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Abstract. A pressure driven axisymmetric ow in a circular tube, having a non-

1. Introduction

characteristics, and thus one needs a non-Newtonian
constitutive relationship between shear stress and rate
of deformation to make the analysis of blood ow [5-8].
In the studies [9,10] a generalized Oldroyd-B model is
used to discuss the shear dependent behavior of blood.
The results obtained in these studies match well with
the experimental data. A literature survey indicates
that very few studies have been taken into account
particularly for non-Newtonian uids for studying the
F-L e ect. For the Newtonian uids, Haynes [11]
discussed the physical basis of dependence of blood
viscosity on the radius of the tube. For the case of
non-Newtonian uids the readers may be referred to
the articles in [12-15]. Majhi and Usha [16-18] made
contributions for studying F-L e ect in Newtonian,
power-law and third grade uids. For the numerical
solution of nonlinear di erential equations arising in
case of non-Newtonian uids using di erent numerical
methods see [19-21].
Due to complexity and diversity many constitutive relationships exist for non-Newtonian uids. Our
aim in the present paper is to investigate the F-L e ect

Fahraeus-Lindqvist
e ect;
Oldroyd 8-constant
uid;
Axisymmetric ow;
Exact solution.

Newtonian Oldroyd 8-constant uid in the core, is considered in this paper. The Oldroyd
8-constant uid is surrounded by a Newtonian uid in the present study. The exact solution
of the governing equation is obtained in the form of an integral which is evaluated using
Gaussian quadrature. The expression for the apparent viscosity is obtained. The graphical
results are presented for the pro les of apparent viscosity for di erent values of the material
parameters plotted against tube radius. It is found that for all the values of the material
parameters, the apparent viscosity decreases as the tube radius decreases which is the
Fahraeus-Lindqvist e ect. The results for the case, when there is no Newtonian uid
present in the periphery, are also deduced.
© 2015 Sharif University of Technology. All rights reserved.

In 1931, Fahraeus and Lindqvist [1] provided some
experimental observations which reveal that blood
viscosity decreases by decreasing the radius of the tube;
this e ect is known as F-L e ect. This experimental evidence was justi ed through the existence of a
plasma layer near the wall of the tube which exists
due to the movement of suspended cells towards the
core. Blood is a multi-component mixture of platelets,
plasma, red and white blood cells and many more.
It is well known that blood has a shear dependent
viscosity [2] and behaves like viscoelastic uid under
certain conditions [3,4]. Therefore, it is not easy to
represent blood by a single constitutive equation. Furthermore, rheological properties of blood also depend
on the geometry in which it ows. It is also an
established fact that plasma behaves like a Newtonian
uid, but the red blood cells exhibit shear thinning
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for an Oldroyd 8-constant uid. In Section 2 we present
mathematical analysis of the problem. The obtained
results and their discussion are given in Section 3.
Section 4 is devoted to some conclusions.

The boundary conditions applicable to the present ow
are:
@U1
=0
at
r = 0;
@r

2. Mathematical analysis

U2 = 0

at

The constitutive equation for the Cauchy stress tensor
in an Oldroyd 8-constant uid is:

U1 = U2 ;

and :

 = pI + S;
(1)
where p is the pressure, I is the identity tensor, and S
satis es:
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De ning the dimensionless variables:
r
r = ;
b

H =

@p b2
@z ;
U0

2
1;2 U0
;
2
b

a
r0 = :
(9)
b
Upon substituting Eq. (9) into Eqs. (5)-(8), and dropping the asterisks for simplicity, we get the following
governing problem:

