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Abstract. Synchronization of two chaotic systems has been used in secure communica-
tions. In this paper, synchronization of two identical 4D Li hyper-chaotic systems is used
to identify the drive system. Parameters in both drive and response systems are unknown
and the systems are synchronized by applying one state feedback controller. Since the goal
here is to identify the parameters of the drive system, an adaptive method is used. The
stability of the closed-loop system with the controller and convergence of parameters is
studied using the Lyapunov theorem. In order to improve the speed of convergence in one
parameter, a fractional adaptation law is used and the stability with the fractional law is
shown. Finally, the results of both integer and fractional methods are compared.

(© 2014 Sharif University of Technology. All rights reserved.

1. Introduction

There is a phenomenon in nonlinear systems, which
is called chaos. Chaos also exists in many real world
problems. The most significant property of a chaotic
system is high sensitivity to initial conditions. It
is important to see that two responses of a chaotic
system with initial values very close to each other
diverge exponentially but still stay in a bounded
region. This would cause some other properties of
chaotic systems, which have rich frequencies, and many
unstable periodic orbits. These properties of chaotic
systems make it difficult to study them. The positive
Lyapunov exponent is one way to show that a system
is chaotic. If the chaotic system has more than one
positive Lyapunov exponent, it would be called hyper-
chaotic.
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In real world applications, parameters of a chaotic
system may be particularly or fully unknown. So,
identification of the parameters of a chaotic system
has been studied in many cases. Different methods
are used for identification, such as the neural network
state space model [1], adaptive control [2], modified
recursive least square [3], robust control [4] etc. Most
of these methods use an adaptive law which comes
from the Lyapunov-based stability proof for the closed
loop system. In most cases, lack of information about
the system parameters makes it necessary to use an
adaptation law. But, usually, these adaptation laws
may not converge to true values and are just used
to estimate a value for the parameters. In some
cases, when the chaotic system has fractional nonlinear
differential equations, identification has been made
using optimization algorithms, such as Artificial Neural
Networks (ANN) [5], Particle Swarm Optimization
(PSO) [6], the output error approach [7] or differential
evolution [8].

Synchronization of chaotic systems was intro-
duced for the first time in the research undertaken by
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Pecora and Carroll [9] in 1990, and since then, it has
been an interesting topic for researchers [10-13]. In
synchronization of two systems, it is desired for the
response system trajectories to follow the drive system.
In many cases, parameters of the drive system are
unknown, so, an adaptive method is used to estimate
the parameters [14-18]. So, synchronization of two
identical systems can be used to identify the parameters
of the drive system. Recently, there have been many
methods to synchronize two systems with unknown
parameters. In [15,17], two non-identical chaotic
systems are synchronized by applying the adaptive
control law to each state of the response system. In [18],
two identical chaotic systems are synchronized using a
control law in only one of the states of the response
system. In [19], two identical Lii hyper-chaotic systems
with unknown parameters are synchronized with an
adaptation law based on the Lyapunov stability theory.
In [20], a new modified hyper-chaotic Li system is
synchronized with the use of the adaptive control law.
In [19,20], the controllers are applied to all states,
but the parameters convergence to the correct values
is not shown. And, finally, in [21], two identical Li
hyper-chaotic systems with unknown parameters are
synchronized by applying one state controller. Based
on [21], in the present paper, some modifications are
applied in cases of parameter identification in order to
guarantee convergence to the correct values.

Fractional calculus has a history of about 300
years and more recently been recognized in the work
done by Leibniz, Riemann, etc. Little attention was
paid to it at that time, but, recently, there have heen
many more applications using {ractional calculus [8,22-
24]. It has been used to model some systems, e.g.
viscoelastic systems, suspension systems etc. [23].

Fractional calculus has recently stepped into the
control region and also chaos control [25-28]. It
is shown that using fractional order controllers can
have better results than using integer orders [29]. In
designing a controller with fractional calculus, there
is one more parameter which gives the designers more
degrees of freedom to design a controller. This extra
parameter is the order of differentiation that allows
getting a better response from the controller, especially
in the transient part of the solution.

In this paper a fractional order adaptation law is
used to synchronize two integer order identical hyper-
chaotic 4D Lii systems in order to identify the param-
eters of the drive system. In other words, the main
idea here is to use chaos synchronization techniques
to synchronize virtual computer-based dynamics with
unknown parameters as the “Response System”, with
a real dynamical chaotic system as the “Drive System”.
To achieve this, at first, the controller designed in [21]
for synchronizing two 4D hyper-chaotic systems is
discussed again here. Then, the parameters of the

response system are assumed to be unknown, and,
using the Lyapunov stability theorem, an adaptive
control algorithm is designed. The important point
here is to use fractional order dynamics in adaptation
laws to obtain better convergence and smaller oscilla-
tions in parameter estimation. Finally, the stability
of the system with fractional order is discussed and
it is proved that the system with the fractional order
adaptation law remains stable.

2. Preliminaries and definitions

In fact, fractional calculus is a generalized version of
integer order calculus. The integro-differential operator
is shown by , Dy. Common formulations for fractional
derivatives are as follows.

Definition 1. (Riemann-Liouville fractional deriva-
tive [30]) The Riemann-Liouville fractional derivative
is defined as:

ﬁ f;(t—r)_o‘_lf(r)dr a<0

fo DEf()=1 £(t) a=0(1)

D" [, DFT" f(1)] a>0

where n — 1 < a < n and ['(.) is the standard gamma
function, I'(z) = [;° t*~te 'dt.

