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Abstract. The e�ect of Knudsen number (Kn) on the nonlinear vibration and
instability of double-walled boron nitride nanotubes (DWBNNTs) conveying 
uid has
been investigated, based on Fluid Structure Interaction (FSI). The embedded DWBNNT
is simulated as a Timoshenko Beam (TB), which includes rotary inertia and transverse
shear deformation. The electro-mechanical governing equations are derived using the
nonlocal piezoelectricity theory and discretized by a Di�erential Quadrature Method
(DQM). Regarding the types of 
ow regime in FSI, including continuum, slip, transition
and free molecular, the value of Knudsen number as a small size parameter is designated
and utilized to modify the 
uid velocity. Considering the slip condition for an internal
nanotube, the e�ects of Knudsen number on various vibration modes, small scale, and
nonlinear frequency amplitude are also taken into account for a clamped-clamped boundary
condition. Results indicate that, based on the slip 
ow regime, the Knudsen number is an
important parameter in FSI that changes the critical 
ow velocity and instability of nano
systems and, therefore, should be considered in nanotubes conveying 
uid.
© 2015 Sharif University of Technology. All rights reserved.

1. Introduction

One of the applied branches of nano-mechanical sci-
ences is nano-
uid structure interaction (nano-FSI),
which has attracted much research into nanotechnol-
ogy. Many parameters a�ect the mechanical behavior
of a 
uid, the most in
uential being the molecular mean
free path. The mean free path is the average distance
covered by a moving particle, such as a 
uid molecule,
between successive collisions that modify its direction
or energy, or other particle properties. Whenever the
length parameter of a mechanical problem is in the
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range of a nano-meter, it has an impacting e�ect on the
boundary conditions of the 
uid-structure interface,
as well as on 
uid properties, like viscosity and mass
density [1]. Similarly, the Knudsen number (Kn) is
a non-dimensional, small size parameter, de�ned as
the ratio of the mean free path to the characteristic
length of a geometry problem. In a micro/nano-
ow
�eld, this parameter discriminates between di�erent

ow regimes [2]:

I. 0 < Kn < 10�2 for continuum 
ow regime;

II. 10�2 < Kn < 10�1 for slip 
ow regime;

III. 10�1 < Kn < 10 for transition 
ow regime;

IV. Kn > 10 for free molecular 
ow regime.

The Kn in micro/nano size FSI problems has been
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considered to have more than 10�2 value, in which the
slip 
ow or transition 
ow regimes are active.

On the other hand, Boron Nitride Nano-Tubes
(BNNTs) are selected in this nano-system. They
show great promise due to their mechanical and ther-
mal properties. BNNTs, apart from having high
mechanical, electrical and chemical properties, prove
more resistant to oxidation than carbon nanotubes
(CNTs). It has, therefore, found multiple applications
for BNNTs, including mechanical reinforcements and
composites, batteries, fuel cell components, transistors
and biosensors.