 1;2 =

is the Rivlin-Ericksen tensor; i (i = 1 7) are material
parameters; and D=Dt is the contravariant convective
derivative de ned by:
DS dS
=
(rV)S S(rV)T :
(4)
Dt
dt
It is important to mention here that this model contains, as special cases, the Newtonian, Maxwell, second
grade, Oldroyd-B, Johnson-Segalman and Oldroyd 6constant models. For mathematical modeling of ow
through circular tube we consider cylindrical coordinates (r; ; z ), and assume a velocity eld (0; 0; U1 (r))
in the core and (0; 0; U2 (r)) in the periphery. The
governing equations of motion through a tube of radius
b for the ow of an Oldroyd 8-constant uid, in the core
and Newtonian uid in the periphery, take the form:
@p
1@
[rSrz ] = ;
(5)
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Eq. (10) is a cubic in @U1 =@r and has one real and two
complex conjugate roots. We are interested in a real
solution, therefore:
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and therefore:
U1 =

Zr0

F (r)dr +

r

U2 =

H
(1 r02 )
42

H
(1 r2 )
42

0  r  r0 ; (17)
r0  r  1: (18)

The normalized total ux is given by:
Q=

H
(1 r04 )
162

Z r0

0

r2 F (r)dr:

(19)

On comparing the total ux with the ux of the
Poiseuille ow, we get the following expression for the
apparent viscosity:


= (1 r04 )
a 2

8
H

Z r0

0

r2 F (r)dr:

(20)

The integral in above equation can easily be evaluated
numerically for di erent values of the appearing parameters. In the limiting case, when r0 = 1, one can
obtain the results for a single uid, and from Eqs. (17)
and (20) one obtains:
U1 =

Z 1

r

F (r)dr

0  r  1;
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=
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Figure 1. In uence of the material parameter, 1 , on the
apparent viscosity plotted against tube radius, b, when
 = 3 m,  = 0:03 cps and 2 = 0:012 cps.

(21)
(22)

3. Numerical results and discussion
The apparent viscosity for the F-L e ect in an Oldroyd
8-constant uid in the core surrounded by a Newtonian
uid owing through a tube of radius b is obtained and
given in Eq. (20). The Gaussian quadrature formula
is used to evaluate the integral in Eq. (20). The
results, thus obtained for the apparent viscosity, are
shown in Figures 1-4 to see the in uence of material
parameters appearing in the governing equation. In
these gures, the apparent viscosity is plotted against
tube radius b. In Figures 1 and 2, the thickness of
the plasma layer, i.e. , is assumed to be 3 m where
 = b a. It is evident from Figure 1 that for all
values of the material parameter, apparent viscosity
decreases with decreasing tube radius, i.e. F-L e ect
occurs. Further, it can be seen through this gure
that apparent viscosity increases with increasing the
parameter 1 . This is because by increasing 1 the
relaxation time increases and uid needs more time
to relax when shear stress is taken o . The obtained
theoretical results are very close to the experimental
values given by Gaetghens [22]. For some particular
value of material parameter, we may get a close match
(see Figure 5). The e ects of parameter 2 on the

Figure 2. In uence of the material parameter, 2 , on the
apparent viscosity plotted against tube radius, b, when
 = 3 m,  = 0:03 cps, 2 = 0:012 cps.
apparent viscosity are displayed in Figure 2. The
results illustrate that the apparent viscosity decreases
by increasing the parameter 2 . The reason for this
is that the retardation time increases with increase in
2 , and hence uid require more time to move when
shear stress is applied. In Figures 3 and 4, the results
are plotted by assuming the thickness of the plasma
layer to be 0.05 m, and once again it is seen that F-L
e ect occurs; but for small radius tubes, it is observed
that decrease in apparent viscosity is marginal when
compared with the results of the tubes with relatively
large radius tubes; this fact is evident in Figures 3
and 4. Figure 5 is displayed to show the comparison
of present solution with the experimental results of
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Figure 3. In uence of the material parameter,

1,

on the
apparent viscosity plotted against tube radius, b, when
 = 0:05 m,  = 0:03 cps and 2 = 0:012 cps.

Figure 5. Comparison of the present solution (solid line)
with the experimental results of Gaetghens [22] (bullets)
when  = 3 m,  = 0:03 cps and 2 = 0:012 cps.

parameters. The results for other constitutive relationship could be obtained as special cases. The obtained
theoretical results were also compared with the experimental results and were found in good agreement.
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