Definition 2. (Caputo fractional derivative [30]) The
Caputo fractional derivative is defined as:

1 t o f(r)
T(h—a) fto EryotT=n dr n—1<a<n

LDy f(t)=
D f(t) a=n (2)

The Caputo fractional derivative was almost used in
engineering problems, because derivatives appeared on
integer points, so, they could have physical imple-
mentation. But, in the Riemann-Liouville definition,
derivatives appear in fractional points, and, in numer-
ical solving, we must know the initial conditions in
the fractional points of derivation, which may have not
physical implementation.

Definition 3. A dynamic system in fractional calculus
is defined as:

F (t,y(t).r, D y(t),5, Diy(t), -of, Diy(t)) =g(t),

(3)

where ay < a2 < ... < ap, F(t,y1,...,y,) and g(t) are

real known functions. It can also be defined in the state
space form as:

gD?iZEi = f1 (t,x’l,ibg, ,ZEn) y
z;(0) = X,o,
where 0 < ; <1lfori=1,2,...,n.

i=1,2,..,n, (4)
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A linear dynamic system in state space form is

like:
C Dna
oDyt 1 a1 a1z -0 din 1
6_Do‘zx e
toZy T2 a1 22 a2n €2
c
tOD;" Tn anl an2 A ) Tn
T
D]
=Al . (5)
Tn

3. 4D Li hyper-chaotic system

Systems with more than one (especially 2) positive Lya-
punov exponents are known as hyper-chaotic systems
in literature. This implies that their dynamics are
expanded in several different directions simultaneously.
In recent years, several hyper-chaotic systems were
discovered in high-dimensional dynamics. For example,
see the hyper-chaotic Rossler system [31], the hyper-
chaotic Lorenz system [32], the hyper-chaotic Chua
circuit [33] etc.

The 4D Lii hyper-chaotic dynamical system is
based on the 3D original Lii system [34] by adding
a state feedback. In 2006, Elabbasy, Agiza and El-
Dessoky presented differential equations of the 4D Lii
hyper-chaotic system as [19]:

L.C1 = Q(IE2 — 56'1)

C.BQ =C¥9 — X1%3 + X4
j?g = X1T9 — bIg

Z.E4 = X3 — d134

in which, the 4th state is a simple state feedback which
is added to the 2nd state.

Both response and drive systems have character-
istic equations, as the above, but the main difference is
that all the states of the response system are followed
by a controller:

1 =a(y2 —y1) +w

Y2 = cy2 — Y1ys + ys + uz
Ys = y1y2 — bys +us

Ys = y3 — dys + ugq

This system demonstrates a hyper-chaotic attractor
with many different sets of parameters. In Fig-
ure 1, trajectories of the 4D Lii system with a set
of parameters (¢ = 20,b = 5,¢ = 10,d = 1.5)
are shown. These parameters made the system to

x3(t)

Figure 1. Trajectories of the 4D Lii hyper-chaotic system.

be hyper-chaotic with Lyapunov exponents equal to
{0.75,0.03, —1.55, —=15.73}.

The Lyapunov dimension of the system with the
above parameters is 3.34, which shows that the system
is hyper-chaotic.

3.1. Synchronization

In [21], it was shown that the response system in Eq. (7)
can be synchronized with the drive system in Eq. (6)
using a single state feedback only on the 2nd state. The
main theorem is stated here.

Theorem 1. For Eq. (6), suppose that B, and
Bs are the upper bounds of absolute values of state
variables, x5 and x3, respectively. For the positive
constant, A > dB3/a(4bd — 1) > 0, the system in
Eq. (7) with controllers us = —ko(y2 — z2), w1 = uz =
ug = 0, can be synchronized to the system in Eq. (6),
and the zero equilibrium point of the error dynamic
system (e = y — x) is globally asymptotically stable,
where:

k2 > maX(gl,92,93),

- . (/\Q+Bg)2

. (b(a+ Bs)?
92—1%1“(%_33” >0,
g3 = min

Ma+ Bs)?@dbd—1)+4Xab+2Bs(\a+ B3) — B2 N
Aha(dbd—1)—4dB2 y

> 0. (8)
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Proof. The error dynamics can be easily obtained by
subtracting Eq. (6) from Eq. (7):

é1 =ales —e1) +ur
€2 = cezy + €4 — e1€3 — T1€3 — T3€1 + U2
é3 = —beg + e1e5 + x0e1 + X160 + U3
€y =e3 —deg+uy
A Lyapunov function is defined here as:
Vilt) = 5 (A +e3 4 +ed). (10)

Differentiating the Lyapunov function, with respect to
time, yields:

Vl(t) =Xe1€] + e2éy + 363 + €44
=Aep (aes —aey + uy)
+ e2(ces + 64 —ere3 — T1€3 — T3€7)
+ ez (—bes + er1es + x2e1 + T1€9 + U3)
+ e4 (€3 — des + uq)
= — Xaef + ce3 — be3
—de3 4 erey (Aa — x3) + eaey + ezeq

+ eresz(xa) + Aejur + eaus + esuz + equq.
(11)

Substituting u1 = ug = uq4 = 0 and us = —kges in the
above equation yields:

Vi(t) = — Na€? + (¢ — ka)e2 — be? — de?

+erea(Aa — x3) + eseq + ezeq + ere3(a2)

< —eTPe, (12)
where:
—Xa+B — B-
Aa ( 2 = - 0
(ZAatBa) ky —c 0o =
P= 2 2
=By 0 s
2 2
-1 1
lea]
lea]
= (13)
les|
|ea]

In [21], it was shown that if all the above conditions
are satisfied, matrix P would be positive definite, so,
Vi(t) < 0, and the origin of the synchronization error
space will be globally asymptotically stable. O

3.2. Adaptive synchronization
In real systems, some or all of the system parameters
are unknown or maybe with some uncertainties. These
unknown or uncertain parameters can completely de-
stroy the procedure of synchronization. In this section,
an adaptive synchronization method for two identical
hyper-chaotic Lii systems is developed.

