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Abstract. Aquifers are underground porous formations containing water. Con�ned
aquifers are formations surrounded by two impermeable layers. These aquifers are suitable
for seasonal thermal energy storage. The objective of this research is a parametric study
of the pressure distribution in an aquifer to be employed for thermal energy storage for
air-conditioning of a building complex. In design of an Aquifer Thermal Energy Storage
(ATES), a realistic model is needed to predict the aquifer's behavior. Here, the e�ects of
operating parameters on pressure distribution are investigated through a three-dimensional
�nite di�erence model. In an ATES, heat transfer occurs through both convection and
conduction. The convective heat transfer in ATES occurs because of pressure gradient.
Therefore, knowledge of the e�ects of various parameters on pressure distribution is
necessary. These parameters are: groundwater natural 
ow, the porosity and permeability
of the aquifer, injection and withdrawal rates from wells, the number and the arrangements
(being linear, triangular or rectangular) of injection and withdrawal wells. It has been found
that variation of the pressure drop inside an aquifer with increasing permeability is very
considerable in comparison with other parameters. Moreover, a validation is performed by
using 
uent software to verify the accuracy of the developed method.
© 2015 Sharif University of Technology. All rights reserved.

1. Introduction

Several countries, such as the United States [1-4], Eu-
rope [5-9], and other countries [10,11], have employed
con�ned aquifers for the seasonal storage of thermal en-
ergy for the heating and cooling of buildings. Recently,
Seasonal Thermal Energy Storage (STES) systems
have become more popular in the world due to the
problems caused by the depletion of fossil fuels and the
increase of global warming [12]. The STES systems are
generally divided into a closed system (e.g., Borehole
Thermal Energy Storage, BTES), and an open system
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(e.g., Aquifer Thermal Energy Storage, ATES). Due to
its relatively high volumetric heat capacity, ATES has
a higher system performance than the BTES and other
systems employing low temperature geothermal heat.

Numerical modeling is a powerful tool for 
ow
simulation in porous media such as an aquifer [13].
In the past few years, several investigations have been
performed into numerical simulation of 
ow in aquifers.
They have also applied some numerical codes, such
as TRUST [14], TRUMP [15], PORFLOW [16], UN-
SAT [17], SUTRA [18], and MODFLOW [19], to model
the aquifer system. These codes are generally based on
�nite di�erence discretization, and are used for 
ow
and temperature distribution inside the aquifer.

Tang and Jiao [20,21] derived a two-dimensional



236 H. Ghaebi et al./Scientia Iranica, Transactions B: Mechanical Engineering 22 (2015) 235{244

analytical solution to describe the groundwater 
uc-
tuations in a leaky con�ned aquifer system near open
tidal water. They assumed that the groundwater head
in the con�ned aquifer 
uctuates in response to the sea
tide. They concluded that the groundwater response
in coastal areas depends not only on the aquifer
properties and structures, but also on the wave pattern.
Aghbologhi et al. [22] developed a new analytical
solution to describe the groundwater 
uctuation in a
sloping coastal aquifer system comprised of an upper
uncon�ned aquifer, a lower con�ned aquifer, and an
aquitard in between. The research results indicated
that the e�ect of the bottom angle on groundwater

uctuation and time lag is signi�cant in the uncon�ned
aquifer and not negligible if the leakage in the con�ned
aquifer is large. Kihm et al. [23] performed a series of
three-dimensional numerical simulations using a hydro-
geo-mechanical numerical model to analyze and predict
fully coupled groundwater 
ow and land deformation
due to groundwater pumping in an unsaturated 
uvial
aquifer system, which has irregular lateral boundaries.
They used the �nite element method for the analyses.

These numerical simulation results show that
hydro-geo-mechanical numerical modeling can be a use-
ful tool for analyzing and predicting long-term ground-
water level 
uctuations and land deformation due
to groundwater pumping in actual three-dimensional
aquifer systems. Shuang et al. [24] conducted a series
of numerical simulations to investigate the e�ect of the
slope of the outlet-capping on the tide-induced head

