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Abstract. This paper investigates the forward kinematic problem of three 4-DOF
parallel mechanisms performing three translations and one rotation motion, referred to
as Sch�onies motion. The kinematic arrangements of the mechanisms under study in
this paper are such that two of them are classi�ed as 4-PRUR and one of them is
a 4-PUU. They are, respectively, special cases of 4-PR0R0R00R00, 4-PR00R00R0R0 and 4-
PR00R0R0R00 parallel mechanisms that have originated from the type synthesis of 4-DOF
parallel mechanisms with identical limb structures. The forward kinematic problem is
studied in three-dimensional Euclidean space, and a univariate expression describing the
forward kinematic problem is obtained for each of the latter parallel mechanisms by the
resultant method. The results obtained from this method show that a set of univariate
expressions of degree (72, 64, 64, 82, 4, 28) describes the forward kinematic problem of
4-PRUR1 and 4-PRUR2 parallel mechanisms. Also, a quadratic univariate expression
represents the forward kinematic problem of 4-PUU parallel mechanisms. In addition,
the system of equations corresponding to the forward kinematic problem is solved upon
resorting to a homotopy continuation approach, which clari�es that the forward kinematic
problems of 4-PRUR1, 4-PRUR2 and 4-PUU parallel mechanisms admit up to 236, 236
and 2 �nite solutions, real and complex.
© 2014 Sharif University of Technology. All rights reserved.

1. Introduction

A Parallel Mechanism (PM) is a closed-loop kinematic
chain mechanism, whose end-e�ector is linked to the
base by several independent kinematic chains [1]. PMs
have been used in a wide variety of applications,
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such as ight simulators [2,3], machine tools [4],
industrial robots [5], twists [6], high-performance
camera-orienting devices [7], wire robots [8], min-
ing mechanisms [9], medical devices [10], micro-
manipulators [11,12] and nano-manipulators [13]. In
comparison with serial mechanisms, properly designed
PMs generally have higher sti�ness and accuracy [14].
However, there are some major deterrents to the
widespread use of PMs in industrial applications, such
the presence of extensive singularity con�gurations in
their restricted workspace [15].

PMs usually used to have six DOF. The �rst
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application of a six-legged PM dates back to the
1950's, when a tire testing machine was developed
by Gough [16], based on a PM. However, today, the
prevalence of PM applications calls for the develop-
ment of mechanisms with fewer numbers of DOF or
limited-DOF [17]. In comparison with a 6-DOF PM,
a limited-DOF PM has the advantages of a simple
mechanical structure, low manufacturing cost, simple
control algorithms, and a larger workspace and high-
speed capability [18]. The study of limited-DOF PMs,
such as 4-DOF PMs, has recently become a main focus
among the robotics research community, because this
type of PM has many industrial applications, such as
Pick and Place operations [19].

The development of this type synthesis channels
researchers to synthesize lower-mobility parallel mech-
anisms, since it was believed that parallel mechanisms
with identical limb structures, i.e. topologically sym-
metrical, with 4- and 5-DOF, could not be built. In
general, 4-DOF PMs are a class of PMs with reduced
DOF, which, according to their mobility, fall into three
motion patterns: (1) three translational and one rota-
tional DOF (3T1R), (2) two translational and two ro-
tational DOF (2T2R) and (3) three rotational and one
translational DOF (3R1T) [14,20]. The 3T1R motion
pattern, referred to as SCARA motion or Sch�onies
motion, consists of all translations, as well as rotations,
about any axis in a given �xed direction [21]. In the
late 1990's, researchers believed that general limited-
DOF PMs could not be constructed with identical
limb structures (A PM with identical limb structures
consists of a mechanism where all the limbs follow the
same imposed kinematic arrangement to realize the
desired motion pattern. The kinematic limb structure
or kinematic chain consists of the placement order and
type of joint), as pointed out by Hunt [22] and Tsai [23].
Therefore, some 4-DOF PMs with non-identical limb
structures have been reported. Hesselbach et al.
in [24] introduced a 4-DOF PM with non-identical
limb structures with two limbs for cutting convex glass
panels. In [25], Rolland proposed two 4-DOF PMs,
called Kanuk and Manta, both of which possess 3T1R
DOF. Lenar�ci�c et al. in [26] used a 4-DOF PM
with one PS and three SPS limbs to simulate the
shoulder of a humanoid. But, PMs with non-identical
limb structures result in an asymmetrical workspace,
which may complicate task planning. Hence, several
researchers have made great e�orts in designing 4-
DOF PMs with identical limb structures, based on
intuition and engineering skills. One of the earliest 4-
DOF PM with identical limb structures is the Delta
robot presented by Clavel in [27], which performed
the so-called Sch�onies motion. Company and Pierrot,
in [28], presented a new PM whose platform performs
3T1R, and Pierrot et al., in [29], introduced a family
of 4-DOF PMs with identical limb structures using the

parallelogram concept. It should be noted that the
�rst 4-DOF PM with four identical limb structures,
performing a 3R1T motion pattern, was proposed by
Zlatanov and Gosselin in [30], which comprises four
RRRRR limbs; three intersecting and two parallel
revolute joints.

