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rare ed gas mixture ows. Although such developments are important, Navier-Stokes
computation can nd extended use in engineering applications. Recently, the authors
have derived new velocity-slip and temperature-jump boundary conditions for slip ows
of gas mixtures. Appealing to these new boundary conditions, Navier-Stokes computation
of rare ed gas mixture problems has become feasible. In the present contribution, the
proposed conditions, in conjunction with the Navier-Stokes equations and an equation
for the conservation of species, are solved for some binary gas mixture problems in the
slip ow regime. Applications include low pressure ow in a converging-diverging nozzle,
wall-cooling of a nozzle under rare ed condition, and parallel mixing in a microchannel.
Simulation results are presented in terms of the distributions of overall Knudsen number,
Mach number, pressure, temperature, and concentration.
© 2015 Sharif University of Technology. All rights reserved.

1. Introduction

calculations. Consequently, it is not surprising to see
that rare ed gas mixture ows have not been analyzed
extensively in the past. Some recent works are as
follows.
Yan and Farouk [1] simulated the mixing problem
of two parallel gas streams entering a microchannel
initially separated by a splitter plate. They used the
Direct Simulation Monte Carlo (DSMC) method and
concluded that the mixing decreases with increasing
the inlet-outlet pressure di erence, and that the mixing
process for nearly specularly-re ective walls is much
slower than for perfectly di using walls. Such a
problem was further analyzed by Wang and Li [2]
that clari ed the importance of main ow velocity as
well as temperature on the degree of gas mixing. A
recent analysis of this ow problem was undertaken by
Darbandi and Lakzian [3].
The developed ow of binary mixtures of noble
gases between parallel plates driven by small pressure,
temperature, and concentration gradients was analyzed
by Naris et al. [4]. They utilized the McCormack model

The physics of rare ed single-component gas ows has
been extensively studied in the past, and a number of
interesting phenomena, which vanish at the continuum
limit, have been observed. In practice, however, one
deals with gas mixtures more often than with single
gases and, thereby, attention must be paid to the
simulation of such ows. In gas mixture ows, several
new phenomena can lead to a somehow surprising
behavior, compared with single-component cases. As
an example, di usion can be observed due to imposed
pressure, temperature, and concentration gradients.
Additionally, concentration gradients may lead to the
transfer of heat. Mixture problems also require drastically higher computational e ort, as a result of the
large number of additional parameters involved in their
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of the Boltzmann equation [5] and presented some
ow features for the whole range of gas rarefaction.
Concerning their results, they concluded that the hardsphere molecular interaction model did not provide
reliable results when mixture ow problems were studied. This problem was again analyzed by Kosuge and
Takata [6]. They constructed a ux database for binary
mixtures of noble gases that covers the entire range
of Knudsen number and concentration, and a wide
range of temperature. Later, Naris et al. [7] extended
their previous formulation (i.e. [4]) to developing ows
through microchannels.
Sharipov et al. [8] calculated heat ux magnitudes
through rare ed binary mixtures of noble gases conned between parallel plates. Their solution was based
on the McCormack model [5] and led to the conclusion that using the hard-sphere molecular interaction
model, accurate heat uxes would not be resulted.
Recently, DSMC simulation of this problem was undertaken by Strapasson and Sharipov [9]. Comparison
of the results of the two approaches demonstrated
that, in small temperature di erences, the McCormack
model provided reliable results with an uncertainty of
2%.
Raines [10] solved the Boltzmann equation for
the ow of binary mixtures between parallel plates
and presented some ow aspects for a wide range of
Knudsen number.
A lattice Boltzmann model was derived for microscale gas ows of binary mixtures by Guo et al. [11].
The proposed model utilizes a collision operator with
multiple relaxation times.
Szalmas and Valougeorgis [12] analyzed the ow
of gas mixtures through triangular and trapezoidal
microchannels. They solved the McCormack kinetic
model [5] and presented some ow features for the
whole range of gas rarefaction.
Steady, one-dimensional ow of a binary mixture
of hard-sphere gases in contact with an absorbing
planar wall was studied by Frezzotti et al. [13] through
the DSMC method. Recently, they extended their
investigation to two-dimensional circumstances [14].
Although such developments are important, the
Navier-Stokes description can nd extended use in
engineering applications due to its (i) simplicity and
familiarity, (ii) computational eciency, (iii) applicability to monatomic, as well as polyatomic, gases, (iv)
exibility for possible extension to multicomponent
problems, (v) suitability for simple, as well as complex,
geometries.
In spite of that, to the authors' knowledge,
Navier-Stokes equations have not been employed for
the computation of microscale gas mixture ows, since
little have been known about the near wall behavior
of the gas mixture. Some models have been proposed
for velocity-slip, temperature-jump, and concentration-