uctuations in a coastal con�ned aquifer. The nu-
merical simulations demonstrated that when hydraulic
di�usivity, slope and/or the outlet-capping leakages
are large, tidal loading e�ect is relatively weak and
leakage dominates. Ayvaz and Karahan [25] intro-
duced a Simulation/Optimization (S/O) model for the
identi�cation of unknown groundwater well locations
and pumping rates for two-dimensional aquifer sys-
tems. The proposed S/O model uses a �nite-di�erence
solution of the governing groundwater 
ow equation as
its simulation model. This model is then combined
with a Genetic Algorithm (GA) based optimization
model which is used to determine the pumping rates
for each well. The performance of the proposed S/O
model is tested on two hypothetical aquifer models
for both steady-state and transient 
ow conditions.
Laplace domain solutions have been obtained for three-
dimensional groundwater 
ow to a well in con�ned
and uncon�ned wedge-shaped aquifers by Sedighi et
al. [26]. The solutions take into account partial
penetration e�ects, instantaneous drainage or delayed
yield, vertical anisotropy and water table boundary
condition. The results are presented in the form of
dimensionless drawdown-time and boundary gradient-
time type curves. Nam and Ooka [27] investigated
application of a Groundwater Heat Pump (GWHP)

system in an open-loop system that draws water from a
well or surface water for heating/cooling of a building.
In their research, 3D numerical heat transfer simulation
and experiments, utilizing real-scale equipment, was
conducted using a numerical code, named EFLOW, in
order to develop the optimization method for GWHP
systems. Simulation results were compared with the
experimental ones, and the validity of the simulation
model was con�rmed. Dafny et al. [28] studied the
in
uences of the geological structure (especially folding
and lithology) and the karst system on the ground-
water 
ow regime. They introduced a 3D geological-
based grid for the basin for the �rst time. It was
implemented into FEFLOW, which was used, there-
after, to analyze, quantitatively, the 
ow regime, the
groundwater mass balance, and the aquifer hydraulic
properties. Modeling results have also exhibited that
in the lowland con�ned area, the geological structure
does not play a major role in directing groundwater

ow. Sensitivity analysis of a steady-state groundwater

ow equation of the 
ow parameters and the boundary
conditions, based on the perturbation approach, has
been performed by Mazzilli et al. [29]. Recently,
Hu et al. [30] developed a numerical model based
on the Galerkin �nite element method and the �nite
di�erence method for a homogeneous and isotropic
con�ned aquifer in which a pumping well penetrates
a di�erent thickness of aquifer, and a number of full
penetrating observation boreholes are placed to obtain
drawdowns. They selected a hypothetical example to
justify the extent and magnitude of the in
uences,
and to demonstrate the e�ect of well diameter on the

ow within an observation well. Their study suggests
that one must be cautious in using hydraulic heads
from observation wells to evaluate groundwater 
ow
systems before the pipe-
ow e�ect can be assumed
to be negligible. Velazquez et al. [31] presented a
conceptual-numerical model that can be deduced from
a calibrated �nite di�erence groundwater 
ow model
for investigation into the response of the aquifer head
distribution to surface water. Their results showed
that penetration of water from the surface into the
aquifer modi�ed the pressure distribution inside the
aquifer. Rushton and Brassington [32] considered
the signi�cance of the hydraulic head distribution for
horizontal wells in shallow aquifers, and estimated
the in
ows of groundwater along the length of the
well. After conceptual and computational modeling,
they deduced that there are signi�cant drawdowns in
groundwater heads in the vicinity of the well. Yeh and
Chang [33] summarized recent developments of 
ow
modeling, such as the 
ow in aquifers, with horizontal
wells or collector wells, capture zone delineation, and
non-Darcian 
ow in porous media and fractured for-
mations. They also presented a comprehensive review
on the numerical calculations for �ve well functions
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frequently appearing in well-hydraulic literature, and
suggested some topics in groundwater 
ow for future
research. Marion et al. [34] simulated a sharp interface
model issuing from a seawater intrusion problem in a
free aquifer. They also modeled the evolution of the
sea front and of the upper free surface of the aquifer.
They used a P1 �nite element method for the space
discretization combined with a semi-implicit in-time
scheme.

The sub-objectives of this research paper are
multiple, and include:

� Carrying out a numerical modeling for pressure
distribution in an aquifer used for thermal energy
storage.

� Comprehensively investigating the in
uence of vari-
ous hydro-geological and operational parameters on
pressure distribution inside an aquifer.

� Examining the use of various numbers and arrange-
ments for injection and withdrawal wells.

� Investigating the e�ect of well layout on pressure
distribution in the aquifer.

