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Abstract. This paper investigates optimal multi discount price and order quantity for
deteriorating product. We initially consider a time dependent demand function with two
scenarios including positive exponential for the first interval and negative exponential for
the second one, due to the obsolescent characteristic, without any exogenous factor. Then,
we study the effect of changing selling price as an exogenous factor causing increase in
demand. Finally, optimization model is formulated and the closed form solutions of the

(© 2015 Sharif University of Technology. All rights reserved.

1. Introduction and literature review

One of the important assumptions in inventory man-
agement problem is the planning horizon of the prod-
uct. There are two general categories for these prob-
lems: single period and multi period models. The first
category, also known as the newsboy or newsvendor
problem, is for items with a limited application time,
such as those that must be prepared only at the begin-
ning of each period and will be discarded at the end of
the period or will be sold with special policies. In such a
manner, the retailer adopts different policies, like pric-
ing, to enhance sales and control inventories remaining
at the end of the period. Therefore, we see many papers
that have considered optimal Economic Order Quantity
(EOQ) plus appropriate pricing policies as a new
powerful approach in revenue management used for
increasing the sales. Some of these works are mentioned
in the following. Wang and Tung [1] proposed an
EOQ model for gradual obsolescent products under
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multi-discount selling prices. Khouja [2] considered a
newsboy problem with multiple discounts. Maximizing
expected profit and the probability of achieving a
target profit are two commonly used objectives of this
work. Lau and Lau [3] developed a model based on the
strategy of price decrease for demand increase. You
and Hsieh [4] studied optimal selling strategies for a
seasonal item when the inventory model is continuous.
Urban and Baker [5] investigated pricing policy and
economic order quantity for a problem with determin-
istic demand function depending on time, price, and
level of the inventory. Dutta et al. [6] proposed an
inventory model which had a fuzzy random demand
variable. Lodree et al. [7] introduced a newsvendor
problem with time and quantity dependent waiting cost
in which all shortages are backlogged.

Inventory systems are always involved with the
features of their items. Two imperative attributes con-
sidered in this paper are obsolescent and deterioration.
Items such as festival decorating, seasonal clothes, etc.
have the characteristic of obsolescence. In fact, as
Cobbaert and Oudheusden [8] stated for obsolescent
feature, their demand decreases after a certain point
of time and they are not needed anymore, probably
because they are replaced by a better substitute with
higher performance, as Brown et al. [9] declared, or the



2596 A.A. Taleizadeh et al./Scientia Iranica, Transactions E: Industrial Engineering 22 (2015) 2595-2603

environmental conditions, related to their application,
changes. Delft and vital [10] considered a problem in
which items become obsolescent with the probability
of negative exponential distribution and investigated
optimal inventory policies for it. Arcelus et al. [11]
studied an inventory problem with both time and
selling price dependent demand function involving a
certain stochastic demand point. The demands im-
mediately reached zero after this point. Ghare and
Schrader [12] investigated exponential decay effect in
standard EOQ model, considering the lifetime of a
product as a random variable with negative exponen-
tial distribution. Céardenas-Barrén et al. [13] studied
the solution approaches of a multi-product Economic
Production Quantity (EPQ) with budget constraint.
They suggested an alternate heuristic algorithm which
is more efficient in comparison with other existent
algorithms in the literature. Maleki Vishkaei et al. [14]
investigated economic order model under shortage and
delay in payments. This study also considered a
complete 100% screening process for defective items.
For deterioration issue, since it has a significant
effect on the inventory model, the loss related to it
cannot be ignored, and as it is a common phenomenon
in real life for many items such as drugs, blood banks,
etc., it has been widely studied in recent years. Firstly,
Ghare and Schrader [15] discussed EOQ model in the
case of continuous decaying inventory with constant
demand. Shah and Jaiswal [16] investigated con-
stant deterioration rate in a deterministic environment,
whereas Covert and Philip [17] considered an inventory
model with variable deterioration rate and constant
demand. Philip [18] extended the previous work by
involving three parameters of Weibull distribution for
a variable deteriorating rate. Levin et al. [19] provided
an exhaustive and detailed review for the deterio-
rating product in inventory management literature.
Balkhi [20] developed an inventory control model for
the deteriorating item under time value of money con-
sideration. Taleizadeh et al. [21] proposed a new rough
Economic Order Quantity (EOQ) model that was a
mixed integer nonlinear programming type. Their
model considered quantity discount and prepayment
for the deteriorating items. Wu et al. [22] developed
an economic order quantity model from the retailer’s
perspective which considered up and down stream
trade credits and expiration dates for deteriorating
items. Chung et al. [23] proposed an EPQ inventory
model for an integrated supply chain system with three
layers under two levels of trade credit. Widyadana et
al. [24] developed an inventory control model for the
deteriorating products with and without backorders.
Chung and Cédrdenas-Barrén [25] presented a simplified
solution algorithm for an inventory - supply chain
management problem. In this study, deterioration
rate, stock dependent demand rate, and two levels

