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Abstract. In this paper, an analytical quasi three-dimensional (3D) analysis is used to
model an Axial Flux Permanent Magnet Motor (AFPMM) with Static Eccentricity (SE)
fault. Due to AFPMMs' inherent 3D geometry, accurate modeling of AFPMMs requires
3D Finite Element Analysis (FEA). However, 3D FEA is generally too time consuming.
The proposed analytical quasi 3D modeling method gives the ability to reduce the time
and size of computations by transforming 3D geometry of an AFPMM to several two-
dimensional (2D) models, then treating each of the 2D models as a linear machine. Using
quasi 3D modeling, the air-gap length variation, magnetic ux density, and magnetic forces
are modeled in an AFPMM with SE fault by analytical approaches. The results given by
the proposed method are compared with 3D FEA results and it is shown that these results
are accurate enough to model the AFPMM with SE fault correctly. Moreover, using this
method is a signi�cantly less time consuming process than 3D FEA simulation process,
which is a great advantage of this method. Finally an experimental validation using two
test coils on stator teeth has been carried out to show accuracy of the simulation results of
the proposed method.
© 2015 Sharif University of Technology. All rights reserved.

1. Introduction

Nowadays, Axial Flux Permanent Magnet Machines
(AFPMMs) have been widely investigated for various
applications due to their compact structure, high e�-
ciency, and high torque density [1,2]. These machines
are very attractive for applications, such as light
electric traction or elevation [3] and Electric Vehicles
(EVs) [4] in which the axial length of the machine
is a limiting design parameter and direct coupling is
desirable.

Due to the speci�c structure of AFPMMs and
use of high energy density permanent magnet mate-
rials, great axial forces are produced between rotor
magnets and stator teeth during machine performance
and even when the stator windings are not excited.
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In the healthy condition, in which air-gap length is
symmetric, these forces are perpendicular to the shaft
axis with uniform distribution, so axial forces do not
a�ect the performance of AFPMMs. However, under
eccentricity condition, where the rotor is inclined and
the air-gap length is asymmetric, the axial forces
become unbalanced and produce Uneven Magnetic
Forces (UMFs) [5,6]. These UMFs are important,
because they can result in vibration and acoustic noise
during machine performance and reduce lifetime of
the bearings. Therefore, it is necessary to model and
simulate the machine with eccentricity fault in order to
predict or diagnose the machine characteristics in the
faulty condition. There are few publications which have
studied eccentricity in AFPMMs. In [6,7] the authors
proposed a new de�nition for Static Eccentricity (SE)
fault and continued their work on detection of this fault
in [8].

Modeling an AFPMM can be done via analytical
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methods [9,10], Magnetic Equivalent Circuit (MEC)
method [4,11], two-dimensional (2D) [12], and three-
dimensional (3D) Finite Element Analysis (FEA) [13],
or a combination of these methods [14,15]. Precise
modeling of an AFPMM under eccentricity condition
requires accurate computation of machine character-
istics, especially in the air-gap region of the machine.
Besides, AFPMMs have inherent 3D geometry from the
modeling point of view. The most accurate solution
for modeling the machine in this condition is 3D FEA.
However, this method is highly time consuming. Thus,
some literature proposed alternative methods to reduce
the 3D geometry of the axial ux machine in a 2D
plane; generally, they model the axial machines in
the average radius plane of machine and treat it like
a linear machine using 2D FEA, MEC method, or
analytical equations [16,17]. Although this method
is much faster than 3D FEA, for some proposes like
computing cogging torque, eddy current loss, and force
computation, this method is not accurate enough, be-
cause it does not consider variation of teeth and magnet
length along the machine radius. Another possible
solution appearing in the literature, which is known
as the quasi 3D method [18,19], consists in carrying
out 2D FEA simulations or analytical modeling in
di�erent planes along the radius of the axial machine.
Thus, an axial machine is considered to be composed
of several individual linear machines, and computations
for each plane are done separately. Then, the overall
performance of machine is obtained by summing the
performances of these linear machines. The more the
planes are used, the more accurate the results are.
Thus, it must be considered that the time consumption
of these simulations is directly proportional to the
number of chosen planes. It is also possible to �nd
axial ux machine modeling with the combination of
2D FEA and analytical tools in order to reduce the
computation time in comparison with 3D FEA [16].