jump in rare ed mixture ows over catalytic surfaces
(e.g. [15,16]). Nevertheless, the inclusion of surface
reaction has made them quite complex. Meanwhile, for
most gas mixtures, no reaction occurs on the surface,
and near wall behavior is not so sensitive to local ow
properties.
Recently, Zahmatkesh et al. [17] derived new
velocity-slip and temperature-jump boundary conditions for gas mixture ows under rare ed conditions.
Appealing to these boundary conditions, the NavierStokes computation of gas mixture ows in the slip
ow regime has become feasible.
To continue this e ort, in the present contribution, the proposed boundary conditions, in conjunction
with Navier-Stokes equations and an equation for the
conservation of species, are solved for some binary gas
mixture problems in the slip ow regime. Applications
include low pressure ow in a converging-diverging nozzle, wall-cooling of a nozzle under rare ed condition,
and parallel mixing in a microchannel. Since previous
investigations in the context of rare ed gas mixtures
have been restricted to straight microchannels, the
rst originality of the current study goes back to the
analysis of more complex geometries. This contribution can also be regarded as the rst Navier-Stokes
computation of gas mixture problems under rare ed
conditions.

2. Conservation equations
For simplicity of exposition, binary mixtures in two
space dimensions are analyzed in this contribution.
Accordingly, uid dynamics of the binary systems
are described by Navier{Stokes equations, with an
additional equation, expressing the conservation of
mass for the rst component. This additional equation,
in conjunction with mass conservation for the whole
mixture, implies the conservation of mass for the
second component as well. In a generalized curvilinear
two-dimensional coordinate system, the conservation
equations are:
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:

Here,  is the mass density of the mixture and c is the
mass fraction of the constituent, . Moreover, u, v, qx ,
and qy are the components of velocity and heat ux
vector. ij is the viscous stress tensor and E is the
total energy per unit volume. Meanwhile;

F~ = J1 (Fx + Gy ) ;

~ = 1 (Fx + Gy ) ;
G
J

~ = 1 Q;
Q
J

F~ v = J1 (Fv x + Gv y );

~ v = 1 (Fv x + Gv y ):
G
J

(3)

@ (; )
= x y
@ (x; y)

(4)

y x :

In this formulation, j is the molecular mass ux vector,
which is de ned as [18]:

j = Dbrc + kT r ln T + kp r ln pc:

(5)

Here, the rst term represents di usion due to concentration gradients, while the contributions associated
with temperature gradients and pressure gradients
are incorporated in the second and the third terms,
respectively. The coecient, D, is the binary di usion
coecient. Meanwhile, kT and kp can be calculated
from the mixture composition as [19]:
"
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These coecients become in uential in problems with
large temperature/pressure gradients. During computations, it must be borne in mind that kT is not
vanishing in the absence of one of the constituents.
The viscous stress tensor and the heat ux vector
are obtained from:
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with  and  being the thermal conductivity and
viscosity of the gas mixture, respectively, and hi being
the partial speci c enthalpy of the ith species. It is
noteworthy that the second terms in the right-hand
side of Eqs. (11) and (12) represent the contribution
of inter-di usion on the transfer of heat. Here, jx;i
and jy;i are the components of the molecular mass ux
vector for the i's species. For instance:
jx;

with:
J=

4 @v
yy = 
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The evolution equations are supplemented by the ideal
gas equation of state, which expresses pressure, p, in
terms of mass density, , speci c internal energy, e,
mass fraction, c, and the ratio of the speci c heats, :
p(; e; c) = ( (c) 1)e;