of trade credit in the supply chain management are
considered. In the field of time varying deterioration,
Sett et al. [26] developed an inventory control model
with two warehouse and quadratic increasing demand
functions to determine the order quantity such that the
total cost was minimized.

In recent years, the literature for the joint study
of inventory models and pricing strategy in the case of
deteriorating items has been extended vastly. Maihami
and Kamalabadi [27] developed a joint pricing and
inventory control system for the non-instantaneous
deteriorating item with a price and time dependent de-
mand function. Mishra and Mishra [28] analyzed price
determination for an EOQ model of deteriorating items
under perfect competition. Abad [29] investigated
optimal pricing and lot sizing for perishable products
when partial backordering is allowed. Dye [30] studied
deteriorating inventory with partial backlogging, fond
optimal pricing, and ordering policy. Dye et al. [31]
discussed optimal pricing and inventory strategies for
deteriorating items with shortage. It is assumed that
demand and deterioration rates are continuous func-
tions depending on time and price, correspondingly.
Cai et al. [32] used game theory approach for the best
possible pricing and ordering decisions with partial
lost sale in two stages of the supply chain. Smith et
al. [33] studied the benefits of optimal price and order
quantity in the case, during a specific time. Yang et
al. [34] studied pricing and replenishment strategies
for a multi-market deteriorating product with time-
varying and price-sensitive demand. Yang et al. [35]
studied collaboration for a closed-loop deteriorating
inventory supply chain with multi-retailer and price-
sensitive demand.

The remainder of the paper is organized as fol-
lows. In Section 2, the problem is defined in details.
In Section 3, the problem is modeled by defining nota-
tions, demand functions used in this study, the specific
inventory model, and optimization of the maximum
profit. Section 4 contains two numerical examples
illustrating efficiency of the model. Section 5 presents
a sensitivity analysis on the model parameters, and
finally, the conclusion comes in Section 6.

2. Problem definition

We consider an inventory model of deteriorating grad-
ual obsolescent product. Some items have a short life-
cycle and they are needed for a short period of time;
so, their demand first increases up to a peak point
(maximum demand), and then, after a certain point,
drops to reach zero. As an example of this type, we
can mention a deteriorating obsolescent item related
to only special occasions such as holidays. One of the
effective marketing ways for increasing the demand is
to decrease its price by multi-discount selling prices.
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In this paper, we have some equal short time periods,
and at each period, we change the price. The effect
of changing the price is included in the demand model
through adding the new term of d(p;_1 — p;) to the
demand model which is related to, D = a — (P,
a linearly price dependent demand function. So the
new demand function depends on two factors, both
time and price. Now, the objective of this paper is
to find optimal selling prices and order the quantity
maximizing the total profit function. We assume
that the deterioration rate is constant, shortage is not
permitted, lead time is zero, and there is only one
prospect to acquire items at the start of selling period.
The whole order quantity is received at the same time.

As described above, this study proposes a new
pricing model in the literature of inventory and pricing
for deteriorating items with variable demand rates
during different periods. In addition, since the total
profit function is concave, closed form solutions for
optimal price values, during different selling periods,
are obtained. According to the above literature review
section, there is no research in which all these factors
are considered and it is a novel model for improving
total profits of deteriorating products with multi-
discount selling strategy.