This paper proposes a quasi 3D analytical method
to model an AFPMM with SE fault. The main
advantage of the proposed method is the saving time of
computations in comparison with the 3D FEA. More-
over, with su�cient number of computation planes, it
is shown that the accuracy of results is acceptable.
Results given by the presented quasi 3D method are
validated by comparing the results of the proposed
method with those obtained by 2D and 3D FEA
simulations. Also, an experimental validation has been
carried out to show the accuracy of the proposed
method models.

2. Analytical quasi 3D modeling of an
AFPMM

In order to model an AFPMM using analytical or 2D
FEA analysis, usually, a speci�c radius of the machine

Figure 1. Selecting computation plane i.

in a 2D plane is selected and then the whole machine is
treated like a linear machine as illustrated in Figure 1.
Generally, this layer is selected in the mean radius of
the machine. Pole pitch and the pole shoe width to pole
pitch ratio for the selected plane can be obtained by:

�p;i =
�Dave;i

2p
; (1)

�p;i =
wPM;i

�p;i
; (2)

where wPM is length of the rotor magnets and Dave is
the average diameter of the selected plane.

The �rst step of modeling a rotating electrical ma-
chine is calculation of the air-gap ux density. All other
characteristics that explain the machine performance,
such as torque, winding induced voltages, forces, etc.,
can be derived from air-gap magnetic ux density
waveform. Thus, if the air-gap ux density is modeled
accurately, other characteristics of the machine also can
be calculated more accurately.

2.1. Air-gap ux density distribution
An equation for calculating air-gap ux density of a
radial permanent magnet machine is given in Box I [20],
which is reformed in Cartesian coordinates for use in
linear permanent magnet machines as [21], where ge
is the e�ective air-gap length, Br is the remanence ux
density of the PM material, �0 is the free space coil
permeability, �PM is the PM recoil permeability, and
hPM is the magnet height.

The ux density distribution in each selected
plane can be calculated from Eq. (3) shown in Box I.as
In this equation, stator slots e�ects on air-gap ux
density are not considered. The slotting e�ect can
be described by a change of permeance according to
the ux path passing through the air-gap as described
in [21]. Figures 2 and 3 show ux density distribution
computed by Eq. (3) with considering stator slotting
e�ects, 2D and 3D FEA in the mean radius of the
machine for a 4-pole AFPMM with 15 stator slots.
Table 1 shows the modeled AFPMM speci�cations.
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Box I

Table 1. Machine speci�cations.

Parameter De�nition Value
p Number of poles 4
g0 Physical length of air-gap under healthy condition 1.5 mm
hPM Thickness of PM 5 mm
Dout Stator outer diameter 158 mm
Din Stator inner diameter 88.5 mm
Br Remanence ux density of the PM material 1.0 T
�PM Relative permeability of PM material 1.05

Figure 2. Air-gap magnetic ux density under one-pole
pitch.

Figure 3. Air-gap magnetic ux density distribution in
40 layers.

The modeled machine is a TORUS-S type ma-
chine that was designed and built for EV applica-
tions [22,23]. The TORUS-S structure from magnetic
point of view can be considered as a composition of two
separate identical single rotor-single stator AFPMMs
which can be modeled individually. Hence, only

one side of this machine is modeled to reduce the
computation size and simulation time.

Using mean radius only as a computation plane
for modeling may give proper results in AFPMMs
that their magnet-length to pole-pitch ratio is constant
along the machine radius. But without considering
the stator teeth variations and di�erent rotor mag-
net shapes, the results are not accurate enough for
computing some machine characteristics which are
highly dependent on the shape of teeth and magnets,
such as cogging torque, forces, and eddy current loss.
To improve the accuracy of results, the number of
computation planes should be increased. Thus, in
analytical quasi 3D method, an AFPMM is considered
to be composed of several individual linear machines
in di�erent radii of the AFPMM, and computations
for each plane are done separately. Then, the overall
performance of the machine is obtained by summing
the performances of these linear machines. Although
the simulation time will increase proportionally by
increase in the number of computation planes, this
increase is negligible in comparison with the high time
consuming process of 3D FEA. By using quasi 3D
method, the variations of the shape of magnets and
stator teeth along the machine radius are considered
in the computation results. The radius of a particular
computation plane i, starting from internal diameter of
the machine, is given by:

ri =
�
Din + j

Ls
N

�
=2; (4)

where Din is the internal diameter of the stator, N is
the number of computation planes, j = 2i � 1 (j =
1; 3; 5 � � � ), and Ls are the total length of the stator. It
is de�ned as:
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Figure 4. Force density on stator surface: (a) Quasi 3D
analytical modeling; and (b) 3D FEA modeling.