In recent years, a large amount of research work
has been carried out into the buckling and vibration
of nano-tubes/micro-tubes conveying 
uid. Based
on the TB theory, Chang and Lee [3] analyzed the
e�ects of 
ow velocity on the vibration frequency
and mode shape of the 
uid-conveying single walled
carbon nanotube (SWCNT). Their results indicate
that the real component of the frequency of a higher
mode is always larger than that of a lower mode for
di�erent 
ow velocities. S�allstr�om and Kesson [4]
worked on an exact �nite element method for advanced
study of the free and forced non-synchronous har-
monic linear vibrations of piecewise, uniform, straight
beam structures. They considered that the beam
was surrounded by a Winkler-type ambient medium
which conveyed a piecewise constant-speed plug 
ow
of material along the de
ected beam axis. An ex-
act, complex-valued, non-symmetric sti�ness matrix
was established for a uniform beam element, based
on the generalized second-order Rayleigh-Timoshenko
beam theory, and the exact member sti�ness matrices
are also found for the Euler-Bernoulli Beam theory
(EBB) and strings. Narendar and Gopalakrishnan [5]
researched the e�ect of nonlocal scaling parameters
on terahertz wave propagation in 
uid �lled SWC-
NTs. The SWCNT was modeled as a TB, including
rotary inertia and transverse shear deformation, by
considering the nonlocal e�ects, and a uniform 
uid
velocity of 1000 m/s was assumed. Their results
showed that, for a 
uid �lled SWCNT, the wave
number of 
exural and shear waves will increase, and
corresponding wave speeds will decrease, compared
to an empty SWCNT. Also, the frequency decreases
with an increase in the nonlocal scaling parameter,
for both wave modes. They showed that the e�ect
of 
uid density and velocity have no remarkable e�ect
on the frequencies of 
exural and shear wave modes.
Wang [6] presented an analytical model for predicting
inner and outer layer e�ects on the free vibration
of 
uid-conveying nano-tubes, based on the nonlocal
elasticity theory. They indicated that the surface
e�ects with a positive elastic constant or positive
residual surface tension tend to increase the natural
frequency and critical 
ow velocity. Also, Lei et

al. [7] and Gheshlaghi and Hasheminejad [8] investi-
gated surface e�ects on the free vibration of nano-
tubes, based on nonlocal TB and EB local beams,
respectively.

Based on the strain gradient theory, Yin et al. [9]
researched the size e�ect on the vibration and stability
of micro-scale pipes conveying 
uid. They revealed
that the strain gradient theory is more accurate than
the modi�ed couple stress theory. Ghorbanpour and
Arani et al. [10] utilized a modi�ed couple stress theory
to study the nonlinear vibration and stability analysis
of DWBNNTs conveying 
uid embedded in a visco-
Pasternak foundation. They concluded that the length
scale parameter has an important role to play in the
vibration and stability of DWBNNTs.

The electro-thermo nonlinear vibration and in-
stability of embedded DWBNNTs conveying viscose

uid are studied, based on the nonlocal piezoelec-
tricity theory and EBB model, by Khoddami and
Maraghi et al. [11]. Their results indicate that the
small scale parameter, elastic medium, temperature
change and electric potential have signi�cant e�ects
on dimensionless natural frequency and critical 
uid
velocity. Furthermore, the e�ect of 
uid viscosity on
the vibration of DWBNNTs may be ignored.

The e�ects of the type of 
ow regime and Knudsen
number have not been considered in any of the research
mentioned above.

In the following, the work in which the Knudsen
number has an important role to play in results is
introduced. The e�ect of nano-
ow on the vibration of
a nano-pipe conveying 
uid, using the Knudsen number
(Kn) e�ect and EBB plug-
ow beam theory, was
investigated by Mirramezani and Mirdamadi [2]. They
rewrote the Navier-Stokes equations, with modi�ed
versions of Kn-dependent 
ow velocity, and showed
that, for the passage of gas through a nano-pipe
with non-zero Kn, the critical 
ow velocities decreased
considerably, as opposed to those for zero Kn. They
indicated that ignoring the Kn e�ect on gas nano-

ow may cause the non-conservative design of nano-
devices. Ghorbanpour Arani and Amir [12] studied
the electro-thermal vibration of two BNNTs, which
are coupled by a visco-Pasternak medium using the
strain gradient theory and a Euler-Bernoulli model in
which one of the BNNTs is conveying 
uid. In this
paper, the e�ects of Knudsen number, aspect ratio,
thermal and electric �elds, velocity of conveying 
uid
and visco-Pasternak coe�cients, on the stability of
a coupled system were investigated. Mirramezani et
al. [13] studied the vibration of CNT conveying 
uid
using four theories, including classical, nonlocal, strain
gradient and strain/inertia gradient theories. They
showed that the forces acting between a 
uid element
and a neighboring CNT wall could be implemented as
action and reaction forces in opposite directions. Then,
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the motion equations of CNT conveying viscose and
non-viscose 
uids are the same.