3. Modeling

To model the problem, we first define the notations
and then construct the new demand function with
deteriorating and multi-selling price effect. Next, we
gain total profit function and, at the end, closed form
solution for optimal discount prices is presented.

3.1. Notations
To model the problem, the following notations are used,
some of which are used from Wang and Tung [1]:

Parameters

I The time of peak demand;

U The upper bound of the demand;

w, 2 The given coefficients of the first
demand function;

g, f The given coefficients of the second
demand function;

14 The constant deterioration rate;

Dy The initial demand;
The length of horizon planning;

n The total number of subintervals;

T The length of subintervals, %;

Io(t) The inventory level at time t,
0<¢<

I;(t) The ith inventory level at time ¢,

OStST7Z:1727377n7

P, The regular selling price during interval
[0, p;

A The fixed ordering cost;

c The unit purchasing cost;

h The unit holding cost per unit time,;

K The cost incurred by each price change,

including changing of price lists, tags,
product catalogue.

Decision variables

F; The selling price during the ith
interval, 1 = 1,2,3,--- ,m;
Q The order quantity.

Dependent variables
E(Py, Py, P3,--+,P,) The retailer’s total profit over
the entire time span [0, L].

3.2. The demand function and the inventory
model
The demand function for gradually obsolescent prod-
ucts, without consideration of exogenous effects, con-
sists of two scenarios. The first one is related to interval
time ¢ < p with the demand D;(¢) and upper bound
of U such that when ¢ increases, D;(t) increases too.
Moreover the second scenario is for when ¢ > @ in which
Dy(t) decreases when ¢ increases. We assign Dy (t) and
Dy(¢) in this integrated demand model as follow:
D1<t) — ew(tfz)7

OStSuv w<t_z)>07 (1>

Dy(ty =€ t>p glt—f) <0 (2)
Commonly, the retailer initially sets a regular selling
price for time interval [0, u]. But, since obsolescence
and deterioration cause demand reduction, after point
11, the retailer intends to implement a multiple pricing
strategy for sales promotion. So, during demand-
declining time interval, meaning [u, L], we divide that
into n equal subintervals [0, L7;L“] This means that the
price reduction times for n discounts are p,p + (L —
mw)/m.p+2(L — p)/n,-- . and p+ (n = 1)(L = p)/n.
Consequently, the second demand function with ¢ €
[it, L] should be altered as Dy(p+(i—1)T+t) t € [0,T)
for i = 1,2,--- ,n, adapting to the change of variable
t. Then, we add the new term of d(p,—1 — p;) with
d > 0 into the demand model, denoting the effect of
selling price differences as we consider that there is a
linear correlation between changes of prior and present
prices and there is an increase in the demand function.
So, the final integrated demand function is presented
as follows:

For regular selling prices pg:

D(t7p0) = Dl(t) = ew(tfz)7 0 S t S H, (3)
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For regular selling prices pg:

D(t,pi—1,pi)=Da(pu+(i—1)T+t)+d(pi—1 —p:)

= It E=DTH) 4 q(p,  — ),

0<tST7 121727377’”7 (4)
where d is a positive constant and ¢ is a negative one.

During interval [0, 1], demand rate is D(t; po) with
the constant deteriorating rate 6, thus the inventory
level Io(t) at time ¢ is gained by:

dly(t)

ol — (=) _gry(a),

= —Dy(t) - 61y(t) =

0<t<u, (5)

with the initial condition I(0) = Q.