Consider the response system stated in Eq. (7)
again with estimated parameters, a,,b,,c, and d,:

9 =a,(y2 — 1)+
Y2 = Cry2 — Y1Ys + Y4 + uz
(14)
U3 = y1y2 — brys +us
Ya = Y3 — drlYa + Usg

The response system is a computer-based system that
we wish to synchronize with the real drive system in
Eq. (6), with unknown parameters.

The error dynamics equations can be derived
again as:

é1 =alez —er) +e(y2 —y1) +w

€ = cey +e4 +ere3 — Y€z — Yze1 + ey + Uz

é3 = —beg —ere2 +yae1 +yr1€2 — €Yz +uz  (15)
€4 =e3 —des — eqys + uqg

In the above equation, e, = a, — a is the parameter
estimation error and ey, e. and ey are defined similarly.
Now, we can define the new Lyapunov function as:

. 1, . . 1, .
Vz(t):Vf(t)-f-Z(6i+6§+€3+€3)+2(k2—kg()z,)
16

where ks is the estimate of the controller gain and Vy*(t)
is in the form of Eq. (10). V{*(¢) is computed as:

Vl*(t) =Xe1€1 + exéy + e3é3 + €44
=Xey (aex — aey +eqy2 — a1 + u1)
+ ez (ceatesterez—yrez—yser+ecya+us)
+ e3 (—bez—erea+yser +y1e2 — epys+us)

+eq (€3 —degy — eqys + uy) . (17)

Then, here the rate of change vs. time of the Lyapunov
function is:
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Va(t) =Vi (1) + €aa + epéy + ecée + eata

+ (kg — ko )k (18)

Assuming again u; = uz = uqg = 0 and us = —kqeo,
the above equation can be expanded as:

Va(t) = — Xae? + (¢ — ko)e2 — be2 — de?
+erea(Aa — x3) + ezeq + ezeq + ere3(a2)
+ea(Aerys — Aeryr + €4) + ec(yze2 + éc)
+ ep(—ezys + ) + ea(—yaes + €4)
t (y = ko) (ks — €3). (19)
Thus:

Va(t) =VA(t) + ea(Aeryz — Aeryr + éa)
+ ec(yoea + é.) + en(—esys + é)

+ea(—ysea + €q) + (ks — ko) (ko — €2), (20)

where V;(t) < —eTPe, as shown in Eq. (12). By
substituting the adaptation laws as:

€q = —Aerys + Ae1y,

ép = yzes,

€c = —Yae2,

€d = Yaeu,

by = €2, (21)

and applying in Eq. (20), we have:
Va(t) = Vi(t) < —eTPe = V3(t) < 0. (22)

Lemma 1. Consider all assumptions in Theorem 1.
The zero equilibrium point of the error dynamic system
in Eq. (15) is globally asymptotically stable by applying
adaptation laws in Eq. (21) and using controller, uy =
—k(yg - l’g), U = U3 = Ug = 0.

Proof. P is a symmetric positive definite matrix, so,
it can be written in the form:

P =s’s. (23)
So, we have:
Va(t) < —(Se)”(Se), (24)

where S is a constant nonsingular matrix.

Assume the integral below:
= / CVa(t)dt = Va(0) — Va(oo). (25)
0

Since V5 is negative and V5(¢) is always positive, V(o)
is bounded; it means that integral I is bounded too.
According to Relation (24):

/oo(Se)T(Se)dt <1 (26)
0
So, one can say:

(Se) € L. (27)

Again, since Vy is negative semi definite, all of the
state errors and parameter estimation errors will be
bounded. Consequently, the time derivative of errors
in Eq. (15) will be bounded and 43¢} = S¢ will he
bounded too.

Now, using the Barbalat lemma, we may have:

tlim Se(t) = 0. (28)

According to the fact that S is nonsingular, it can be
said:

lim e(t) = 0. (29)

t— o0

So, the proof is completed. O

Now, if we solve equation Vo = 0 according
to Lemma 1, the only admissible answer, when time
converges to infinity, is the inevitable solution, which
is e(co) = 0. Applying this solution to the system in
Eq. (15) and knowing that é€(oco) = 0, we will have:

€a(00) = ep(00) = e.(0) = eq(00) = 0. (30)

So, using LaSalle’s invariant principle [35], the origin
of the system of Eqs. (15) and (21), together, will be
asymptotically stable.

The above statements can be collected in the
following theorem.

Theorem 2. Consider all assumptions in Theorem 1.
Eq. (7) with controllers u; = uz = ug = 0 and uy =
—k(y2—x2) can be synchronized to Eq. (6), and the zero
equilibrium point of error dynamic system in Eq. (15) is
globally asymptotically stable by applying adaptation
laws in Eq. (21), and the convergence of the parameters
is guaranteed.