A new coe�cient for the distribution of viscosity
in terms of Kn is used by Roohi and Darbandi [14].
They presented a new formulation for variation of 
uid
viscosity in terms of size e�ects, using Information
Preservation simulations (IP), and considering shear
stress distribution. Rashidi et al. [15] studied the
divergence-type, single-mode stability of nano-tubes
conveying 
uid in a slip 
ow regime with slip bound-
ary conditions and Kn parameter using the simply-
supported Euler-Bernoulli beam theory. In order to
compensate for the size-free continuum formulation
of 
uid dynamics (Navier-Stokes equations) by size
e�ects, and the e�ects of the molecular mean free path
through Kn, they suggested a non-dimensional param-
eter called the Velocity Correction Factor (VCF). They
concluded that Kn decreases divergence mode critical
gas velocity and that this in
uence on critical liquid
velocity can be ignored. The in
uence of Knudsen
number on 
uid viscosity for the analysis of divergence
in 
uid conveying nano-tubes was investigated by
Kaviani and Mirdamadi [1]. They studied the e�ects
of Knudsen number and slip boundary condition on
the viscosity of nano-
ow passing through a nano-
tube. Since the dimensionless parameter, Kn, as
a small size parameter, considerably in
uences the
stability behavior and critical 
ow velocity of a nano-
tube conveying gas 
uid, they demonstrated that with
an increase in Kn, at �rst, the 
uid viscosity would
change drastically, and, with a further increase in Kn,
representing a traverse of the slip layer, the rate of
these changes will decrease and become approximately
uniform.

The behavior of smart materials such as BNNTs
has been a topic of great interest in nano-mechanics.
The present work is motivated by the use of the
piezoelectricity theory to study the nonlinear vibration
and instability response of DWBNNTs conveying 
uid
embedded in a Pasternak foundation, due to the lack of
study in this area. The TB theory is used for modeling
DWBNNT, which is better than the EBB, since the
e�ects of shear deformation and rotary inertia are
considered. Most importantly, in this work, the e�ect
of Knudsen number has been considered. Since the
slip or transition regime govern conveyed nanotubes,
it is recommended to apply a small size parameter
(Kn) to obtain more accurate results. Furthermore,
the e�ects of slip 
ow regime on critical 
uid velocity,
dimensionless small scale and frequency amplitude are
discussed in detail.

2. Fundamental equations

A schematic diagram of a 
uid-conveying embedded
DWBNNT modeled as a TB is shown in Figure 1 in

Figure 1. A DWBNNTs conveying viscous 
uid
embedded in an elastic medium modeled as the nonlocal
Timoshenko nano-beam.

which the geometrical parameters of length, L, inner
radius, R1, outer radius, R2, and thickness, h, are also
indicated.

Using the TB theory, displacement �elds are
assumed as [16]:

~Ui(x; z; t) = Ui(x; t) + z i(x; t);

~Vi(x; z; t) = 0;

~Wi(x; z; t) = Wi(x; t); (1)

where ~Ui, ~Vi and ~Wi denote the longitudinal, circum-
ferential and transverse displacements of the middle
surface, respectively. Also,  i is the rotation of the
beam cross-section and t is time. It is noted that i =
1; 2 represent the inner and outer nano-tubes. Using
the above equation, the nonlinear strain-displacement
von Karman relations are considered as:

"xxi =
@Ui
@x

+
1
2

�
@Wi

@x

�2

+ z
@ i
@x

; (2)


xzi =
@Wi

@x
+  i: (3)

Using Eqs. (2) and (3), the total electrostatic energy of
DWBNNT can be expressed as:

U =
1
2

Z l

0

(
Nxi

@Ui
@x

+Mxi
@ i
@x

+
1
2
Nxi

�
@Wi

@x

�2

+Qxi
@Wi

@x
+Qxi i

+Ae11
@Ui
@x

@�i
@x

+
1
2
e11Ai

�
@Wi

@x

�2 @�i
@x

�Ai 211

�
@�i
@x

�2
)
dx; (4)

where �, 211 and e11 are the electric potential, dielec-
tric constant and piezoelectric coe�cient, respectively.
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Also, Nxi, Mxi and Qxi denote the resultant force,
bending moment and transverse shear force, respec-
tively, which can be de�ned as:

Nxi =
Z
A
�xxidAi;

Mxi =
Z
A
�xxizdAi;

Qxi =
Z
A
�xzidAi: (5)

The kinetic energy of DWBNNT can be written as
follows:

K =
�tAi

2

Z L

0

24 @ ~Ui
@t

!2

+

 
@ ~Wi

@t

!2
35 dx; (6)

where �t is the density of BNNT.
The work undertaken due to the surrounding

elastic medium and vdW forces can be written as:


 =
1
2

LZ
0

q1W1dx+
1
2

LZ
0

q2W2dx

+
1
2

LZ
0

FElastic mediumW2dx: (7)

The second term of Eq. (7) is related to the vdW force,
which can be expressed as:

q1 = c(W2 �W1); (8)

q2 = �cR1

R2
(W2 �W1); (9)

where, c is the vdW interaction coe�cient. The third
term of Eq. (7) is related to the elastic medium. Based
on the Winkler and Pasternak foundations, the e�ect of
the surrounding elastic medium on the outer nano-tube
is written as follows [17]:

FElastic medium = kWW2 � kGr2W2; (10)

where kW and kG are Winkler's spring modulus and
Pasternak's shear modulus of elastic medium, respec-
tively.

Figure 2 shows the velocity �eld, ~V = (Vx; Vz), for
the 
uid conveyed through the inner nano-tube. For
the beam model, Vx and Vz are de�ned as [18]:

Vx =
@ ~U1

@t
+ Uf cos �; (11)

Vz =
@ ~W1

@t
� Uf sin �; (12)

Figure 2. Deformation of a transverse normal line in
Timoshenko beam model.

where Uf is the constant velocity of 
uid.
According to Mirramezani et al. [13], the forces

acting between a 
uid element and a neighboring CNT
wall could be implemented as action and reaction
forces in opposite directions. Then, the forces due
to viscosity, as internal forces, do not appear in the
motion equations. The kinetic energy of the 
uid can
be written as follows:

K =
�fA1

2

Z L

0

"�
@Vx
@t

�2

+
�
@Vz
@t

�2
#
dx; (13)

where �f is the density of the 
uid.
Flow regimes in 
uid structure interaction were

identi�ed by Knudsen number. The Knudsen number
is a dimensionless parameter de�ned as the ratio of
the mean-free-path of the molecules to a characteristic
length scale, which is used for identifying the various

ow regimes in FSI. For micro and nano-tubes, the
radius of the tube is assumed as the characteristic
length scale.

According to the Knudsen number, classi�cation
of the various 
ow regimes is given as: Continuum 
ow
regime (Kn < 10�2), slip 
ow regime (10�2 < Kn <
10�1), transition 
ow regime (10�1 < Kn < 10), and
free molecular 
ow regime (Kn > 10) [14].

Therefore, the assumption of no-slip boundary
conditions is no longer credible, and a modi�ed model
must be used.