2. System description

In Aquifer Thermal Energy Storage (ATES), two or
more wells are employed. Half of the wells are for
injection and the other half for withdrawal of water.
The removed water, after heat transfer with the build-
ing space, is injected back into the aquifer through the
injection well(s). In winter (cold seasons), warm water
and in summer (hot seasons), cold water, performs heat
transfer with the building space. Figure 1 schemati-
cally shows an ATES. The aquifer considered in this
study is 100 m long, 50 m wide and 6 m high, in x, y
and z directions, respectively, as shown in Figure 2. It
is assumed that this aquifer is homogeneous, isotropic
and con�ned. In the base case, there is one well for
injection and one well for withdrawal of water. In
this case, the geological properties, dimensions of the

Figure 1. A schematic diagram of an ATES.

Figure 2. Three dimensional computational domain.

Table 1. Aquifer properties and well speci�cation in the
base case.

Property Value

Permeability K = 0:0017 m
s

Porosity 0.4

Groundwater natural 
ow 10 m
year

Water density 1000 kg
m3

Rock density 1800 kg
m3

Injection/withdraw rate 0:74 m3

s

Number of injection/withdraw well/wells 1

Location of the injection well
x = 25 m
y = 25 m
z = 3 m

Location of the withdraw well
x = 75 m
y = 25 m
z = 3 m

pumps, as well as injection and withdrawal rates, are
listed in Table 1.

3. Mathematical modeling

The system considered in this study consists of a single-
phase water 
ow inside a saturated aquifer, con�ned
by a cap rock and a bed rock. In such a system, water

ows only inside the aquifer.

An aquifer is a porous medium. Its porosity is
de�ned as the volume of voids, or pore space, to the
bulk volume of the aquifer. Porosity is expressed in
terms of fraction or percentage, as:

� =
VV
Vo
; (1)

where �, VV and Vo are porosity, void, and the total
volume of the aquifer, respectively. It is obvious that
in saturated aquifers, porosity is the ratio of water
volume to the total volume. The porosity of aquifers
varies from 0 to 45%. For TES, 20-30% porosity is
suitable [35]. By considering the porosity de�nition,
the density of the aquifer is de�ned as [36]:

� = �Water�+ �Rock(1� �): (2)
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Water 
ow is a function of the pressure distribution
in the aquifer and its physical properties. In general,

ow is proportional to the pressure gradient or head
gradient, and the area [37]:

Q _ Adh
dL

: (3)

This 
ow relationship is known as Darcy's law, and its
proportionality is called permeability:

Q = �KAdh
dL

: (4)

The minus sign is necessary, because the head decreases
in the direction of the 
ow. Another form of Darcy's
law is written for the Darcy 
ux (or Darcy velocity, or
speci�c velocity), which is the discharge rate per unit
cross-sectional area. It is generally hard to de�ne the
velocity in an aquifer because of the existence of pores
with di�erent cross sections. The velocity in the aquifer
must be a rough average number, as the cross section
is never homogeneous. As a result, velocity is rarely
used in geological evaluations. A velocity de�ned by
dividing the 
ow rate (Q) by the aquifer cross-sectional
area (A) is known as the speci�c velocity or VS [37]:

~VS =
Q
A

= �K dh
dL

: (5)

Natural 
ow in an aquifer is accounted for in the
equations of 
ow. The natural 
ow in an aquifer can
be stated as:

Q=A = K~�h: (6)

Practically, groundwater 
ows in a complex 3D pat-
tern. Darcy's law in three dimensions is analogous to
that of one dimension. In a Cartesian x, y, z coordinate
system, it is commonly expressed as:

~VS;x = �Kx
@h
@x
; (7)

~VS;y = �Ky
@h
@y
; (8)

~VS;z = �Kz
@h
@z
; (9)

where Kx, Ky and Kz are the hydraulic conductivity in
three coordinate directions of x, y and z, respectively.
In general, for a given porous medium, Kx , Ky and Kz
do not need to be the same in which case, the medium
is called anisotropic. On the other hand, if Kx = Ky =
Kz, the medium is called isotropic. In this study, we
assume that the aquifer is isotropic.

For most natural 
ows, the head (h) gradient
is gradual and the 
ow rate can be estimated read-
ily. Natural 
ow rates normally vary between 1.5 to

100 m
year . To consider an aquifer for TES, the 
ow rates

should be 10 m
year , or less [36].