All the aforementioned architecture was devel-
oped mainly based on engineering perception. Re-
cently, several systematic approaches, such as screw
theory [31], displacement group theory [32], single-
opened-chain units [33], the virtual-chain approach [34]
and the constraint-synthesis method [35,36], have been
proposed for a type synthesis of PM in order to obtain
all possible types of PM with a speci�c motion pattern.
In [37], Fang and Tsai employed the screw theory and
reciprocal screws for the structural synthesis of a given
class of 4-DOF PMs with identical limb structures.
In [14,20], Kong and Gosselin created a type synthesis
of PM with special motion patterns and identical limb
structures, based on screw theory and the virtual chain
approach. Thus, the main concern in the analysis of
PMs with identical limb structures was the type synthe-
sis and this can be exempli�ed from the large number
of papers published on this issue. However, there are
still some gaps in their kinematic properties including,
among others, the Forward Kinematic Problem (FKP).
FKP, one of the challenging issues on the kinematics
of PMs, pertains to �nding the pose of the platform
for a given set of actuated joints [38]. The position
and orientation of the platform of a PM in space are,
collectively termed, the pose.

In the past two decades, several algorithms and
methods have been presented for solving the FKP of
PMs. In [39], Gosselin and Merlet obtained a six
degree polynomial for the FKP of the 3-RPR planar
PM and proposed two simpli�ed mechanisms in which
the FKP of each one leads to a maximum of four
real solutions. In [40,41], Husty and Schr�oker solved
the FKP of general Gough-Stewart platforms using
kinematics mapping introduced by Study [42], for the
�rst time. This algorithm maps three dimensional
motions to the seven-dimensional, quasi-elliptic space.
The results reported in [40,41] reveal that the upper
bound of the number of solutions for the Gough-
Stewart platform is 40. In [43], Merlet revealed the
problem of �nding all the solutions of the FKP for
every possible architecture of planar fully PMs. In [44],
Tanev studied the FKP of a 4-DOF PM with one
RRPR and two SPS limbs. Neural networks have
been used for the FKP of PMs [45,46]. Lee and Shim
in [47] proposed an algorithm for the FKP of a Stewart
PM using the elimination theory, which is suitable for
real time proposes. Richard et al., in [48], studied
the FKP of a 3T1R 4-DOF PM, called Quadrupteron.
They demonstrated that the FKP of Quadrupteron
requires the solution of a univariate quadratic equation.
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Masouleh et al., in [49], investigated the FKP of 5-
RPUR PM. Moreover, in [50], Tale Masouleh et al.
proposed an algorithm based on the study parameters,
referred to as the Linear Implicitization Algorithm
(LIA), for obtaining, systematically, the Forward Kine-
matic Expression (FKE). The FKP of 5-DOF PMs
(3R2T) with identical limb structures was investigated
using this algorithm, i.e. LIA [38]. It should be
noted that the FKE is a mathematical expression that
pertains to �nding the pose(s) for a given limb to reach
given actuator coordinates.

To the best knowledge of the authors, until now,
very few kinematic studies have been conducted on
4-DOF PMs with identical limb structures. This is
probably due to their short history. Also, in an
industrial context, 3T1R motion can cover a wide range
of applications, including, among others, Pick-and-
Place operations. In addition, the analytical solution
of FKP in the context of PMs, due to its mathematical
complexity, initiated much research, both in mathe-
matics and mechanics. Accordingly, in this paper, the
FKP of two 4-PRUR PMs with di�erent geometric
structures, and one 4-PUU PM performing a 3T1R
motion pattern, are investigated using two approaches.
In the �rst approach, the resultant method is used
toward obtaining the FKE for each limb, and the
FKP for the mechanism as a whole. The FKE of
each limb should be free of passive variables, i.e., non-
actuated joint coordinates. Accordingly, more empha-
sis is placed on the kinematic modeling of one limb.
Moreover, the results obtained with the latter approach
for the FKP are veri�ed using Bertini software based
on homotopy continuation. Finally, the real solutions
obtained from the two approaches are compared with
each other and their con�gurations are depicted in the
CAD environment.