(14)

where:
(c) =

cp cp; c + cp; (1 c)
=
:
cv cv; c + cv; (1 c)

(15)

Here, cv; , cv; , cp; and cp; are the speci c heats
at constant volume and constant pressure for the
component species, respectively.
The conservation equations, in conjunction with
the proposed velocity-slip and temperature-jump
boundary conditions (that will be described in the
forthcoming section), are solved invoking the explicit
ux di erencing of Roe's scheme [20]. In this method,
the inviscid terms are calculated based on the evaluation of eigenvalues and eigenvectors of the Euler
equations. The viscous terms are also discretized using
a central di erencing. Moreover, an upwinding method
is applied to the equation of the continuity of the
species. During the current computations, transport
coecients of the constituents are taken from Bergman
et al. [21], while the Wassiljewa's correlation [22] is
adopted for the thermal conductivity of the mixture.

3. The proposed boundary conditions
The proposed velocity-slip and temperature-jump
boundary conditions for a binary system take the form
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of [17]:
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with s and n being the streamwise and normal coordinates, respectively. overall is the overall Knudsen
number of the gas mixture:
overall = cs  + (1 cs ) :

(18)

Moreover, us and uw are the slip and wall velocities,
Tg and Tw are the gas and wall temperatures, and
is the ratio of speci c heats. Subscript s stands
for surface conditions. Coecients  and T are the
tangential-momentum-accommodation coecient and
the thermal-accommodation coecient, respectively.
vs is the mean molecular speed of the gas mixture:
vs =



8 kTs
 m

0:5

(19)

:

Meanwhile,  is the viscosity coecient of the gas
mixture that can be determined in terms of the mixture
composition, as:
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Here, M and M denote molar masses.

4. Simulation results
In this section, simulation results are presented for
three distinct gas mixture problems in the slip ow
regime. Nitrogen and oxygen are regarded as the mixtures constituents. The current applications include
low pressure ow in a converging-diverging nozzle,
wall-cooling of a nozzle under rare ed condition, and
parallel mixing in a microchannel. The accuracy of

Figure 1. Simulated velocity pro les at two di erent

sections along the microchannel compared with DSMC
results.

the employed Navier-Stokes solver for the description
of these ow problems in the continuum ow regime has
been established during our previous investigations [2326]. Now, the validity of this solver in the computation
of the slip ow regime is examined. For this purpose,
and in the absence of any analytical or experimental
data in the current ow problems, a He-Ne ow in a
1  4 m microchannel is computed, and the corresponding results are compared with those of the DSMC
simulation of Wang et al. [27]. Here, the inlet and
outlet pressures are taken to be 300 kPa and 100 kPa,
respectively. Moreover, a temperature of 300 K and a
concentration of 0.2 are assigned to the in owing gas
stream. Under this circumstance, the overall Knudsen
number of the mixture is about 0.1 in the outgoing
gases, and a slip ow establishes in the microchannel.
Figure 1 compares the simulated velocity pro les at two
di erent sections along the microchannel with those
of the DSMC method. The centerline distributions
of pressure are also indicated in Figure 2. Inspection
of the gures demonstrates that the two approaches
lead to almost the same simulation results. This
provides con dence to the developed Navier-Stokes
solver for further studies in rare ed circumstances.
Consequently, in the forthcoming sections, it is used
to simulate the aforesaid gas mixture problems in the
slip ow regime.