The general form of the Darcy equation can be
written in such a way that the e�ect of the gravity is
taken into account [38]:

~VS = �k
�

�
~�h� �~g� ; (10)

where ~VS , k and � are speci�c velocity, speci�c per-
meability and viscosity, respectively, and h, � and ~g
are pressure head, aquifer density and gravitational
acceleration, respectively.

In ATES, charge and discharge 
ows are gener-
ally performed at constant rates in the operational
period. Therefore, the 
ow is steady and the contin-
uum equation in porous media satis�es the following
equation [39]:h

~�:(�~VS)
i
dV = S: (11)

S is related to the source term, and it is the rate of
injection/withdrawal. In this study, it is supposed that
the porosity and density are constant, hence, Eq. (11)
is rewritten as:

~�:~VS =
S (x; y; z)
�dV

: (12)

By considering Darcy's equation, ~VS = Krh, Eq. (12)
can be stated as follows:

�2h =
S (x; y; z)
K�dV

: (13)

4. Numerical simulation

Numerical simulations of problems in 
uid dynamics
are usually formulated using one of three methods:
�nite element, �nite volume and �nite di�erence [40].
In the �nite di�erence approach, a �nite di�erence
approximation of the di�erential equation is solved.
When this numerical method is applied, the equation is
�rst transformed from the physical domain to a uniform
computational domain, and the di�erential form of the
equation is usually solved at the node points.

In this research, the �nite di�erence approach was
used for modeling the 
ow domain in a con�ned aquifer.
The computational domain was three dimensional.
Using the �nite di�erence approach is conventional in
ATES 
ow and thermal modeling. Since the boundary
condition in an aquifer is simple, using the uniform
structured mesh is more applicable.

The �rst step in a �nite di�erence scheme is
discretization. For this purpose, Eq. (13) is written
as follows:

@2h
@x2 +

@2h
@y2 +

@2h
@z2 =

S (x; y; z)
K�dV

: (14)
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Figure 3. Meshing view.

The above equation was solved numerically using the
fractional steps method in three dimensions. Initially,
the equation was solved using the Crank-Nicolson im-
plicit method, and results of the solution in one direc-
tion (for example, x direction) were used for solution in
other directions (y and z directions). In any direction,
the solution was performed by applying Thomas's
TDMA (Three Diagonal Matrix Algorithm). A central
di�erence scheme is used to discretize Eq. (14).

It should be noted that this method has a second
order truncation error in each direction. The advantage
of this procedure is its unconditional stability and
higher rate of convergence, because of using the TDMA
method. The more detailed discretization process is
presented in Appendix A.

Meshing was performed in such a way that in-
jection/withdrawal wells were considered in any node
of the computational domain. Figure 3 shows the
meshing arrangement. For investigation of mesh size
independency, so that the unique solution would be
obtained, several mesh sizes were examined. Finally,
the mesh sizes selected were 1 m, 1 m and 0.5 m, in
x, y and z directions, respectively. The dependency of
the solution on mesh sizes less than these values was
less than 1 percent. In this structured meshing, the
number of meshes was about 67000.

To start up the solution, boundary conditions in
x, y and z directions were applied. In ABFE and
DCGH planes, shown in Figure 2, a pressure gradient
was inserted, while the ground water 
ow was in the x-
direction. This value of pressure gradient was obtained
from Darcy's equation as follows:
Himp = VgwXlength=K: (15)

The boundary conditions in ABFE and DCGH planes
were as follows:
h1;j;k = Himp; hN;j;k = 0: (16)

The boundary conditions in lateral faces of ABCD and
EFGH and top and bottom faces of AEHD and BFGC
faces were no-penetration boundary conditions.

5. Discussion and results

Initially, the pressure distribution was calculated for
the base case design. The properties of the aquifer and

the locations of the injection and withdrawal wells are
speci�ed in Table 1.

In the following discussion, the pressure distri-
bution was calculated in three dimensions. However,
because of the symmetry of the domain, the pressure
distribution is shown only in x direction, y = 25 m
and z = 3 m. A zero pressure was arbitrarily assumed
at x = 75 m, where water is entering the withdrawal
well.