Ls =
Dout �Din

2
; (5)

where Dout is the external diameter of the axial ux
machine stator.

Figure 4 shows the air-gap ux density computed
in 40 computation layers along the machine radius
using analytical quasi 3D method. The variation of
magnetic shapes and e�ects of stator teeth on ux
density distribution is obviously shown. Moreover, this
should be noted that quasi 3D approach allows taking
into account di�erent magnet shapes and variation of
tooth width in the direction of machine radius [10,18].
Although the end winding e�ect in this study is not
considered, it is shown that the inuence of this
on the accuracy of results is not signi�cant and the
di�erence between modeling results and experimental
measurements is negligible.

2.2. Analytical quasi 3D force calculation
In order to calculate the unbalanced axial forces in an
AFPMM with eccentricity fault analytically, Maxwell
stress method is used [24]:

~f = r:�: (6)

~f is the force density, and � is the Maxwell stress tensor.
Maxwell stress tensor is de�ned as follows:

�i;j =
BiBj
�0

� �i;j jBj
2

2�0
; (7)

where ~B is the magnetic ux density, ~i and ~j are unit
vectors of the speci�c coordinate system, and �i;j is the
Kroner's delta function.

The total force is obtained by integrating force
density in the object volume.

~F =
Z
V

r:�dv; (8)

where V is the volume of the object.
Using Gauss theorem, Eq. (12) can be rewritten

as follow:

~F =
I
S
�:~nds; (9)

where ~n is the rotor axis unit vector which is parallel
to the magnetic ux direction. And S is the surface of
the object.

Magnetic ux density can be resolved into two
orthogonal components: Bn which is normal to the
boundary S, and Bt which is tangential to the bound-
ary S. Thus, the magnetic ux density vector becomes:

~B = Bn~n+Bt~t: (10)

Here, t is the unit-vector tangential to the boundary S.
Expression (9) can now be rewritten as:

~F =
I
S

�
1
�

(B2
n �B2

t )~n� 1
2�0

BnBt~t
�
ds: (11)

For 2D analysis of an electrical machine, Eq. (10) can
also be written in another form, wherein the surface
integral is reduced to the line integral:

~F = ler
2�Z
0

�
1

2�0
(B2

n �B2
t )~n+

1
�0
BnBt~t

�
d�: (12)

Here, r is radius of the integration contour.
In quasi 3D modeling of an AFPMM, geometry

of the machine is reduced in several 2D planes and
most of the air-gap ux in each individual plane is
considered to be parallel to rotor axis. So it is assumed
that the normal magnetic ux density component is
signi�cantly larger than the tangential one and the
latter is, therefore, ignored. Thus, Eq. (12) can be
simpli�ed for each computation plane:

~Fi =
Lsri
2�0

2�Z
0

B2
n;i~nd�: (13)

The total force for the whole machine is then computed
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Figure 5. An AFPMM under eccentricity condition.

as:

~F =
NX
i=1

~Fi: (14)

Figure 4 shows the force density distribution on stator
surface computed in 20 computation planes along the
machine radius using the proposed method and force
density computed from 3D FEA. It is shown that the
results given by the analytical quasi 3D method are
almost similar to 3D FEA simulation results, however
time of computations in the proposed method was
signi�cantly less than that of 3D FEA.