4.1. Low pressure ow in a
converging-diverging nozzle

As the rst example, a low pressure gas mixture ow
in a converging-diverging nozzle is regarded. The
schematic of the nozzle is depicted in Figure 3. The
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Figure 2. Simulated centerline distribution of pressure
compared with DSMC results.
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700 Pa and pe = 500 Pa at the boundaries. Other
speci cations are maintained identical to Case I. This
makes the maximum value of the overall Knudsen
number about 0.01. The last case (Case III), however,
corresponds to a ow in the upper limit of the gas
rarefaction in the slip ow regime (i.e., with Kn 0:1).
This is attained by prescribing 70 Pa and 50 Pa at the
inlet and outlet, respectively.
The ow cases are simulated using 10500 (70 
150) nodes based on a grid re nement study. In
what concerns the centerline distribution of Mach
number, simulation results for the three cases of the
gas rarefaction are illustrated in Figure 4. Here, results

Figure 3. Schematic of the rst mixture problem.
Table 1. Speci cations of the rst ow problem in Case I.
Inlet stagnation pressure
Inlet stagnation temperature
Inlet concentration
Exit pressure
Length of the nozzle
Size of the inlet and exit
Inlet area
Throat area

Thermal condition of the wall
Wall accommodation coecients

pt;i = 7000 Pa
Tt;i = 750 K
c i = 0 :5
pe = 5000 Pa
L = 2 mm
2H = 2 mm
1.18
Tw = 750 K
 = T = 0:85

computations are undertaken for three distinct cases
in the slip ow regime. Speci cations of the rst case
(Case I, henceforth) are illustrated in Table 1. Under
this circumstance, the overall Knudsen number of the
mixture remains below 0.001 over the entire ow eld.
Consequently, this case represents the lower limit of the
gas rarefaction in the slip ow regime.
In regard to the second case (Case II), the degree
of gas rarefaction is increased by assigning pt;i =

Figure 4. Centerline distribution of Mach number in the
rst mixture problem.
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obtained without the rare ed boundary conditions (i.e.,
with no-slip/no-temperature jump conditions) are also
provided for comparison. Obviously, in all of the
current cases, the centerline Mach number increases
along the nozzle and a maximum value is attained
at the downstream side of the throat. This proceeds
with a slight decrease in the diverging part of the
nozzle. The behavior is attributed to strong viscous
e ects in these low Reynolds ow elds. Notice that
with an increase in the overall Knudsen number, the
centerline Mach numbers diminish. This occurs despite
the pressure ratios that are maintained identical here.
The physical reasoning for this behavior is the fact that,
as the degree of gas rarefaction increases, velocity-slip
becomes more pronounced and, thereby, more uniform
velocity pro les establish in each section through the
nozzle. The aforesaid variations in the Mach number
make the centerline distributions of the temperature
and pressure as depicted in Figures 5 and 6.
Comparing the results obtained with the proposed
boundary conditions and those obtained without such
conditions, in the three cases of gas rarefaction, is instructive. Evidently, as the gas becomes more rare ed,
the discrepancies that appear between the results of the
two approaches enhance, and, thereby, the in uence of
the implemented rare ed boundary conditions becomes
more pronounced.

4.2. Wall-cooling of a nozzle under rare ed
condition

As the second example, wall-cooling of a convergingdiverging nozzle under rare ed condition is analyzed
here. For this purpose, the same nozzle geometry as
in the preceding example is chosen. Figure 7 depicts
the schematic of this ow problem. It is assumed that
nitrogen enters from the inlet of the nozzle and oxygen,
as a coolant, is blown from the walls downstream of the
throat. Flow conditions for this case are illustrated in
Table 2.
The problem is solved employing a 155  335 grid.
Figure 8(a) presents the distribution of overall Knudsen
number in the nozzle. Obviously, the lowest values