Proof. The whole procedure is stated from the
beginning of the current subsection. O

According to Theorem 2, a computer-based sys-
tem in Eq. (14) with unknown parameters, a,,b;,c,
and d,, can be synchronized with the real system in
Eq. (6) by measuring all the states and using a single
state feedback only. Theorem 2 shows that the errors
go to zero asymptotically and the parameters also
converge to true values.
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4. Chen chaotic system

In this section, we take Chen chaotic system as our
drive system. Its differential equations are [36]:

j?l = G/(.’L'z — Q71)
be = bLL’Q — Cr1 — X1X3 (31)
j?g = X1T2 — dl’g

where the parameters are a = 35, b = 28, ¢ = 7 and
d = 3. Also, we take the response system to be the
same as the drive one.

n=alys —y1) +w
Y2 = bya — cy1 — y1y3 + us2 (32)
U3 = y1y2 — dys + us

4.1. Synchronization

Theorem 3. For system in Eq. (31), as in Theorem 1,
suppose that By and Bs are the upper bounds of
absolute values of state variables, x5 and xz3, respec-
tively. For the positive constant, A > B2/4ad > 0,
Eq. (32) with controllers, us = —ko(y2 — 22) and
u; = uz = 0, can be synchronized to Eq. (31) and
the zero equilibrium point of error dynamic system
(e =y — x) is globally asymptotically stable, where:

k2 > maX(g17 g2)7

. ()\(l—C+B3>2
91—mA1n< a +b) >0,
. {d(da—c+ By)?

Proof. The procedure is completely like the proof of
theorem 1. O

4.2. Adaptive synchronization
Consider the response system stated in Eq. (32) again,
with estimated parameters, a,,b,,c, and d,:

9 =a-(y2 — ) +w
U2 = bry2 — CrY1 — Y1Y3 + U2 (34)
U3 = y1y2 — drys + us

Theorem 4. Consider all assumptions in Theorem 3.
The system in Eq. (32) with controllers u; = uz = 0
and uy = —k(y2 — 2) can be synchronized to Eq. (31),
and the zero equilibrium point of error dynamic system
is globally asymptotically stable by applying adapta-
tion laws in Eq. (35). Thus, the convergence of the
parameters is guaranteed.

€a = —Aerys + Ae1y,

€p = —Yae2,

éc = Y162,
€4 = Yses,
ky = e2. (35)

Proof. The whole procedure is completely like the
proof of Theorem 2. O

5. Fractional adaptation

The 4D Lii system is hyper-chaotic; therefore the speed
of parameter identification is very important in syn-
chronization. So, we can change the adaptation laws’
dynamics with fractional order equations to obtain
better identification and faster state synchronization.

To achieve this goal, adaptation laws are assumed
to be:

D%e, = —Xe1ys + Ae1y,
D%y, = yze3,
D(Xzec = —Y2€2,

D%eq = yueq, (36)

where 0 < «a; < 1 and D% denotes the Caputo
derivative from t; = 0. Because of the similarity of
fractional systems with a derivative order of less than
one to damped systems, these new adaptation laws
would be stable and can estimate parameters faster and
with fewer fluctuations.

Also, here, for achieving better convergence in
single-state feedback gain, the dynamics of controller
gain can be assumed to be fractional as:

D%y = €2, (37)

where 0 < a < 1 too.

As we will see in the next section, convergence
in parameters a,b and ¢ are faster than d and it
seems to be over-damped. But, parameter d has some
fluctuations, and, then, error in the 4th state takes
more time to go to zero. This problem can be solved
easily by applying less degrees of differentiation in the
adaptation law for this parameter.

Also for the Chen chaotic system, we take the
following as adaptation laws:

D%e, = —Aerya + Aeryn,
D*ep = —yqea,

D%e. = yie,

D%eq = yses,

D%y = €2, (38)
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in which we use a4y = 0.7 for parameter d, and other
adaptation laws remain in integer order.

6. Numerical simulations

In this section, numerical simulations are pre-
sented to show the effectiveness of the fractional
method discussed in the previous section. The
PECE algorithm [37] is used to solve differential
Eqgs. (6), (14), (36) and (37), assuming a Caputo
derivative with a time step of size 0.001. This method
is like fourth-order Runge-Kutta for integer order
equations. For fractional solution only, in Eq. (36),
ag = 0.55 is taken and all others are equal to 1, which
means they are integer order differential equations.
By = B3 = 20 and A = 2.0345 are taken, and to
solve Eq. (6), the parameters are taken as a = 20,b =
5,¢c = 10,d = 1.5 and the initial conditions are set
as xo = [0.1, 0.1, 0.1, 0.1]°. Also, the initial
conditions for Eqgs. (14), (36) and (37) are, respectively,
vo=[-99, —49, 51, 10.1]",a,(0) = 25,0,.(0) =
10, ¢, (0) = 15, d,(0) = 6 and k2(0) = 30.

Figure 2 shows the estimation of parameters
for a,,b,,c., and Figure 3 shows the estimation of
parameter d, of the 4D Lii hyper-chaotic system. It
is obvious that all of them are converged to their true
value by both methods. But, according to these two

30 T

- --Integer order

26 — Fractional order

ar

Cy
-
™

0 5 10 15 20 25 30

Figure 2. Three parameter estimation a., b, and ¢, for
the 4D Lu hyper-chaotic system.

20 T T
---Integer order

15 — Fractional order

10 J
= 5 |

0 ]
-5 i i i b i
0 5 10 15 20 25 30

t

Figure 3. Parameter estimation d, for the 4D Lu
hyper-chaotic system.

figures, parameter d, fluctuates more than others in
the integer order method. So, the fractional order
method is used for modifying the equation of this
parameter and d, converges smoothly to the final
value. This method almost does not affect the other
estimations. Also, Figure 4 shows the convergency of
the last parameter when a different order of fractional
derivative is used.