The remainder of this paper is organized as
follows: The architecture and the general kinematic
properties of three 4-DOF PMs that originated from
the type synthesis performed in [14] are �rst out-
lined. Then, the FKP analyses of these PMs are fully
investigated with the aim of obtaining a univariate
expression for each case. For the sake of compar-
ison, for di�erent case studies, the FKP analysis is
carried out by resorting to a homotopy continuation
method. Finally, the paper concludes with some
remarks and analysis on the results obtained for the
FKP.

2. Geometric architecture and kinematic
modelling

Figures 1(a), 2(a) and 3(a) provide, respectively,
a schematic representation of 4-PR0R0R00R00, 4-
PR00R0R0R00 and 4-PR00R00R0R0 PMs. Here, and
throughout this paper, R, P and U joints stand, re-

Figure 1. (a) Schematic representation of a
4-PR0R0R00R00 PM [14]. (b) CAD model of a 4-PRUR1

PM.

Figure 2. (a) Schematic representation of a
4-PR00R00R0R0 PM [14]. (b) CAD model of a 4-PRUR2

PM.

Figure 3. (a) Schematic representation of a
4-PR00R0R0R00 PM [14]. (b) CAD model of a 4-PUU PM.

spectively, for revolute, prismatic and universal joints,
where the underlined one is actuated. Moreover, joints
with the same superscript have parallel axes. The
mentioned PMs have been originated from the type
synthesis performed for the PMs having 3T1R as the
motion pattern [14]. Figures 1(b), 2(b) and 3(b)
depict the CAD model of 4-P RUR1, 4-PRUR2 and
4-PUU PMs that are, respectively, special cases of 4-
PR0R0R00R00, 4-PR00R0R0R00 and 4-PR00R00R0R0 4-DOF
PMs performing a 3T1R motion pattern. The input of
the mechanism is provided by the four linear prismatic
actuators �xed at the base. In addition, four passive
revolute joints are in each limb.

Referring to Figures 1(b), 2(b) and 3(b), a �xed
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reference frame, Oxyz, is attached to the base of the
mechanism with i, j and k as its unit vectors, and
a moving reference frame (mobile frame), O0x0y0z0 , is
attached to the moving platform. In this paper, the
superscript 0 stands for a vector representation in the
mobile frame. The three mentioned PMs provide all
three translations DOF plus one independent rotation
DOF of the end-e�ector, namely, x, y, z and �, that
are known as the pose (position and orientation) of
the platform. Indeed, they are limited-DOF PMs,
which cannot rotate about any axis that is parallel
to x- and y-axes. In the latter notation, x, y and
z represent the translational DOF, with respect to
the �xed frame O, illustrated in Figures 1(b), 2(b)
and 3(b). � (rotation from the �xed frame, Oxyz, to
the moving frame, O0x0y0z0) stands for the orientation
DOF around z-axes (the vertical axis). In the ith
limb, the extension of the actuated prismatic joint
is measured, with respect to the reference point,
Ai, located on the base, by the joint coordinate,
�i, which is the signed distance between point Ai
and reference point Bi attached to the prismatic
joint.

Figures 4, 5 and 6 represent, respectively, the
schematic of PRUR1, PRUR2 and PUU limbs. The
vectors, e1, e2, e3 and e�i, are de�ned as the unit
vectors in the directions of the revolute joints parallel
to the x-axis, the revolute joint parallel to the y-axis,
the revolute joint parallel to the e1 � e2 axis and the
prismatic joint, respectively. Therefore, the vector
connecting point Ai to point Bi can be written as
�i = �ie�i(AiBi ? e1; e2). Vector ri (a constant
vector) is de�ned as the position vector of point Ai
in the �xed reference frame. Similarly, vector d0i is the
vector connecting point O0 of the mobile platform to

Figure 4. Schematic representation of a PRUR1 limb.

Figure 5. Schematic representation of a PRUR2 limb.