So, Vavg,slip is replaced by VCF � Vavg,(no-slip) in
the basic equations in which VCF is determined as
follows [2]:
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VCF � Vavg,slip

Vavg,(no-slip)

= (1 + aKn)
�
1 + 4

�
2� �v
�v

��
Kn

1 + Kn

��
;
(14)

where �v is the tangential momentum accommodation
coe�cient. For most practical applications, �v is
chosen to be 0.7 and a can be expressed as in the
following relation:

a = a0
2
�
�
tan�1 �a1KnB

��
; (15)

in which, a1 = 4 and B = 0:04 are some experimental
parameters. The coe�cient, a0, is formulated as:

lim
Kn!1 a = a0 =

64
3�
�
1� 4

b

� ; (16)

where b = �1.
Figure 3 shows the changes of VCF versus Knud-

sen number. It is concluded from this �gure, for
example, that when Kn = 0:02, the value of VCF is
equal to VCF = 1:1711.

Using Hamilton's principle, the variation form of
the equations of motion for the DWBNNT can be
written as:

t2Z
t1

[�K � �U + �
] dt = 0: (17)

Substituting Eqs. (4), (6) and (7) into Eq. (17), and
using the fundamental lemma of the calculus of varia-
tion, the motion equations for viscous and non-viscous

uid-conveying embedded DWBNNTs are yielded as
follows:

�U1:

�Nx1

@x
� 1

2
e11A1

@2�1

@x2 + (m1 +mf )
@2U1

@t2

Figure 3. Variation of VCF versus Knudsen number.

+Ufmf
@2W1

@x@t
sin � +mfU2

f
@2W1

@x2 sin �=0; (18)

�W1:

�@Qx1

@x
� @Nx1

@x
@W1

@x
�Nx1

@2W1

@x2

� 1
2
A1e11

@2W1

@x2
@�1

@x
� 1

2
A1e11

@W1

@x
@2�1

@x2

+mf
@2W1

@t2
+mfUf

@2U1

@x@t
sin �

�mfUf
@U1

@t
@2W1

@x2 cos � +m1
@2W1

@t2

+2mfUf
@2W1

@x@t
cos � �mfUf

@W1

@t
@2W1

@x2 sin �

�q1 +mfU2
f
@2W1

@x2 cos � = 0; (19)

� 1:

�@Mx1

@x
+Qx1 + (I1 + If )

@2 1

@t2
= 0; (20)

��1:

e11A1
@2W1

@x2 +e11A1
@2W1

@x2
@W1

@x
�2 211A1

@2�1

@x2 =0;
(21)

�U2 :

�@Nx2

@x
� 1

2
e11A1

@2�2

@x2 +m2
@2U1

@t2
= 0; (22)

�W2:

�@Qx2

@x
� @Nx2

@x
@W2

@x
�Nx2

@2W2

@x2

� e11A2
@2W2

@x2
@�2

@x
� 1

2
e11A2

@W2

@x
@2�2

@x2

+m2
@2W2

@t2
� q2 +KwW2 �KGr2W2 = 0; (23)

� 2:

�@Mx2

@x
+Qx2 + I2

@2 1

@t2
= 0; (24)

��2:

e11A2
@2U2

@x2 +e11A2
@2W2

@x2
@W2

@x
�2 211A2

@2�2

@x2 =0:
(25)
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3. Nonlocal piezoelectricity theory

There is a coupling between electrical and mechanical
�elds in piezoelectric materials. According to the
nonlocal piezoelectricity theory [19], the constitutive
equations, including stress, �ij , and strain, "kl, tensors
on the mechanical side, as well as 
ux density, Dm, and
�eld strength, Ek, vectors on the electrostatic side, may
be combined as follows [20]:

(1� (e0a)2r2)�ij = cijkl"kl � emijEm; (26)

(1� (e0a)2r2)Dm = emij"ij+ 2Smk Ek; (27)

where cijkl, emij and 2Smk are elastic compliances,
the piezoelectric module and the dielectric permittivity
constant, respectively. Also, e0a denotes the small scale
e�ect. It is also noted that the electric �eld, E, can
be written in terms of electric potential (E = �r�).
According to the assumption of the TB model, Eq. (30)
can be written as:

�xxi � (e0a)2 @2�xxi
@x2 = C11

(
@Ui
@x

+ z
@ i
@x

+
1
2

�
@Wi

@x

�2
)