5.1. Model veri�cation
To investigate the accuracy of the developed code,
a validation was performed using FLUENT software
and simulation of the computational domain. The
computational domain is shown in Figure 4. In this
meshing, an unstructured 3D mesh of 259346 cells
was built. The chosen element was Tet/Hybrid and
the type was TGrid. For veri�cation, the head was
compared with that obtained via the developed code
(Table 2) between the well pairs in an x direction, at
y = 25 m and z = 3 m, for the base case. The results
show a good correspondence between the developed
code and those obtained using FLUENT.

Figure 4. Model mesh in FLUENT.

Table 2. Model veri�cation with results of FLUENT
simulation.

x (m)
Head (m)

HFLUENT HCode Error (%)

25 14.24 13.56 4.77

30 8.26 7.72 6.53

35 7.82 7.52 3.83

40 7.55 7.14 5.43

45 7.32 6.94 5.19

50 7.08 6.83 3.53

55 6.91 6.68 3.32

60 6.69 6.47 3.28

65 6.41 6.23 2.80

70 5.98 5.86 2.01
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Table 3. E�ect of the variation of the groundwater
velocity on the pressure distribution.

Groundwater velocity
(m/year)

Maximum pressure in
the aquifer (m)

10 14.1599

30 14.2065

50 14.2251

100 14.2438

5.2. The e�ect of groundwater natural 
ow on
the pressure distribution between well
pairs

Variation of groundwater velocity has a very low
e�ect on the pressure distribution between well pairs.
Table 3 shows the maximum pressure between well
pairs (at the location of the injection well) for di�erent
groundwater velocities. Since the natural groundwater

ow is considered in the x direction, the natural 
ow
is in
uenced by the pressure distribution in the bound-
aries and in planes perpendicular to the x direction.
By increasing groundwater velocity, the maximum
pressure in the aquifer (at the location of the injection
well) is increased (Eqs. (10), (15) and (16)) slightly,
and, consequently, pressure loss between well pairs is
increased as well.

5.3. The e�ect of porosity on the pressure
distribution between well pairs

Figure 5 shows the pressure distribution between well
pairs, with respect to porosity. As seen, by increasing
the porosity, the pressure losses are increased. This
happens because the increment in porosity tends to
increase the void space inside the aquifer and the higher

ow rate between wells.

5.4. The e�ect of permeability on the pressure
distribution between well pairs

Hydraulic conductivity (permeability) is the ability
of porous media to transmit water. It should be

Figure 5. Variation of pressure distribution between well
pairs with porosity at y = 25 and z = 3 m, and for
K = 0:0017 m

s , Vgw = 10 m
year and Q = 0:74 m3

s .

Figure 6. Variation of pressure distribution between well
pairs with permeability at y = 25 and z = 3 m, and for
� = 0:4, Vgw = 10 m

year and Q = 0:74 m3

s .

noted that the hydraulic conductivity implies hydraulic
resistance of an aquifer. Figure 6 shows the variation
of pressure distribution, with respect to permeability.
As permeability increases, the hydraulic resistance with
respect to 
ow is decreased. As a result, the pressure
loss between wells is decreased. According to Eq. (10),
lower 
ow occurs because of lower pressure di�erences.

5.5. The e�ect of injection/withdrawal rate on
the pressure distribution between well
pairs

Figure 7 shows the e�ects of injection/withdrawal rates
on the pressure distribution. The injection/withdrawal
rate is the source term in the pressure distribution
equation. As shown in Eq. (14), by increasing 
ow
rate, pressure losses are increased. It should be noted
that in this research, the injection rate is the same as
the withdrawal rate.

5.6. The e�ect of number and arrangement of
wells on the pressure distribution between
well pairs

In the previous sections, one pair of injection/withdr-
awal wells was used. An objective of this research was

Figure 7. Variation of pressure distribution between well
pairs with injection/withdrawal 
ow rate at y = 25 and
z = 3 m, and for K = 0:0017 m

s , Vgw = 10 m
year and � = 0:4.
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Figure 8. A three-well application: a) Linear
arrangement; and b) triangular arrangement.

to investigate the e�ects of number and the arrange-
ment of wells (being linear, triangular and rectangular)
on pressure distribution inside the aquifer.

5.6.1. A three-well arrangement
Figure 8 shows the dimensions and the arrangements of
three wells employed for injection, and three wells used
for the withdrawal of water. The arrangements can be
linear or triangular, as shown in Figure 8(a) and (b),
respectively.