Figure 6. Schematic representation of a PUU limb.

a reference point Di on the axis of the last revolute
joint of the ith limb. Vectors ui and vi are the vectors
connecting point Ci to point Di and point Di to point
Ei, respectively, and the magnitude of vectors ui and
vi are, respectively, L1 and L2. Finally, the position of
the platform is represented by vector p =

�
x; y; z

�T ,
connecting point O to point O0, and the orientation of
the moving frame, with respect to the �xed frame, is
given by a rotation matrix, Q:

Q =

0@cos � � sin � 0
sin � cos � 0

0 0 1

1A : (1)

For a given value of angle �, matrix Q is readily
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computed, and vector d0i is then obtained as:

di = Qd0i: (2)

2.1. Kinematic modelling of 4-PRUR1 PM
Figure 4 provides a schematic representation of a
PRUR1 limb. From the type synthesis presented
in [14], the geometric characteristics associated with
the components of each limb of a 4-PRUR1 PM are as
follows: The four revolute joints attached to the moving
platform (the last R joints in each of the limbs) have
parallel axes, the four prismatic joints attached to the
base have parallel axes, e�ijjz, the �rst two revolute
joints of each limb have parallel axes, and the last
two revolute joints of each limb have parallel axes,
e2jjz. It should be noted that the second and third
revolute joints in each limb are built with intersecting
and perpendicular axes and are, thus, assimilated to
a U joint. In addition, the direction of the P joint is
parallel to the last two R joints and perpendicular to
the axis of its adjacent R joint.

e1 = Qe01 =
�� sin � cos � 0

�T ; (3)

e2 = Qe02 =
�
cos � sin � 0

�T : (4)

2.2. Kinematic modelling of 4-PRUR2 PM
In this case, as observed in Figure 5, the prismatic
actuator is parallel to the z-axes, e�ijjz. The �rst
and second revolute joints of each limb have parallel
axes that are perpendicular to the x � y plane, e3jjz.
The third and fourth revolute joints of each limb have
parallel axes in which they are parallel to the x � y
plane, e10 ? z and e2 ? z. Similar to 4-PRUR1 PM,
the second and third revolute joints of each limb can
be replaced by a universal joint (point Ci).

2.3. Kinematic modelling of a 4-PUU PM
Figure 6 represents, schematically, a limb of a 4-PUU
PM. It is worth noticing that this kinematic arrange-
ment is used for the so-called Quadrupteron [51], be-
longing to the n-petron orthogonal PMs [52], which has
some remarkable kinematic properties. The direction
of each prismatic actuator, the �rst and fourth R joints
in each limb parallel to the z-axis, and the directions
of the second and third R joints in each limb are
perpendicular to the z-axis (vi ? e1 or vi ? e2). The
�rst and second joints, and the third and fourth joints,
have perpendicular axes and each two joints form a U
joint (Figure 6).

3. Forward Kinematic Problem (FKP)

The FKP pertains to �nding the pose of the moving
platform for a given set of actuated joints [38]. The
study of the FKP of the PM requires a suitable
mathematical framework in order to describe both

translations and rotations in a most general way [50].
In this investigation, the FKP is studied in three-
dimensional Euclidean space. It should be noted that
the FKP is solved in polynomial form, when it is made
equivalent to determining the roots of a univariate
polynomial equation [40,53]. In what follows, �rst, the
FKE for each limb of the PM under study is obtained
using the coordinates of the joints and the kinematic
constraints. The FKE should be free of the passive
joint coordinates, i.e. joints whose positions are not
known from the outset. Then, a univariate expression
describing the FKP of the PM is obtained using the
FKEs and upon resorting to the so-called resultant
method. Resultant is an alternative approach to the
problem of elimination. In summary, if f and g are two
polynomials with a positive degree, written as Eqs. (5)
and (6), then, the resultant of f and g, denoted by Res
(f; g), is the (l +m)� (l +m) determinant [54]:

f = a0xl + :::+ al; a0 6= 0; l > 0; (5)

g = b0xm + :::+ bm; b0 6= 0; m > 0; (6)

Res(f; g)

= det

0BBBBBBBBBBBBBBB@

a0 b0
a1 a0 b1 b0

a2 a1
. . . b2 b1

. . .
... a2

. . . a0
... b2

. . . b0

al
...

. . . a1 bm
...

. . . b1

al
... a2 bm

... b2
. . .

...
. . .

...
al bm

1CCCCCCCCCCCCCCCA
;
(7)

where the blank spaces are �lled with zeros and ai
and bi are constant coe�cients or polynomials. Thus,
Res (f; g; x) stands for the resultant of f and g by
eliminating the variable, x.