Figure 5 shows the error of synchronization for
the first, second and third state of the response system
and Figure 6 shows the error of synchronization for
the fourth state of the 4D Lii hyper-chaotic system. It
shows that the difference between the fractional and
integer order method is negligible for the first three
states. Also, these three errors approach zero fast and

35 : . , : ,
---a=0.25
F H ¥ i a=0.55
257 == «=0.85
.
it
3 4 5 6

Figure 4. Error in parameter estimation d, with different
fractional orders for the 4D Li hyper-chaotic system.

el
o

€3
o
T

-5 ; i i | |
0 5 10 15 20 25 30

t

Figure 5. Synchronization error of the first three states
for the 4D Lu hyper-chaotic system.

10 T
- - - Integer order
— Fractional order
5} : i ! 4
<+
)
0
-5 H H 1 i

10 15 20 25 30
t

Figure 6. Synchronization error of the fourth state for
the 4D Lu hyper-chaotic system.



M. Abedini et al./Scientia Iranica, Transactions B: Mechanical Engineering 21 (2014) 1920-1932 1927

31.4
31.2
31.0
30.8
30.6
30.4
30.2}
30.0

k2

10

Figure 7. Control gain calculation for the 4D Lii
hyper-chaotic system.

35

33

a,

31

34 .
32
< 30
28

Figure 8. Three parameter estimation a,, b, and ¢, for
the Chen chaotic system.

almost in a proper manner in comparison to the last
state in the integer method. The reason why the last
state error fluctuates is because parameter d, fluctuates
in this method of solution. But, the fractional method
causes both estimations and, consequently, synchro-
nization error would converge more smoothly.

Figure 7 shows the control gain estimation for
both integer order and fractional order methods for the
4D Lii hyper-chaotic system.

In numerical simulation of the Chen chaotic sys-
tem, in Eq. (38), ay = 0.7 is taken and all others
are equal to 1, which means they are integer order
differential equations. Bs; = 30, B3 = 50 and A =
3 are taken, and to solve Eq. (31), the parameters
are assumed as a = 35,b = 28,¢ = 7,d = 3 and
the initial conditions are set to xq = [1, 5, QO]T.
Also, the initial conditions for Eqs. (34) and (38) are,
respectively, yo = [—7, —-10, 35]T, a.(0) = 30,
b-(0) = 32, ¢,(0) = 3, d.(0) = 7 and k»(0) = 211.

Figure 8 shows the estimation of parameters
for a,,b.,¢, and Figure 9 shows the estimation of
parameter d, of the Chen chaotic system. As seen,
all parameters have converged to their actual value.
Also, the estimation of d, has less fluctuations in the
fractional order method and has settled sooner. Actu-
ally, settling time using the fractional order method
is almost one third of the integer order method.

t

Figure 9. Parameter estimation d, for the Chen chaotic
system.

60 T T
---a1=0.25
50} — «a1=0.55
s | - a1=0.85
404 ]
30 NS A T s A b e B A e At T Sl

45 T T T T

Ep

Figure 10. Error in parameters estimation a,, b, and ¢,
with different fractional orders for the Chen chaotic
system.
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Figure 11. Synchronization error of the first and second
states for the Chen chaotic system.

Moreover, the fractional order method does not affect
other estimations.

In Figure 10, estimation of parameters a,, b, and
¢, for the Chen chaotic system is shown. The difference
is that for each parameter, one of the adaptation laws
in Eq. (38) is obtained as fractional to examine the
effect of fractional order in other parameters. As can be
seen, while q; is getting closer to unity, the estimation
becomes better.

Figures 11 and 12 show synchronization errors
for the states of the Chen chaotic system. In both
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Figure 12. Synchronization error of the third state for
the Chen chaotic system.
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Figure 13. Control gain calculation for the Chen chaotic
system.

responses, the error has become zero, but, in the
fractional order, according to the influence of d, on
the third state, it has settled sooner with fewer fluctua-
tions. Also, it is obvious in Figure 11 that the fractional
order method does not affect the response.

Figure 13 shows the control gain estimation for
both integer order and fractional order methods for the
Chen chaotic system.

7. Stability analysis

As mentioned in the previous section, the adaptation
law for parameter d is replaced by the following:

D%y = yaeq, (39)

where D% denotes the Caputo derivative with g = 0.
The Caputo derivative definition plays an important
role in stability analysis because they have appeared in-
side the integral (see Eq. (2)) and we used this property.
All other adaptation laws were kept unchanged. We
can now rearrange the Lyapunov function in Eq. (20)
as the following:

Va(t) =VA(t) 4 eqa (Nerya — Aeryr + €4)
+ ec(y2e2 + €c) + ep(—e3ys + €)
+ (s = k2) (k2 = €3) + ea(~yaea
+ D%y — D% 4+é4) = ...

+ ed(—y4e4—|—Do‘ed)—l—ed(éd—Do‘ed). (40)

Substituting adaptation laws in the above equation

yields:
Vz(t) :Vl(t) + ed(éd — Do‘ed) < —eTPe

+ ed(éd — Do‘ed). (41)

It is enough to show that the last term is negative
and/or behaves in an appropriate manner.

Lemma 2. Consider:
1 1

YO =T me—  Ta-a-n

where 0 < a < 3 < 1. Function w(7) is always negative
and descending when t > 0,0 <7 <t and § — 1.

