
technique, a dual-time implicit time discretization
scheme was applied and the computational efficiency
was enhanced by adopting accelerating techniques.
The obtained results showed the validity of the devel-
oped solver for the fluid flow computations in compari-
son with available data. In addition, it was found that
the time of convergence in this method is better than
in the CV method. The ability of the method was
shown by simulating the unsteady flow solution around
an oscillating NACAQ012 airfoil. Also, the capability of
the present method to conduct aeroelastic analysis was
shown using two different test cases in subsonic and
compressible regimes (up to transonic regime). The
results show the ability and accuracy of the present
method to perform transonic aeroelastic analysis. Also,
it has been shown that the viscosity effect can be
neglected in transonic aeroelastic analysis when the
flight Mach number is less than critical. It was shown
that the choice of time interval has a significant effect
on the proper prediction of flutter speed.

Nomenclature

U Velocity component in z direction
v Velocity component in y direction
U Relative velocity in z direction

|4 Relative velocity in y direction
Uy Normal velocity

Uy Tangential velocity

Ty Nodal velocity in x direction

Yt Nodal velocity in y direction

V, Nodal velocity

P Pressure
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Total energy

Distance between points ¢ and j
Least square coefficient in z direction
Least square coefficient in y direction
Artificial dissipation

Mach number in far field

Reynolds number in far field
Plunging motion

Dimensionless form of h

Mass of the airfoil

Chord length

Reduced frequency

Free-stream velocity

Flutter index

Static mass unbalance

Mass moment of inertia about the
elastic center
plunge spring constant

Pitch spring constant

Lift force

Aerodynamic pitching moment about
the elastic center

Unit vector between ¢ and j

Static mass unbalance

Mass moment of inertia about the
elastic center
Dimensionless reduced velocity

Dimensionless radius of gyration about
the elastic center

A scale of distance between the center
of gravity and the elastic center

Pressure sensor shock at any edges (i7)
Local adaptive coefficients in critical
zones

Local adaptive coefficients in
non-critical zones
Weighting factor

Pitching angle

Mean angle

Oscillation amplitude

Frequency of the system
Non-dimensional mass

Ratio of the specific heats

Ratio of uncoupled natural frequencies
Uncoupled plunge natural frequency
Uncoupled pitch natural frequency
Density

The average of gradients of any
variable at midpoint
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