Furthermore, during the ith subinterval, D (¢,
pi_1, p;) is the demand rate with the constant dete-
riorating rate €, and the ith inventory level I;(¢) at
time ¢ is:

dIz t 14 (21— -
%:_@g(l +(i—1)T+t f)+d(pi_1—pi)>—01i(t),
0<t<T, i=123,n, (6)

such that I,(T) = 0. The solutions of differential

Egs. (5) and (6) are

Io(t et 0<t< 7
0()_Q_ w+97 STS M, ()
eg(u‘l’(i*l)T‘i‘t*f) d(p 1— p )
L(#t)=L;(0%)— ! A
0<t<T, i=1,2,3,-,n, (8)

where [;(0%) = lim L(t).
t—0
Solving the boundary condition I,(T) = 0 in
Eq. (8), we have:

g(pu+nT—f) —
L) = |f Ut =],

g+ 0 9)

By imposing continues conditions of I;(T') = I;41(07)
and substituting ¢t = T into Eq. (8), we have:

— T(n—i+1
Ii(0+):eg(u f)eng_ 1 — 9T (n—it1)
g+0 1—edT
d —1 — Pn .
+M’ i=1,2,3,---,n. (10)

Now, by substituting Eq. (10) into Eq. (8), we have:

9(p+(GE-1)T—f) _ o9T(n—it1)
Ly =2 e (12T e
g+0 1—edT

d(pi — pn)
+ =R

0<t<T, i=1,23-n. (11)

Similarly, the continuous condition for the first scenario
gives the following formula:

0= ed(n—1) 20T 1—e9Tn N d(po—pn) N ew(p—2)
g+0 1—edT 0 w—|—9(1'2)

3.3. Retaziler’s total profit function

The retailer’s total profit function will be made of the
ordering cost, price changing cost, purchasing cost, sale
revenues, and holding cost. Let S be the sale revenues;
then, we have:

S = Py(Q - Io(n +ZP - I(T))

w(p— z) n eg(;t«l»zT f) d(pifl_pi)
. ( T ) ‘
v (13)

Also, the holding cost, denoted by H, is given as
follows:

M n T
H:/ hIO(t)dt+Z/ hi;(t)dt
0 =170

H ew(tfz) n
=hQu—h dt hTL;(0F
Quen [t ST

eI(nt(i—1)T+t—-f)
—z/ e —zm“ P).

(14)

As a result, the retailer’s total profit, represented by
TP(P, Py, ---,P,), is calculated by:

P(QaP17P27’” aPn):
P, B—z)

B (w+9>+z

+d(pz‘19—pi)) A nK

e9(n—1) 1 — e9Tn
_ h 9T
(c+ H){g+9€ (1—69T>

_ w(p—2) u
0 w+ 0 0

S—A—-nk—cQ - H

(eg(i‘+lT f)

w(t—z)

w+c9dt
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"o Tedr=F) /1 — e9T(n—it1)
— KT gT
> (Freer)

T
d(pi_1 — n g(u+(i=1) T+t f)
+(plp>] N / pet T
9 i:lo g+6
" d
+y hgT(Piy = Py). (15)
1=1

Taking the first order partial derivative of Eq. (15) with
respect to P;, 1 =1,2,3,-- ,n, we gain:
OTP edntiT—f) 4

d
- P 2P+ Py )—hT2,
op, ~ 1o gAYy

Con—1, (16)

OTP  e9wtnT—f)
aP,  g+6

d cd
“(P,_ —2P,) + —
+9( 1 )+ 7

hud — hdT(n —1)

—_—t . 17
tg t 7 (17)
Sequentially, for any 7,5 = 1,2,3,---,n, the second-
order partial derivatives of E, with respect to P; and
P;, are confirmed being reliable with the following
characteristics:

o*TP —2d
= — if i=y 18
oror, ~ ¢ T (18)
9*TP d
== if |j—i=1 19
opop =5 M bi-il=1 (19)
9*TP
=0 if |j—d]>1. 20
opop =0 i limil> (20)
To maximize the total profit TP(Q, Py, Py, -+, P,), we
need to calculate the following matrix:
°TP ’TpP
oP? ©tt BP,0P
H= : ) :
o*rp .. 9°TP
P, 0P, P2
—2d d
<t § 0
d
0
- (21)
d
0
d —2d
0 70

Assume A,, represents the determinant of m X m
matrix obtained by deleting the last n-m rows and

columns of Hessian matrix shown in Eq. (21). Also, we
have Ag = 1. Since the values of Ag, Ay, Ag, -+, A,
are alternately positive and negative for all p;,, ¢ =
1,---,n,n € N, we can conclude that the total profit
TP(Py, Py, -, P,) has a global maximum point [1,36].
For obtaining the optimal selling prices, the necessary
conditions:

oFE
p; =0

t1=1,---,n, n €N,

must be satisfied, simultaneously. These conditions
result in the following system of linear equations:

ATP  edwtiT=f) ¢
= S(P_y — 2P, + P,
op, ~ g18 Tl + Pit1)

d
_hrs =
h 7 0,
TP eg(;L-I-nT—f)

oP,  g+46

d
+ é(Pn,l —2P,)

ed _hpd | hdT(n—1)

ot 5 = 0. (23)

Defining O; as a constant for every specific i:

g(p+i.T—f)
Oi:—[e - d]e, i=1,- ,n—1,
g+ 6] d 24)
o e9(p+nT—f) T dl o
71——[9_’_94'(04' pu+hT(n—1)) 9] 7 (25)

which yield the following closed form solutions for the
optimal prices:
(0, 4+ 20,1 +30,_2+ - +n01) + P

h= (n+1) (26)

P;=0; 1 +20; 2+30; 3+ +(i—1)O;

+iP = (i—1)Py,  i=2,--.,n. (27)

4. Numerical example

In this section, we achieved optimal selling prices and
maximal total profit for the same parameter values in
the case of n = 1,2,--- ,6 to investigate its effect on
the maximal total profit, since theoretical analysis for
the optimal value of n is somehow difficult.

Example 1. Let U = 1000, A = 1000, g = -7, f =
3,p0 =100, p =2, L =3, k=200, h=0.5, Dg =90,
d=50,¢=230,0=0.05, w=12and z = —-3.7.

For a single discount n = 1, we have the optimal
solution of P, = 65.50 at time ¢t; = 2, TP =
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1234177.8, and Q1 = 35274.92. For two discounts
n = 2, the optimal solution is P, = 76.9 at time
t1 =2, P, =54.08 at to = 2.5, TP, = 1639123.7, and
Q2 = 46688.6. For three discounts n = 3, the optimal
solution is P; = 82.6 at time ¢t; = 2, P, = 65.4 at time
to = 2.33, P; = 48.4 at time t3 = 2.66, T P; = 1837788,
and Q3 = 52389.9 (P;= the optimal selling price at
the ith period, TP= the maximal profit and Q= the
optimal order quantity). In this case, the original
demand function without the price change effects is
shown in Figure 1.

Example 2. Consider the parameter values of the
Example 1 to investigate the impact of n on maximal
profit for which we can determine the maximal profit
TP, from n =1 to n = 6. Table 1 shows that when n
increases, maximal profit reduces, considerably, from
24.711% to 2.64%. As a result, too many discounts
are not an efficient solution. As Wang and Tung [1]
revealed, this can have negative effects on the consumer

Demand without exogenous effects

1000

T T T
exp(1.203072804 * (z + 3.737467)) vs @
exp(—6.9077 * (« — 3)) vs @ 4

900 |

Demand

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time

Figure 1. Demand function of examples.

perception about the product from the managerial
point of view. To explore this, more, a result analysis
is presented in the next section.

5. Result analysis

Table 2 reveals some important results which can guide
manager’s inventory control as follow. With respect to
high unit holding cost h, the retailer prefers to have a
less amount @ for reducing the inventory level, thereby,
avoiding high holding cost. Also, we know from the
prior experiment that an approach to balance losses
for high value h is to improve the selling price. We
see that, except for the first period, the optimal selling
prices increase as h increases, since () decreases in this
process.

In the case of high unit purchasing cost ¢, the
retailer wants to order a less amount of order quantity
to reduce a high purchasing cost, plus to rise the selling
price offsetting negative effect due to high value of unit
purchasing cost. So @ decreases, but P increases as ¢
increases. As it is obvious, larger value of L means a
longer selling price period. Experiment shows that it is
much better for the retailer to choose the sale strategy
which offers lower price to gain more sales instead of
price consideration. In a longer selling period, priority
of amount of sales overcomes selling price, equivalently.
Adversely, for the case of a short selling period, selling
price plays a key role in making profit, in which setting
higher price is preferable to a long selling period,
though it causes sale reduction. Apparently, in the
case of high deterioration rate, we expect the retailer
to want to order a less amount of ¢ to reduce high losses
cost due to deterioration of inventory.