Proof. We can rewrite w(7) as:

Frl—a)(t—71)=T01=3)(t—-1)°

w(r) = T(1—a)(t — 7)°T(1 - B)(t — 7)° (42)

The denominator of w(7) is always positive, so, we
must prove only that the numerator is negative. Let us
define n(7) as:

n(r) Lnum (w(t)) =0T(1 —-a)(t—7)°
—T(1-B)(t—71)% = n(0)=T1 - a)t®

—T(1 - pB)t°. (43)

It is obvious that for any positive ¢ there exists a 5 near
1 where n(0) is negative. Besides, we have:

. BERT _ o _ 8 _ _
%:rnl n(0) = [131_1111 T(1—ayp>*-T01-p)t 00
>0 >0

= lim w(0) < 0.
B—1
>0 (44)
Again, computing a derivative of n(7) with respect to
T, we have:

%n(r)zl“(l —a)a(t —7)*L=T01 - BBt — 1)L,

(45)

which is negative when 0 < 7 < t and [ is near 1. Now,
we want to find the zero point of the above function
with respect to 7:

“Ta gs
., (1 — o)« L/h=o
=75 =t (1" —ﬁ)ﬁ) (46)
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We can easily show 7 — ¢, when 8 — 1, so, %n(T)

has no zero point in the interval (0,¢). From Eqs. (42)

to (46), we see:

1. w(7) is a function with a negative starting point.
w(0) < 0;

2. The denominator of w(r) is always positive and
ascending; numerator n(7) has a negative derivative
in all domains (0,¢).

So, w(7) is a negative and descending function all
over the domain. O

Proposition. The term ey4(éq — D%y) in Eq. (41)
always behaves such that the asymptotic stability of

the controlled system is guaranteed.

Discussion. Let us replace é; with D”e4, where 3 is
tending to 1. So, we may have:

ea(oDf eq —o Dieq) = eq(t)
%ruimﬂiggﬁg‘mﬁwwltﬁiﬁ}
=ato{ [ eair (55—

T ) 47
Defining:

1 1

YOS M- Ta-a-n

we have:
t
ealoDPeq —o D es) = ealt) / w(r)ea(t)dr,  (48)
0

where w(7) is a weight function. From Lemma 2, we
have seen w(7) is always a negative descending function
when 8 — 1. We define A; and I; as below:

0;
L:/ At Dw(r)dr, i=1,.,N
0; 1

Ai(T/,T) = ed(T/)éd(T), T € [(91'_1,97;], (49)

where 8y = O and 8 = t. Also, the sign of A;(7,7) does
not change in interval [6;_1,6;], so, N is the number of
changing signs occurred in A;(7, 7) before both e and
éq tend to zero. Now, Eq. (48) can be rewritten again
as:

I = ed(éd — D“ed)

t N
= ea(t) /0 w(r)earidr = Y 1 (50)

eq and é4 are continuous, and only one of e,4(t) or é,4(t)
changes signs when A(7,7) changes sign.

Proposition. Consider the sign of 4;(7, 7) in interval
[0i—1,0:]:

e If it has a positive sign, it means that e; and é4 have
the same sign and the system goes to instability.
So, at the end of the interval at 7 = 8; only é; can
change sign.

o If it has a negative sign, it means e; and é4 have the

opposite sign. So, e4 tends to zero and changes sign
at the end of the interval at 7 = 6;.

Now, we discuss the number of intervals, IV:

-If N =1, it is clear that I = I; and no change in
sign of eyq or é4 is occurred.

=1, = ey(t) {/Ot éd(T)w(T)dT}

= /0 eq(t)éq(m)w(r)dr

= /Ot Ay (t, Tyw(m)d, T

if Ay (t,7)>0=1<0=TVy(t) <—eTPe 4 1<0
if Al(t77')<0,

if eTPe>1= Th(t)<0
= (51)
if eTPe <I= eTPe is bounded

It is obvious that if ¢4 and é,4 have opposite signs, |e |
tends to zero, so, the upper bound of eTPe tends to
zero and the system is stable.

-If N =2, it is clear that I = I; 4+ I and only one
change in sign of e4 or é,4 is occurred.

I. Assume A;(7,7) < 0, so Ay(r,7) > 0. From
the previous proposition, we know the sign of é4(7)
cannot change at 7 = 61, then, the sign of e4(7) is
changed at 7 = 6. For t < 61, A;(t,7) < 0 is always
negative, so, eq(7) tends to zero at the end of this
interval. At the second interval, when 6, < t < 6,
we may have:

for t >0, :Vs(t) < —eTPe+ 1, + I, = —eTPe
91 92

+ Ay (t, Mw(r)dr+
0 01

Ao (t, Tyw(r)dr

Vt<91 ZA1<t,T) <0

\V/t>91 ZAl(t77')>0
YVt > 6, :AQ(t77-)>0

=1, <0=TV,(t) <0. (52)
IT. Assume A;(7,7) > 0, so, Az(7,7) < 0. From
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the previous proposition, we know the sign of é4(7)
changes at 7 = #;. In the first interval, we have:

for t <6y :Vs(t) < —eTPe+ 1, = —eTPe

01
+ [ At myw(r)dr <o. (53)
0

So, the system is stable. In the second interval:
for t> 0, : Vg(t) < —eTPe+ I, + I, = —eTPe

02

+/061 Al(t,r)w(r)dr+/0 As(t, T)w(r)dT

1

Vt<912A1(t,T>>0

Vt>91 IAl(t,T)>0
=

Vi>6: Asx(t,7) <0
=1, <0,1, >0 (54)
We can rewrite Eq. (54) like Eq. (51) and then:
if eTPe—1,>1,=Vy(t)<0
if eTPe—1I, <, =elPe< I, (55)
= e Pe is bounded

Again, it is obvious that if e; and é4 have opposite
signs, |eq4| tends to zero, so, the upper bound of e Pe
tends to zero and the system is stable.