3.1. Forward kinematic problem of 4-PRUR1
The following relations hold for the coordinate of points
Ai and Di for all the mechanisms under study in this
paper:�

xAi yAi zAi
�T = rAi for i = 1; 2; 3; 4; (8)�

xDi yDi zDi
�T = p + Qd0i: (9)

In the above, rAi is the vector connecting O to Ai.
Since Di is attached to the platform, its coordinates
can be written directly in terms of the platform pose
for the three PMs. Moreover, d0i is the position vector
of point Di in the moving frame.
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With reference to Figure 4, the following equa-
tions, arising from the kinematic constraint of the ith
limb, can be written as:

zBi � zAi � �i = 0; (10)

BiCi =(yCi � yBi)2 + (zCi � zBi)2 � L2
1 = 0

for i = 1; 3; (11)

BiCi =(xCi � xBi)2 + (zCi � zBi)2 � L2
1 = 0

for i = 2; 4; (12)

CiDi = (xDi � xCi)2 + (yDi � yCi)2 � L2
2 = 0: (13)

In the above, the last four equations represent, re-
spectively, the magnitude of vectors, �i and ui, of
the 1st and 3rd limbs, ui of the 2nd and 4th limbs,
and vi. According to the FKP analysis, the above
system of equations should be solved in terms of the
pose of the platform with respect to input data, which
are the lengths of the prismatic actuators, �i, and the
design parameters. To this end, the coordinates of all
passive joints (Bi, Ci and Di) should be eliminated
from Eqs. (11)-(13).

The coordinates of Di can be obtained from
Eq. (9), with respect to the pose of the platform. The
vector, p, of Eq. (9) is the position of the moving frame
in a �xed frame that is represented by vector p =�
x; y; z

�T . Moreover, d0i of Eq. (9) is the position
vector of point Di in the moving frame that can be
written as d01 =

�
0; 0; 0

�
T , d02 =

�
a; �a; 0

�T ,
d03 =

�
0; �2a; 0

�T and d0i =
��a; �a; 0

�T . One
of the kinematic constraints applied to all limbs can
be expressed as vi ? e3, which leads to zCi = zDi.
Another constraint of the �rst and third (second and
fourth) limb is ui ? e1(ui ? e2), which results in
xCi = xBi = xAi(yCi = yBi = yAi). In addition, there
are two other constraints in the form of zBi = zAi + �i
and yBi = yAi, which result from the geometry of all
three mechanisms.

The following equations can be written for the
�rst limb, i = 1, by substituting zC1 = z, yB1 = yA1,
zB1 � zA1 + �1 and zA1 = 0 (derived from the above
kinematic constraints) into Eq. (11) and replacing
xD1 = x, yD1 = y and xC1 = xA1 (derived from the
above kinematic constraints) into the Eq. (13):

B1C1 = z2 � 2z�1 � L2
1 + �2

1 + y2
A1 � 2yA1yC1 + y2

C1;
(14)

C1D1 = x2 � 2xxA1 + y2 � 2yyC1 � L2
2 + x2

A1 + y2
C1:

(15)

Coordinate yC1 is unknown in Eqs. (14) and (15), which
can be eliminated by a resultant method, and the FKE

of the �rst limb, Eq. (16), can be obtained in the terms
of platform pose, input variable, �1, design parameters,
L1 and L2, and coordinates of point A1(xA1; yA1)
attached to the base:

F1 =Res(B1C1; C1D1; yC1) = x4 + 2x2y2 � 2x2z2

+ y4 + 2y2z2 + z4 + 4�1x2z � 4�1y2z � 4�1z3

� 2L2
2x

2 � 2�2
1x

2 + 2L2
1x

2 � 2L2
2y

2 + 2�2
1y

2

� 2L2
1y

2 � 2L2
1z

2 + 6�2
1z

2 + 2L2
2z

2 + 4�1L2
1z

� 4�1L2
2z � 4�3

1z+�4
1+L4

2�2L2
1L

2
2+2�2

1L
2
2

+L4
1�2L2

1�
2
1: (16)

As observed from the above equation, angle � does not
appear in the equations of the 1st limb, because the
origin of the moving frame is attached to point D1, and
d01 =

�
0; 0; 0

�T . For the second limb, the following
equations can be written from Eqs. (12) and (13):

B2C2 =z2 � 2z�2 � L2
1 + �2

2 + x2
A2 � 2xA2xC2

+ x2
C2; (17)

C2D2 =x2 + y2 + 4s�x� 2xC2x+ 4c�x� 2ac�y

� 2yA2y+2as�y�2a2c�s��2as�yA2+ a2

+ 2ac�yA2 � L2
2 + 8c�s� � 4c�xC2

� 4s�xC2 + x2
C2 + y2

A2 + 4; (18)

where, in the above equations, s� = sin � and c� =
cos �. After obtaining the equations of BiCi and CiDi,
the FKE of the second to fourth limb, called Fi, i =
2; 3; 4, in terms of platform pose, input variable, �i,
design parameters, L1, L2, a, xAi, and yAi, can be
obtained as follows:

F2 = Res(B2C2; C2D2; xC2); (19)

F3 = Res(B3C3; C3D3; yC3); (20)

F4 = Res(B4C4; C4D4; xC4): (21)

Finally, the following operations are performed to
obtain a univariate expression for the FKP:

F12(y; z; t) = Res(F1; F2; x); (22)

F13(y; z; t) = Res(F1; F3; x); (23)

F14(y; z; t) = Res(F1; F4; x); (24)
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F1213(z; t) = Res(F12; F13; y); (25)

F1214(z; t) = Res(F12; F14; y); (26)

Fk(t) = Res(F1213; F1214; z); (27)

Fk(t) =

0@�n
i=1

0@ mX
j=1

(�jtj)k
1A1A ; (28)

Fk(t) is the univariate expression based on the variable
t, where t = tan(�=2), sin � = 2t=(1 + t2), and cos � =
(1�t2)=(1+t2) is the tan-half substitution. In Eq. (28),
�j is the constant coe�cient, depending on the de-
sign parameters. Numerous random examples have
been solved for the 4-PRUR1 PM using the resultant
method, and it should be noted that the univariate
expression of a 4-PRUR1 PM always consists of 6
separated polynomials with respect to t, of degree 72,
64, 64, 82, 4 and 28, so that these polynomials contain
the FKP answer. Polynomials of degree 82 and 28, re-
spectively, mean a polynomial of degree 8 to the power
of 2 and a polynomial of degree 2 to the power of 8.

It should be explained that, in all examples, there
is one set of forward kinematic solutions for every
answer obtained from the polynomial of the univariate
expression to the power of one. Also, there are m sets of
solution for every answer obtained from a polynomial
of degree n to the power of m. Thus, there is one
solution of the FKP for every answer obtained from
the polynomial of degree 72, 64, 64 and 4. However,
two sets of solutions are obtained from each answer of
the polynomial of degree 8, and eight sets of solutions
are resulted from each answer of the polynomial of

degree 2. Indeed, the total degree of polynomials
of degree 8 to the power of 2 and degree 2 to the
power of 8 are, respectively, 8 � 2 = 16 and 2 � 8 =
16. It means that each polynomial has 16 sets of
forward kinematic solutions. Finally, the total degree
of these univariate polynomials, in each example, is
236 (72 + 64 + 64 + 8 � 2 + 4 + 2 � 8 = 236), which
demonstrated that a general 4-PRUR1 PM admits up
to 236 solutions, real and complex. Moreover, the
FKP of a 4-PRUR1 PM is investigated using Bertini
software, which obtains the numerical solution of the
system of polynomial equations using the homotopy
continuation approach [55]. In this procedure, all
expressions and kinematic equations obtained, in terms
of the platform poses (x; y; z and �) and coordinates
of passive variables (xCi; yCi and zCi), are as input
equations (16 equations and 16 unknowns). In each
example, 236 solutions, real and complex, are obtained
using Bertini software. The results show that all 236
solutions, real and complex, obtained from the two
approaches perfectly match each other. In addition,
all the solutions were placed in the inverse kinematic
equations and the FKP result is con�rmed.

As an example, 10 real and 226 complex solutions
have been obtained for the values given in Table 1 for
this PM using two approaches. It should be noted that,
in this case, two of the real �nite solutions result from
the polynomial of degree 72, two of them result from
the �rst polynomial of degree 64, two of them result
from the second polynomial of degree 64, and four
of them result from the polynomial of degree 8. For
example, two con�gurations of 4-PRUR1 PM, in this
case, are given in Table 2 and Figure 7.

Table 1. The design parameters, prismatic elongations and coordinates of Ai for the 4-PRUR1 PM under study.

A1 A2 A3 A4 a L1 L2 �1 �2 �3 �4

(0,0,0) (1,5,0) (6,4,0) (5,-1,0) 2 5 2 3 3 3 2

Figure 7. Schematic representation of two con�gurations for the FKP of a 4-PRUR1 PM represented in Table 2.
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Table 2. Two solutions, among ten, obtained for the
FKP of 4-PRUR1 using the two approaches.