Table 2. Speci cations of the second ow problem.
Inlet stagnation pressure
Inlet stagnation temperature
Inlet concentration
Coolant x-velocity
Coolant y-velocity
Coolant static temperature
Coolant concentration
Exit pressure
Thermal condition of the wall
Wall accommodation coecients

pt;i = 460 Pa
Tt;i = 500 K
ci = 1
uc = 100 m/s
vc = 5 m/s
Tc = 300 K
cc = 0
pe = 300 Pa
Adiabatic
 = T = 0:85

Figure 5. Centerline distribution of temperature in the
rst mixture problem.

of the Knudsen number appear in the vicinity of the
oxygen blowing. This occurs since molecular collisions
are more frequent between the oxygen molecules that
are larger than the nitrogen ones. Notice that the overall Knudsen number lies between 0.0095 and 0.0145,
which, again, falls into the slip ow regime.
Simulation results, in terms of the distributions
of concentration, Mach number, and temperature,
are plotted in Figure 8(b) to (d). Concerning the
contour plots of concentration in Figure 8(b), the
view of the observer is directed towards the coolant
that is blown and convected downstream. Inspection of Figure 8(c) demonstrates that due to oxygen
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Figure 7. Schematic of the second mixture problem.

Figure 6. Centerline distribution of pressure in the rst
mixture problem.

blowing at the diverging part, the e ective shape of
the nozzle is converging instead of the convergingdiverging nozzle. Moreover, temperature distribution
provided in Figure 8(d) indicates that high temperature gradients appear in the vicinity of the diverging part of the nozzle walls, wherein the coolant is
blown.

4.3. Parallel mixing in a microchannel

As the last example problem, simulation results are
presented for the mixing ow system depicted in
Figure 9. Here, the parallel streams of oxygen and

Figure 8. Simulation results for the second mixture
problem.

nitrogen, which are initially separated by a splitter
plate, enter the mixing chamber. Speci cations of this
ow problem are illustrated in Table 3.
The problem is solved using 7171 (71  101)
nodes based on a grid re nement study. Figure 10(a)
presents the distribution of overall Knudsen number
in the gas mixture. Evidently, as one proceeds along
the microchannel, the gas becomes more rare ed. It
is clear that the overall Knudsen number of this
mixture problem remains below 0.02 over the entire
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Table 3. Speci cations of the third ow problem.
Inlet stagnation pressures
Inlet stagnation temperatures
Exit pressure
Thermal condition of the wall
Wall accommodation coecients
Height of the microchannel
Aspect ratio of the microchannel

pNt;i2 = pOt;i2 = 15 kPa
N2 = T O2 = 300 K
Tt;i
t;i
pe = 7:5 kPa

Adiabatic
 = T = 0:85
H = 100 m
L=H = 5

which is obvious in Figure 10(c). The mixing pattern of the two parallel gas streams is illustrated in
Figure 10(d). Previous observations of Zahmatkesh
et al. [23] provide evidence that during the parallel
mixing, the heavier species di uses towards the other
gas stream. This is attributed to the higher momentum
of the heavier particles during molecular collisions in
the mixing layer. In spite of that, molecular masses
of nitrogen and oxygen are almost identical, and the
current parallel mixing is not so intense.

5. Concluding remarks

Figure 9. Schematic of the third mixture problem.

In this contribution, recently proposed velocity-slip and
temperature-jump boundary conditions were adopted,
and several Navier-Stokes computations were undertaken for some gas mixture problems in the slip ow
regime. Inspection of the presented results for the low
pressure nozzle ow demonstrated that the inclusion
of the proposed boundary conditions has prominent
consequences on the establishment of the ow elds.
The method was also successful in the description of
wall-cooling of a nozzle under rare ed condition and
parallel mixing in a microchannel
The employed Navier-Stokes description can nd
extended use in the simulation of gas mixture ows in
microelectromechanical systems due to its (i) simplicity
and familiarity, (ii) computational eciency, (iii) applicability to monatomic, as well as polyatomic, gases,
(iv) exibility for possible extension to multicomponent
problems, (v) suitability for simple, as well as complex,
geometries.
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