3. E�ects of static eccentricity on machine
characteristics

Figure 5 shows an AFPMM under SE condition. In the
healthy condition, air-gap length is uniform around the
shaft axis. So the air-gap length is a constant value:

g = g0: (15)

In an AFPMM with SE fault, rotor shaft of the machine
is inclined so that the stator and rotor axes do not
coincide and the rotor rotates around its shaft. In
this condition, air-gap length is uniform around the
machine and the air-gap minimum and maximum are
�xed in the space. In this condition, the length of gaps
between rotor magnets and stator teeth in one half of
the motor (i.e., the left side in Figure 5) is reduced,
while rising in the other half. Thus, the air-gap length
can be expressed as:

g = g0 + ri tan� sin �; (16)

where � is the inclination angle, and � is the rotational
position of the rotor from the reference position:

� = !t+ �0; (17)

where ! is the angular velocity of the rotor.
Eq. (16) describes the air-gap length of an AF-

PMM with SE fault. So, replacing Eq. (16) in

Figure 6. Air-gap length for di�erent SEF%.

Eq. (3) gives the air-gap ux density distribution of
the modeled AFPMM under SE condition.

As described in [6], in SE condition, � has a
constant value. Although in Eq. (15), g varies with
�, the value of g, for each position of rotor, is �xed.
Figure 6 shows the air-gap length variation in the
mean radius of the investigated AFPMM with respect
to � under di�erent Static Eccentricity Factor (SEF)
percentages. SEF for each calculation plane is de�ned
as follows:

SEFi =
ri tan(�)

g0
� 100%: (18)

3.1. E�ects of static eccentricity on air-gap
ux density

The air-gap ux distribution is one of the most impor-
tant characteristics in electrical machines, because any
changes in this feature will a�ect other characteristics
of the machine. Figure 7 shows the ux density
waveform of the machine in di�erent SEFs. It is shown
that the eccentricity fault clearly a�ects the air-gap ux
pattern of the AFPMM.

The ux path reluctance is directly proportional
to the length of the air-gap. Considering Figure 5 as
the eccentricity condition of the machine, in the left
side of the machine, the air-gap length is minimum
and in right side of the machine, the air-gap length
is maximum. This leads to the creation of low
reluctance ux paths in the left side of the machine
and consequently increasing of the air-gap ux density
in this part.

Figure 7. Air-gap ux density variation with increment
of SEF%.
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Figure 8. Maximum values of air-gap ux density.

In the other half of the motor (the right side
in Figure 5), the air-gap length is increased. So the
air-gap ux density is reduced. Figure 7 obviously
shows these changes. Moreover, Figure 8 shows the
increase in maximum ux density with increase in the
SEF due to the reduction of air-gap length in the left
side of the machine. One more thing that should
be noted is that for the worst SEF condition (here
40%), the maximum of the air-gap ux density did
not exceed 0.9 T. So the machine stator and rotor
steel are not in saturation. Therefore, the analytical
quasi 3D computation, which is used for modeling the
machine without considering the saturation e�ects, is
reasonable.

3.2. Unbalanced magnetic forces
Figure 9 shows the calculated total force between
rotor and stator of the machine under di�erent SEFs
in comparison with the proposed analytical quasi 3D
method and 3D FEA simulation. Although eccentricity
distorts the ux distribution of the air-gap, as it was
expected, there are no signi�cant changes in the total
force with increment of SEF, because the decrement
of air-gap length in the left side of the machine is
equal to its increment in the right side. Consequently,
increment of forces in the right side of the machine is
expected to be approximately equal to the decrement
of forces in the left side.

Figure 9. Total magnetic forces.

Figure 10. The designed frame for studying SE fault: (a)
Front view; and (b) side view.

4. Experimental validation

In order to validate the results of the proposed method,
a mechanism was designed and applied to study SE
with di�erent SEFs on the modeled AFPMM's test
bed. To have faulty machine, rotor of the AFPMM is
mounted on a frame, which can rotate in several degrees
as shown in Figure 10.

Di�erent SEFs condition simulated and measure-
ments are compared with the modeled faulty machine.
Figure 11 shows the test bed of the machine with
the designed mechanism, which was used for obtaining
the experimental results given for validation of the
simulation results.

4.1. Back EMF voltage
In order to validate the proposed method for mod-
eling the AFPMM with SE fault, �rst, the back-
electromotive force (EMF) of the machine was consid-
ered, because it covers the air-gap ux waveform and
nonlinearity of materials, and it contains all geometric
details of the machine. Figure 12 shows the stator
winding coils of the modeled AFPMM.

The no-load phase voltage, produced by the
magnets, is only computed by the air-gap ux density
distribution for each computation plane as:
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Figure 11. The experimental test bed for studying SE
fault.