4-PRUR1

First con�guration Second con�guration

x 1.949913171 1.108969655
y 3.702150841 1.348854999
z 5.793363063 6.990033699
� 31.67116557 109.0003277
C1 (0.0000, 4.1469, 5.7933) (0.0000, 3.0132, 6.9900)
C2 (5.1469, 5.0000, 5.7933) (4.0132, 5.0000, 6.9900)
C3 (6.0000, -0.1469, 5.7933) (6.0000, 0.9867, 6.9900)
C4 (1.7426, -1.0000, 5.7933) (5.3155, -1.0000, 6.9900)
D1 (1.9499, 3.7021, 5.7933) (1.1089, 1.3488, 6.9900)
D2 (4.7021, 3.0501, 5.7933) (2.3488, 3.8910, 6.9900)
D3 (4.0500, 0.2978, 5.7933) (4.8910, 2.6511, 6.9900)
D4 (1.2978, 0.9499, 5.7933) (3.6511, 0.1089, 6.9900)

3.2. Forward kinematic problem of a
4-PRUR2 PM

Using the same reasoning as above, from Figure 5, one
has the following for the 4-PRUR2 PM:

zBi � zAi � �i = 0; (29)

(xCi � xBi)2 + (yCi � yBi)2 � L2
1 = 0; (30)

(xDi � xCi)2 +(yDi � yCi)2 +(zDi�zCi)2 � L2
2 = 0:

(31)

Since the FKP is of concern, the values of the prismatic
actuators, i.e. the coordinates of points Bi, are known.
The coordinates of points Di can be obtained from
Eq. (9), in terms of platform pose. But, the coordinates
of points Ci are not known and should be eliminated
from Eqs. (29)-(31) based on the constraints of each
limb. The �rst constraint of the limb is vi ? e3
which leads to zCi = zBi. The direction of vi(CiDi)
always makes an angle, �, with respect 1to the x-axis.
Therefore, the second constraint is written as follows
for each limb:

xC1 = xD1 � �1s�; yC1 = yD1 + �1c�; (32)

xC2 = xD2 + �2c�; yC2 = yD2 + �2s�; (33)

xC3 = xD3 + �3s�; yC3 = yD3 � �3c�; (34)

xC4 = xD4 � �4c�; yC4 = yD4 � �4s�; (35)

where, in this equation, �i is the image of vi on
the x � y plane, as depicted in Figure 8. Eqs. (30)
and (31) are written for the �rst limb after substituting
the coordinates of points Ci (obtained in the previous
paragraph):

B1C1 = x2 + y2 � 2�1c�x� 2�1s�y + �2
1 � L2

1; (36)

Figure 8. The image of vi (CiDi) on the x� y plane.

C1D1 = z2 � 2�1z � L2
2 + �2

1 + �2
1: (37)

The FKE of the �rst limb is obtained by applying the
resultant method to the above equations:

F1 =Res(B1C1; C1D1; �1) = x4 + 2x2y2 + 4c2�x
2z2

� 2x2z2 + 8c�s�xyz2 + y4 + 4s2
�y

2z2 � 2y2z2

+ z4 + 4�1x2z � 8c2��1x2z � 16c�s��1xyz

�8s2
��1y2z+4�1y2z�4�1z3�2�2

1x
2+2L2

2x
2

+4c2��
2
1x

2�4c2�L
2
2x

2 � 2L2
1x

2 � 8c�s�L2
2xy

+ 8c�s��2
1xy � 4s2

�L
2
2y

2 + 4s2
��

2
1y

2 + 2L2
2y

2

� 2L2
1y

2 � 2�2
1y

2 + 6�2
1z

2 + 2L2
1z

2�2L2
2z

2

+4�1L2
2z � 4�3

1z � 4�1L2
1z � 2L2

1L
2
2 + 2�2

1L
2
1

+ L4
1 + �4

1 � 2L2
2�

2
1 + L4

2: (38)

Moreover, the tan-half substitution, t = tan(�=2), is
used and, �nally, a univariate expression is obtained,
with respect to t.

Fk(t) =

0@�n
i=1

0@ mX
j=1

(#jtj)k
1A1A : (39)

In the above equation, #j is a constant coe�cient that
consists of design parameters. Numerous random ex-
amples were solved and the following result is obtained:
The univariate expression of a 4-PRUR2 PM consists
of polynomials in degrees of 72, 64, 64, 82, 4 and 28

with respect to t. These polynomials contain, always,
the answer of FKP. In addition, the FKP is solved
by Bertini, and 236 solutions, real and complex, are
obtained. The results obtained from two approaches
demonstrate that the FKP of the 4-PRUR2 PM, the
same as the FKP of the 4-PRUR1 PM, has up to 236
real solutions. Moreover, all the solutions, real and
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Table 3. The design parameters, prismatic elongations and coordinates of Ai for the 4-PRUR2 PM under study.