+ e11
@�i
@x

; (28)

�xzi � (e0a)2 @2�xzi
@x2 = G

�
@Wi

@x
+  i

�
: (29)

Using Eqs. (2), (3) and (5), the resultant force, bending
moment and transverse shear force can be written as:

Nx � (e0a)2 @2Nx
@x2 = C11A

@U
@x

+
1
2
C11A

�
@W
@x

�2

+ e11A
@�
@x
; (30)

Mx � (e0a)2 @2Mx

@x2 = C11I
@ 
@x

; (31)

Qx � (e0a)2 @2Qx
@x2 = KsGA

�
@W
@x

+  
�
; (32)

where Ks is the shear correction factor. The dimen-
sionless parameters for DWBNNTs can be introduced
as follows:

� =
x
L
; (wi; ui) =

(Wi; Ui)
R

; �i =
L
Ri
; en =

e0a
L
;

�Ii =
�Ii

�AiR2
i
; � =

t
L

s
E
�t
;  = � ; fi =

EAf
EAi

;

��=
�f
�t
; uf =

r
�f
E
Uf ; �Ci=

cL2

EAi
; �i=

KsiGAi
EAi

;

�Kw=
kWL2

EAi
; �Gp=

kG
EAi

; 
=
211 E
e2

11
; ��=

�e11

LE
:
(33)

Substituting Eqs. (30) to (32) into Eqs. (18) to (25),
one obtains the governing equations in terms of the me-
chanical and electrical displacements that are attached
in the Appendix.

4. Solution method

Motion equations could not be solved analytically due
to the existence of nonlinear terms. Hence, DQM is
employed, which, in essence, approximates the partial
derivative of a function, with respect to a spatial
variable at a given discrete point, as a weighted linear
sum of the function values at all discrete points chosen
in the solution domain of the spatial variable. Let F be
a function representing ui, wi,  i and �i, with respect
to variable �, in the following domain of (0 < � < L),
having N� grid points along these variables. The nth-
order partial derivative of F (�) with respect to �, may
be expressed discretely [21] at point (�i), as:

dnF (�i)
d�n

=
N�X
k=1

A(n)
ik F (�k) n = 1; � � � ; N� � 1;

(34)

where A(n)
ik is the weighting coe�cient associated with

the nth-order partial derivative of F (�), with respect
to �, at the discrete point, �i, whose recursive formulae
can be found in [20,21]. A more superior choice
for the positions of the grid points is the Chebyshev
polynomial, as expressed in [21]. According to DQM,
the mechanical clamped and free electrical boundary
conditions at both ends, in each layer of DWBNNT,
may be written as:

ui1 = wi1 = �i1 = 0;
NX
m=1

C(1)
2mwim = 0;

at � = 0; (35)

uiN = wiN = �iN = 0;
NX
m=1

C(1)
N�1mwim = 0;

at � = 1: (36)

Applying these boundary conditions to the governing
equations, which are presented in the Appendix, yields
the following coupled assembled matrix equations:�

[M ] + [CNL + CL]
 + [KNL +KL]
2��db
dd

�
=0;

(37)

where db and dd represent boundary and domain
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points. [M ] is the mass matrix, and [K] and [C] are the
sti�ness and damping matrices, respectively, including
both linear and nonlinear terms. For solving Eq. (37)
and reducing it to the standard form of an eigenvalue
problem, it is convenient to rewrite Eq. (37) as the
following �rst order variable as [22]:n

_Z
o

= [A] fZg ; (38)

in which state vector Z and state matrix [A] are de�ned
as:

Z =
�
dd
_dd

�
; (39)

and:

[A] =
�

[0] [I]
� �M�1K

� � �M�1C
�� ; (40)

where [0] and [I] are the zero and unitary matrices,
respectively. However, the frequencies obtained from
the solution of Eq. (37) are complex due to the damping
existing in the presence of the 
uid 
ow. Hence, the
results contain two parts; real and imaginary. The
real part corresponds to the system damping, and the
imaginary part represents the natural frequencies of the
system.