This analysis can be repeated for N > 3. O

8. Conclusions

This paper has shown that identification of chaotic
or hyper-chaotic systems can be done based on the
synchronization of two identical systems. Two sys-
tems are synchronized by applying one state feedback
controller. Adaptation laws used to find unknown
parameters came from the Lyapunov stability theorem.
By applying fewer degrees of differentiation in some
of the adaptation laws (usually parameters with more
ripples), less fluctuations in convergence of the param-
eter occur, as the results have shown in the numerical
simulations. Finally, a discussion about the analytical
proof of the stability of the controlled system using the
fractional adaptation law is presented.

As can be seen, all simulations and analyses
have been undertaken assuming Caputo definition for
fractional differentiation. In the Riemann- Liouville
definition, differentiation takes place after integration,
so, some analyses and discussions may be done for
other types of fractional-order derivatives in future
work.

References

1.

11.

12.

13.

Suykens, J.A., De Moor, B.L.R. and Vandewalle, J.
“Nonlinear system identification using neural state
space models, applicable to robust control design”,
International Journal of Control, 62(1), pp. 129-152
(1995).

Ge, Z.M. and Leu, W.Y. “Chaos synchronization
and parameter identification for loudspeaker systems”,
Chaos, Solitons and Fractals, 21(5), pp. 1231-1247
(2004).

Motallebzadeh, F., Jahed Motlagh, M.R. and Rah-
mani Cherati, Z. “Synchronization of different-order
chaotic systems: Adaptive active vs. optimal control”,
Communications in Nonlinear Science and Numerical
Simulation, 17(9), pp. 3643-3657 (2012).

Shen, L. and Wang, M. “Robust synchronization and
parameter identification on a class of uncertain chaotic
systems”, Chaos, Solitons and Fractals, 38(1), pp. 106-
111 (2008).

Al-Assaf, Y., El-Khazali, R. and Ahmad, W. “Iden-
tification of fractional chaotic system parameters”,
Chaos, Solitons and Fractals, 22(4), pp. 897-905
(2004).

Yuan, L.-G. and Yang, Q.-G. “Parameter identifica-
tion and synchronization of fractional-order chaotic
systems”, Communications in Nonlinear Science and
Numerical Simulation, 17(1), pp. 305-316 (2012).

Sabatier, J., Aoun, M., Oustaloup, A., Grégoire, G.,
Ragot, F. and Roy, P. “Fractional system identification
for lead acid battery state of charge estimation”, Signal
Processing, 86(10), pp. 2645-2657 (2006).

Tang, Y., Zhang, X., Hua, C., Li, L. and Yang, Y.
“Parameter identification of commensurate fractional-
order chaotic system via differential evolution”,

Physics Letters A, 376(4), pp. 457-464 (2012).

Pecora, .M. and Carroll, T.L. “Synchronization in
chaotic systems”, Physical Review Letters, 64(8), pp.
821-824 (1990).

Zhou, A., Ren, G., Shao, C. and Liang, Y. “Synchro-
nization of chaotic system with uncertain functions and
unknown parameters using adaptive poles method”,
Procedia Engineering, 29(0), pp. 2453-2457 (2012).

Wang, B., Wen, G. and Xie, K. “On the synchro-
nization of a hyperchaotic system based on adaptive
method”, Physics Letters A, 372(17), pp. 3015-3020
(2008).

Wang, B. and Wen, G. “On the synchronization of
a class of chaotic systems based on backstepping
method”, Physics Letters A, 370(1), pp. 35-39 (2007).

Pourmahmood, M., Khanmohammadi, S. and Al-
izadeh, G. “Synchronization of two different uncertain
chaotic systems with unknown parameters using a
robust adaptive sliding mode controller”, Communica-
tions in Nonlinear Science and Numerical Stmulation,

16(7), pp. 2853-2868 (2011).



14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

M. Abedini et al./Scientia Iranica, Transactions B: Mechanical Engineering 21 (2014) 1920-1932

Chen, S. and Lu, J. “Parameters identification and
synchronization of chaotic systems based upon adap-
tive control”, Physics Letters A, 299(4), pp. 353-358
(2002).

Huang, L., Wang, M. and Feng, R.
identification and adaptive synchronization of chaotic
systems with unknown parameters”, Physics Letters

A, 342(4), pp. 299-304 (2005).

Yan, J.-J., Hung, M.-L., Chiang, T.-Y. and Yang,
Y.-S. “Robust synchronization of chaotic systems via
adaptive sliding mode control”, Physics Letters A,
356(3), pp. 220-225 (2006).

Wu, Y., Zhou, X., Chen, J. and Hui, B. “Chaos
synchronization of a new 3D chaotic system”, Chaos,
Solitons and Fractals, 42(3), pp. 1812-1819 (2009).

“Parameters

Yu, W. “Synchronization of three dimensional chaotic
systems via a single state feedback”,
tions in Nonlinear Science and Numerical Simulation,
16(7), pp. 2880-2886 (2011).

Elabbasy, E.M., Agiza, H.N. and El-Dessoky, M.M.
“Adaptive synchronization of a hyperchaotic system
with uncertain parameter”, Chaos, Solitons and Frac-
tals, 30(5), pp. 1133-1142 (2006).

Zhou, X., Wu, Y., Li, Y. and Xue, H. “Adaptive
control and synchronization of a new modified hyper-
chaotic Lii system with uncertain parameters”, Chaos,
Solitons and Fractals, 39(5), pp. 2477-2483 (2009).

Communica-

Yang, C.-C. “Adaptive synchronization of Lii hyper-
chaotic system with uncertain parameters based on
single-input controller”, Nonlinear Dynamics, 63(3),
pp. 447-454 (2011).

Zhu, H., Zhou, S. and Zhang, J. “Chaos and synchro-
nization of the fractional-order Chua’s system”, Chaos,
Solitons and Fractals, 39(4), pp. 1595-1603 (2009).