Pressure distribution in the aquifer is shown in
Figure 9 in a three-well application. As seen, pressure
losses in the linear array are more than in the triangular
arrangement.

5.6.2. A �ve-well arrangement
Figure 10 shows the arrangement of a �ve-well appli-
cation. In this case, the array can be linear, triangular
or rectangular, as shown in Figure 10(a), (b) and (c),
respectively.

Figure 11 shows the pressure distribution in a �ve-
well application. As seen, pressure losses in the linear
arrangement are slightly higher.

6. Conclusion

A parametric study of pressure distribution in a con-
�ned aquifer employed for seasonal thermal energy
storage was carried out in this research. The e�ects of

Figure 9. Pressure distribution between well pairs in a
three-well application for K = 0:0017 m

s , Vgw = 10 m
year ,

� = 0:4 and Q = 0:74 m3

s .

Figure 10. A �ve-well application: a) Linear
arrangement; b) triangular arrangement; and c)
rectangular arrangement.
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Figure 11. Pressure distribution between well pairs in a
�ve-well application for K = 0:0017 m

s , Vgw = 10 m
year ,

� = 0:4, Q = 0:74 m3

s .

the groundwater natural 
ow, porosity, permeability,
injection and withdraw rates, numbers and arrange-
ments (linear, triangular and rectangular) of wells were
investigated. The following conclusions may be drawn
from this research:

� By increasing the natural 
ow of ground water,
pressure loss in the aquifer increases.

� An increase of porosity leads to lowering of the
pressure loss.

� As permeability increases, the pressure loss in the
aquifer decreases.

� As injection/withdraw rates increase, the pressure
loss increases.

� When the number of wells increases, while the
total injection/withdraw rates remain unchanged,
the pressure loss increases.

� The pressure losses in the linear three-well and
�ve-well arrangements are higher than when the
arrangements are triangular and rectangular.
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Appendix A

By de�ning the following parameters:

Ex =
1

�x2 ; (A.1)

Ey =
1

�y2 ; (A.2)

Ez =
1

�z2 : (A.3)

Eq. (14) is discretized, as follows, in the functional
steps method [41]:

Sweeping in x direction:�
Ex
2

�
h�i+1;j;k � (Ex)h�i;j;k +

�
Ex
2

�
h�i�1;j;k

=
Si;j;k
K�dV

�
�
Ex
2

�
hni+1;j;k+(Ex+Ey+Ez)hni;j;k
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�
�
Ex
2

�
hni�1;j;k�(Ey)hni;j+1;k � (Ey)hni;j�1;k

� (Ez)hni;j;k+1 � (Ez)hni;j;k�1: (A.4)

Sweeping in y direction:�
Ey
2

�
h��i;j+1;k � (Ey)h��i;j;k +

�
Ey
2

�
h��i;j�1;k

=
Si;j;k
K�adV

�
�
Ex
2

�
h�i+1;j;k+(Ex)h�i;j;k

�
�
Ex
2

�
h�i�1;j;k�

�
Ex
2

�
hni+1;j;k

+ (Ex+Ey+Ez)hni;j;k �
�
Ex
2

�
hni�1;j;k

�
�
Ey
2

�
hni;j+1;k �

�
Ey
2

�
hni;j�1;k

� (Ez)hni;j;k+1 � (Ez)hni;j;k�1: (A.5)

Sweeping in z direction:�
Ez
2

�
hn+1
i;j;k+1 � (Ez)hn+1

i;j;k +
�
Ez
2

�
hn+1
i;j;k�1

=
Si;j;k
K�dV

�
�
Ex
2

�
h�i+1;j;k+(Ex)h�i;j;k

�
�
Ex
2

�
h�i�1;j;k�

�
Ex
2

�
hni+1;j;k

+ (Ex+Ey+Ez)hni;j;k �
�
Ex
2

�
hni�1;j;k

�
�
Ey
2

�
h��i;j+1;k + (Ey)h��i;j;k

�
�
Ey
2

�
h��i;j�1;k �

�
Ey
2

�
hni;j+1;k

�
�
Ey
2

�
hni;j�1;k �

�
Ez
2

�
hni;j;k+1

�
�
Ez
2

�
hni;j;k�1: (A.6)

It should be noted that n and n+ 1 are related to two
successive iterations.
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