5. Numerical results and discussion

In order to obtain the nonlinear frequency and critical

uid velocity for a 
uid-conveying DWBNNT embed-
ded in the Pasternak foundation, a computer program
based on the DQM was written, where the e�ects of
Knudsen number on di�erent modes, 
uid velocity and
viscosity, nonlocal parameter and nonlinear frequency
amplitude were investigated. We assume that the 
ow-
ing liquid is water and its mass density is 1000 kg/m3,
while the properties of DWBNNTs are �t = 2300
kg/m3, L

R2
= 10, R1 = 11:43 nm, R2 = 12:41 nm [12].

Figures 4 and 5 show the imaginary and real parts
of the dimensionless frequency versus dimensionless

ow velocity for three values of Knudsen number.
As can be observed from this �gure, the critical

uid velocity of DWBNNT decreases with increasing
Kn. The dimensionless critical 
ow velocity, without
considering Kn, is uf(critical) = uavg,no-slip = 2:11,
while this value in slip 
ow regime with Kn = 0:01 is
uf(critical) = uavg,slip = 2:24. Hence, the small Knudsen
number can enlarge the stability region of the system;
as can be seen uf(critical) = uavg,slip = 1:98 when
Kn = 0:02. On the other hand, the Knudsen number is
an e�ective parameter that changes results, and which
should be considered to obtain more accuracy in nano-
tubes conveying 
uid.

Figure 4. Imaginary part of dimensionless frequency
versus dimensionless 
uid velocity for various Knudsen
number.

Figure 5. Real part of dimensionless frequency versus
dimensionless 
uid velocity for various Knudsen number.

Figure 6. Imaginary part of dimensionless frequency
versus dimensionless 
uid velocity for the �rst three
modes of DWBNNT.

Figures 6 and 7 have been plotted for three modes
of vibration. Simultaneously, the e�ect of Knudsen
number is investigated for every mode separately. As
can be seen, the instability region shrinks when the
Knudsen number appears, and this process was ob-
served for all modes. On the other hand, the Knudsen
number shows its e�ect on di�erent modes.
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Figure 7. Real part of dimensionless frequency versus
dimensionless 
uid velocity for the �rst three modes of
DWBNNT.

It is noted that Im(!) is the resonance frequency
and Re(!) is related to damping. Generally, the
system is stable when the real part of the frequency
remains zero, and it is unstable when the real and
imaginary parts of the frequency become positive and
zero, respectively. It can be seen that the Im(!)
generally decreases with increasing uf . For zero
resonance frequency, DWBNNT becomes unstable, and
the corresponding 
uid velocity is called the critical

ow velocity. As can be seen, the critical 
uid velocity
corresponding to the �rst mode is reached at uf = 1:97.
Thereafter, for the slip 
uid velocity within the range
of 1:97 < uf < 2:14, the Re(!) of the �rst mode
is positive, at which the system becomes unstable.
Afterwards, the Im(!) of the �rst and second modes
combine in the region of 2:2 < uf < 2:33. This
physically implies that a single coupled-mode between
the �rst and second modes occurs which is unstable,
with 
utter instability. Also, this phenomenon may
be observed in di�erent modes for higher velocities.
For example, a coupled-mode between the second and
third modes takes place in the range of 2:33 < uf <
2:45. It should also be noted that the divergence and

utter instability obtained from Figures 6 and 7 is
the same as observations made by [23,24]. The real
and imaginary parts of the frequency versus the 
ow
velocity for di�erent values of dimensionless nonlocal
parameter (en) are illustrated in Figures 8 and 9,
respectively. Research regarding Eringen's theory and
small scale e�ects in slip and no-slip 
ow regimes
is the purpose behind presenting these �gures. It
is noted that en = 0 corresponds to the classical
TB model. The e�ect of a nonlocal parameter in
both slip and no-slip regimes was investigated. As
can be seen, the resonance frequency is signi�cantly
a�ected by en and Kn. It is observed that the Im(!)
and critical 
uid velocity of DWBNNT increase with
decreasing en and Kn. This is perhaps due to the
fact that increasing the en decreases the interaction

Figure 8. The e�ect of small scale on the imaginary part
of dimensionless frequency in slip and no-slip regime.