Figure 12. Stator winding coils and the two located test
coils.

Ei(t) = �Nphkp d�idt ; (19)

where Nph is the number of coil turns per phase, Kp
is the winding factor for the fundamental wave, and
� is the air-gap ux which is obtained by numerically
integrating the air-gap ux density distribution given

by Eq. (3). Induced voltage of each phase is computed
by the variation of ux which is the ow through the
�ve coils of each phase by time.

The no-load phase voltage for the whole machine
is then computed as:

E(t) =
NX
i=1

Ei(t): (20)

By neglecting the leakage uxes which mainly ow
through tooth tips, a notable di�erence in the ampli-
tudes of the no-load phase voltages is resulted between
the proposed analytical approach and experimental
results. So, by considering a leakage factor in the
analytical computations, the quasi 3D analytical re-
sults are modi�ed. A 3D FEA is used in order to �nd
the correct leakage factor for the modeled AFPMM. In
this case, the leakage factor for the modeled machine,
obtained by 3D FEA, is 0.93.

It seems that SE is mostly a�ected by the voltages
induced in the phases which their coils are located
against the maximum and minimum of air gap length
(in this case, it is phase A shown in Figure 12).

Five coils of phase A winding are demonstrated
in Figure 12. Regarding previous assumption, coils A1
and A2 are placed at maximum and minimum air-gap
lengths. Thus, these coils are mostly a�ected by the
eccentricity among all of the phase A coils. Simulations
show that the increase in the induced voltage of coil A2
with eccentricity is approximately equal to the decrease
in the induced voltage of coil A1. Therefore, the back-
EMF of phase A, that is the summation of the induced
voltage of phase A coils, is not a suitable characteristic
for describing the e�ects of eccentricity on the AFPMM
performance. Figure 13 shows the phase A no-load
induced voltage in the healthy condition and with SEF
30%. There is no individual access to the phase coils
for measuring the induced voltage of each coil and,
as it was explained before, it is di�cult to accurately
examine the eccentricity e�ects on phase no-load phase
voltages. Therefore, an alternative method is used in
order to show the e�ects of eccentricity on the modeled
AFPMM.

Figure 13. Phase A induced voltage.
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Figure 14. Test coils 1 and 2 induced voltages in healthy
condition: (a) Test coil 1; and (b) test coil 2.

4.2. Test coil voltage
Two test coils were built with 4 coplanar turns and
placed on the two teeth that were located against the
maximum and minimum air gap length in SE fault
condition, as shown in Figure 12 and their induced
voltages were measured. Induced voltages of these test
coils at nominal speed are obtained from the quasi
3D analytical model and they are compared with the
measured one in healthy and eccentric condition of
motor with SEF=30%. It is observed that these results
have a good agreement, which shows the accuracy of
the model. The induced voltages in coil 1 and coil 2 in
healthy condition are shown in Figure 14.

Figure 15 shows the e�ect of eccentricity on the
voltage induced in test coil 1 and test coil 2. It is shown
that in test coil 1 which is located against the maxi-
mum air-gap length, the induced voltage amplitude is
decreased and in test coil 2 which is located against
the minimum air-gap length, the induced voltage am-
plitude is increased with eccentricity. Despite back-
EMF, the e�ect of eccentricity on test coils is obvious
and the results given have a good agreement with the
simulation results of the proposed method.

5. Conclusions

In this paper, an analytical quasi 3D model is presented
to model and simulate the e�ects of static eccentricity
in an axial-ux PM machine. In this model, the 3D

Figure 15. Test coils 1 and 2 induced voltages in SEF
30%: (a) Test coil 1; and (b) test coil 2.

geometry of the axial-ux PM machine is considered to
be composed of several linear machines and each plane
computation is computed via analytical equations. The
e�ects of eccentricity on di�erent characteristics of
an AFPMM are modeled and presented using the
proposed method and the given results are compared
with 3D FEA results. It is shown that the simulation
results are acceptable in order to model the static
eccentricity e�ects on the magnetic ux density, forces
and induced phases voltage in a speci�c AFPMM.
The proposed method is signi�cantly faster than 3D
FEA. Finally, an experimental validation, using two
test coils on stator teeth, has been carried out to
show the accuracy of simulation results of the proposed
method.
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