Matouk, A.E. “Chaos, feedback control and synchro-
nization of a fractional-order modified Autonomous
Van der Pol-Duffing circuit”, Communications in Non-
linear Science and Numerical Simulation, 16(2), pp.

975-986 (2011).

Hegazi, A.S. and Matouk, A.E. “Dynamical behaviors
and synchronization in the fractional order hyper-

chaotic Chen system”, Applied Mathematics Letters,
24(11), pp. 1938-1944 (2011).

Celik, V. and Demir, Y. “Effects on the chaotic
system of fractional order Pla controller”, Nonlinear
Dynamics, 59(1-2), pp. 143-159 (2010).

Sadeghian, H., Salarieh, H., Alasty, A. and Meghdari,
A. “On the control of chaos via fractional delayed
feedback method”, Computers and Mathematics with
Applications, 62(3), pp. 1482-1491 (2011).

Tavazoei, M.S., Haeri, M. and Jafari, S. “Taming sin-
gle input chaotic systems by fractional differentiator-
based controller: Theoretical and experimental study”,
Ciircuits, Systems, and Signal Processing, 28(5), pp.
625-647 (2009).

28.

29.

30.

31.

32.

33.

34.

36.

37.

1931

Tavazoei, M.S., Haeri, M., Bolouki, S. and Siami,
M. “Using fractional-order integrator to control chaos
in single-input chaotic systems”, Nonlinear Dynamics,

55(1-2), pp. 179-190 (2009).

Tavazoei, M.S., Haeri, M. and Jafari, S. “Fractional
controller to stabilize fixed points of uncertain chaotic
systems: Theoretical and experimental study”, Pro-
ceedings of the Institution of Mechanical Engineers.
Part I: Journal of Systems and Control Engineering,

222(3), pp. 175-184 (2008).

Podlubny, 1., Fractional Differential Equations: An
Introduction to Fractional Derivatives, Fractional Dif-
ferential Equations, to Methods of Thewr Solution and
Some of Their Applications, Academic Press (1999).

Al-Sawalha, M.M. and Noorani, M.S.M. “Application
of the differential transformation method for the solu-
tion of the hyperchaotic Rossler system”, Communica-

teons in Nonlinear Science and Numerical Simulation,
14(4), pp. 1509-1514 (2009).

Mahmoud, E.E. “Dynamics and synchronization of
new hyperchaotic complex Lorenz system”, Mathemat-
1cal and Computer Modelling, 55(7-8), pp. 1951-1962
(2012).

Thamilmaran, K., Lakshmanan, M. and Venkatesan,
A. “Hyperchaos in a modified canonical Chua’s cir-
cuit”, International Journal of Bifurcation and Chaos
in Applied Sciences and Engineering, 14(1), pp. 221-
243 (2004).

Wang, G., Zhang, X., Zheng, Y. and Li, Y. “A
new modified hyperchaotic Liu system”, Physica A:
Statistical Mechanics and Its Applications, 371(2), pp.
260-272 (2006).

Khalil, H.K., Nonlinear Systems, Prentice Hall (2002).

Chen, G. and Ueta, T. “Yet another chaotic attrac-
tor”, International Journal of Bifurcation and Chaos,
09(07), pp. 1465-1466 (1999).

Diethelm, K., Ford, N.J., Freed, A.D. and Luchko, Y.
“Algorithms for the fractional calculus:
of numerical methods”, Computer Methods in Applied
Mechanics and Engineering, 194(6-8), pp. 743-T73
(2005).

A selection

Biographies

Mohammad Abedini was born in 1986. He received
his BS and MS degrees in Mechanical Engineering in
2006 and 2008, respectively, from Sharif University of
Technology, Tehran, Iran, where he is currently a PhD
degree student of Mechanical Engineering and member
of the Center of Excellence in Design, Robotics and
Automation (CEDRA). His research interests include
nonlinear dynamics and chaos, control, automation and
robotics, mechatronics and real-time programming.

Mehdi Gomroki obtained BS and MS degrees in Me-
chanical Engineering from Sharif University of Technol-



1932 M. Abedini et al./Scientia Iranica, Transactions B: Mechanical Engineering 21 (2014) 1920-1932

ogy, Tehran, Iran, in 2011 and 2013, respectively. His
research interests include control, chaotic dynamics,
chaos synchronization and fractional order calculations.

Hassan Salarieh received BS, MS and PhD degrees
in Mechanical Engineering in 2002, 2004 and 2008,
respectively, from Sharif University of Technology,
Tehran, Iran, where he is currently Associate Professor.
His research interests include chaos control, analysis
of chaotic systems and fractional systems analysis and
control.

Ali Meghdari received his PhD degree in Mechanical
Engineering from the University of New Mexico in
1987, and joined the Los Alamos National Laboratory
as a Research Scientist for one full year. He is cur-
rently Full-Professor of Mechanical Engineering, Vice-

President of Academic Affairs, and Director of the Cen-
ter of Excellence in Design, Robotics and Automation
(CEDRA) at Sharif University of Technology, Tehran,
Iran.

Dr Meghdari has performed extensive research in
the areas of robotics dynamics, flexible manipulators
kinematics/dynamics, and dynamic modeling of biome-
chanical systems.

He has published over 160 technical papers in
refereed international journals and conferences, and
has been the recipient of various scholarships and
awards, the latest being the 2002 Mechanical En-
gineering Distinguished Professorship Award by the
Iranian Ministry of Science, Research and Technology.
He was also nominated and elected Fellow of the
ASME (American Society of Mechanical Engineers) in
2001.