Figure 9. The e�ect of small scale on the real part of
dimensionless frequency in slip and no-slip regime.

Figure 10. The e�ect of Knudsen number on
dimensionless nonlinear frequency amplitude along BNNT
in various Knudsen number.

force between nano-tube atoms, which leads to a softer
structure.

The e�ect of Knudsen number on nonlinear fre-
quency amplitude along the DWBNNT is shown in
Figure 10. All the �gures express that when the slip

ow regime governs the system, the Knudsen number,
as a characterization parameter, declines the instability
region. Also, in this �gure, increasing Knudsen number
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Figure 11. The e�ect of elastic medium on nonlinear
frequency ratio versus frequency amplitude of BNNT.

Figure 12. Distribution of electric potential along the
BNNT for di�erent values of 
uid velocity.

creates a decrease in frequency amplitude, where it
decreases along the DWBNNT.

In order to show the e�ect of nonlinear terms
on the results, the nonlinear frequency ratio versus
the frequency amplitude of DWBNNT is illustrated
in Figure 11. This �gure demonstrates that at lower
frequency amplitudes of DWBNNT, the results of
linear and nonlinear analyses are similar, while non-
linear terms should be considered at higher frequency
amplitudes of DWBNNT. In addition, it is found from
this �gure that due to considering the shear e�ect in the
Pasternak model, the stability of the system is greater
than in the Winkler type.

Figure 12 depicts the distribution of electric po-
tential (�) in the DWBNNT for various 
uid velocities.
This �gure demonstrates the excellent piezoelectric
property of DWBNNTs. As can be seen, constant
electrical boundary conditions at both ends of the
DWBNNT are satis�ed.

In Figure 12, electric potential, �, is directly
related to uf . Due to coupling between mechanical
and electrical �elds in piezoelectric materials, the stress
and deformation of DWBNNT lead to higher electric
potential, as 
uid velocity increases. It can be used in
warning systems and sensors.

Conclusions

The e�ects of 
uid structure interaction using Knudsen
number parameters on the vibration and instability
behavior of DWBNNT conveying 
uid while embedded
in a Pasternak foundation were investigated. The
DWBNNT is modeled as a TB, and the vdW forces
between two layers were considered. The nonlocal
piezoelectricity theory was used to drive the motion
equations according to system size (nano) and prop-
erties (Piezo). Based on the slip 
ow regime, the
dimensionless Knudsen number was applied to the
equations as a parameter that modi�es 
uid velocity
and viscosity. Using DQM, the governing equations
were solved to obtain nonlinear frequency and critical

uid velocity with clamped-clamped boundary condi-
tions. Regarding Knudsen number, the divergence and

utter instability of DWBNNT for the �rst three modes
of resonance frequencies are discussed in detail. The
results demonstrate that decreasing the nonlocal pa-
rameter can enlarge the stability region of DWBNNT.
In addition, it has been found that the vibration behav-
ior of a system is strongly dependent on 
ow regime,
so, increasing Knudsen number signi�cantly decreases
critical 
ow velocity and shrinks the instability region.
Also, it is shown that the trend of the �gures is in
good agreement with previous research. Already, in
such work, the various types of 
ow regime were not
considered by their authors, but it is now known that
they can change the results signi�cantly. This paper
indicates that the application of Knudsen number in
conveyed nano-tubes is important and its consideration
is recommended.
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