Also, it is logical to offer lower price, since its
demand is less than that of the case of low deterioration
rate. So, we see in Table 2 that by increase in the

Table 1. Results of Examples 1 and 2.

U=1000 A=1000 g=-6.90 Py =100 n=2 w = 1.20 L=3
h =0.5 Dy = 90 d =50 c =50 f=3 z=-3.73 K = 200
6 = 0.05 n=1 n =2 n =3 n=4 n=>5 n==6
Q 35274.92 46688.6 52389.9 55801.5 58070.8 59692.5
E 1234177.8 1639123.7 1837788.6  1947306.6 2032836.6 2087928.8
Py 65.50 76.91 82.61 86.02 88.29 89.91
Py 54.08 65.40 72.20 76.72 79.95
Ps 48.36 58.51 65.26 70.08
P 44.94 53.91 60.31
P 42.65 50.62
Ps 41.015
Difference of F 404946 198665 109518 85530 55093
Proportion (%) 24.71 10.81 5.62 4.21 2.64
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Table 2. Result analysis.

U=1000 A=1000 Do=90 K =200 w=1.20 P, =100 z = —3.73
g = —6.90 f=3 n=2
Py P> Ps Q FE Increment of F (%)

L=3 a = 30 C =30 6 = 0.05

h =0.3 82.5551 82.5551 82.5551 31949.07 56953713

h = 0.5 82.6056 82.6056 82.6056 31739.37 56707559 -0.4322

h = 0.7 82.6561 82.6561 82.6561 31529.67 56459547 -0.43735
L=3 d =30 H = 0.5 6 = 0.05

c =30 82.6057 65.40193 48.36583 31739.37 56707559

c =40 85.1057 70.40193 55.86583 27239.37 51966607 -8.3603

c =50 87.6057 75.40193 63.36583 22739.37 46035655 -11.413
L=3 c =30 H = 0.5 6 = 0.05

d =30 82.4407 65.07193 47.87083 31739.37 1124809

d =40 82.4489 65.07816 47.874 42064.62 1483580 31.8962

d =50 82.4524 65.08083 47.87536 52389.87 1838944 23.9531
d =30 c =30 H =0.5 6 = 0.05

L =25 82.6133 65.3890 48.2729 31746.26 1122882

L = 3.0 82.6057 65.4019 48.3658 31739.37 1124809 0.1716

L =3.5 82.5581 65.3718 48.4334 31710.19 1125345 0.0477
L=3 c =30 H = 0.5 d =30

6 = 0.03 82.6139 65.4082 48.3690 52389.87 1836664

6 = 0.05 82.6057 65.4019 48.3658 31739.37 1122529 -38.8822

6 = 0.07 82.5974 65.3957 48.3627 22889.08 816468.7 -27.2652

deterioration rate, order quantity, selling prices, and the model. Also, the model can be extended in the

maximal profit, all, decrease and it has a great effect
on the maximal profit.

In the proposed model parameters, ¢, h, and 6
have negative effect on the maximal profit, while the
parameters L and d have a positive one. In addition, we
see from Table 2 that the most influential parameters
on maximal profit are 8, d, and ¢, respectively.

6. Conclusion

This study describes integrated pricing and ordering
strategies for a deteriorating gradual obsolescent item
by implementing multiple price discounts during the
time when demand decreases. We derived the concavity
of total profit function and closed form solution to de-
termine the optimal values of price and order quantity.
Example (1) shows that, in general, multiple discounts
generate higher profit than that of a single discount,
even though Example (2) demonstrates that too many
discounts cannot increase the profit, significantly, and
have a marginal rate of profit increase. Moreover,
it causes negative consumer perception about the
product. For more research in future, two practical
assumptions, an unequal time subinterval for price
discounts and uncertain demand, could be included in

cases of multi-products, time varying deterioration, or
considering expiration dates for deteriorating items.
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