A1 A2 A3 A4 a L1 L2 �1 �2 �3 �4

(0,0,0) (1,5,0) (6,4,0) (5,-1,0) 2 2 5 3 3 3 2

Table 4. Two solutions, among eighteen, obtained for the
FKP of 4-PRUR2 using the resultant method.

4-PRUR2

First con�guration Second con�guration

x 1.062255611 1.79767717
y 1.504877102 0.40174475
z 6.995919809 6.99591980
� 104.3332580 143.0468769
C1 (- 1.8496, 0.7608, 3.0000) (-0.0090, -1.9999, 3.0000)
C2 (1.7608, 6.8496, 3,0000) (-0.9999, 5.0090, 3.0000)
C3 (7.8496, 3.2391, 3.0000) (6.0090, 5.9999, 3.0000)
C4 (3.4451, 0.2579, 2.0000) (4.4368, 0.9190, 2.0000)
D1 (1.0622, 1.5048, 6.9959) (1.7976, 0.4017, 6.9959)
D2 (2.5048, 3.9377, 6.9959) (1.4017, 3.2023, 6.9959)
D3 (4.9377 2.4951 6.9959 (4.2023 3.5982 6.9959)
D4 (3.4951, 0.0622, 6.9959) (4.5982, 0.7976, 6.9959)

Figure 9. Schematic representation of two con�gurations
for the FKP of a 4-PRUR2 PM represented in Table 4.

complex, were placed in the inverse kinematic equa-
tions and the accuracy of the results has been proved.

For example, for the values given in Table 3, the
FKP of the 4-PRUR24 PM has 236 solutions (18 real
and 218 complex solutions). It can be noted that, in
this example, two of the real solutions result from the
polynomial of degree 72, four of them result from the
�rst polynomial of degree 64, four of them result from
the second polynomial of degree 64, four of them result
from the polynomial of degree 8, two of them result
from the polynomial of degree 4 and two of them result
from the polynomial of degree 2. As an example, two
con�gurations of the 4-PRUR2 PM under study are
given in Table 4 and Figure 9.

3.3. Forward kinematic problem of 4-PUU
With reference to Figure 6, the following can be written
for the ith limb of a 4-PUU PM:

Figure 10. Schematic representation of two
con�gurations for the FKP of a 4-PUU PM represented in
Table 4.

zBi � zAi � �i = 0; (40)

(xDi � xCi)2+(yDi�yCi)2+(zDi�zCi)2�L2
2 = 0:

(41)

The coordinates of Di can be obtained from Eq. (9),
with respect to the pose of the platform. Thus, the
FKE of the �rst limb can be written as follows:

F1 = x2 + y2 + z2 � 2L1y � 2�1z + L2
1 + �2

1 � L2
2:
(42)

Similarly, the FKE of the second limb is obtained as
follows:

F2 =x2 + y2 + z2 � 4c�x+ 4s�x� 2xA2x� 2L1x

� 4c�y + 4s�y � 2yA2y � 2�2z + L2
1 � 4L1c�

� 4L1s� + 2L1xA2 � L2
2 � 4c�xA2 + 4c�yA2

+ �2
2 � 4s�xA2 � 4s�yA2 + x2

A2 + y2
A2 + 8: (43)

Finally, the univariate expression describing the FKP
of a 4-PUU PM is obtained as a univariate quadratic
expression by applying the tan-half substitution, t =
tan(�=2), and using Eqs. (22) to (27). Therefore, a
second degree polynomial is constantly describing the
FKP of 4-PUU PM, which is consistent with the result
obtained in [51]. Moreover, the number of solutions of
the FKP, real and complex, obtained by Bertini is equal
to 2. Numerous random examples have been solved
for the 4-PUU PM using the resultant method and
the homotopy continuation approach, and this result
is con�rmed by them. In addition, the results of each
example are con�rmed by placing solutions of FKP in
the inverse kinematic problem equations. For example,
for the values given in Table 5, the FKP of the 4-
PUU PM have 2 real solutions (Table 6), both of whose
con�gurations are represented in Figure 10.
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Table 5. The design parameters, prismatic elongations and coordinates of Ai for the 4-PUU PM under study.

A1 A2 A3 A4 a L1 L2 �1 �2 �3 �4

(0,0,0) (3,7,0) (10,4,0) (7,-3,0) 2 2 5 3 3 3 2

Table 6. The only two solutions obtained for the FKP of
4-PUU using the resultant method.

4-PUU
First con�guration Second con�guration

x 4.574999996 4.575000000
y 3.954322134 0.04567786726
z 2.499999958 2.499999997
� 12.26889913 167.7311009
D1 (4.5749, 3.9543, 2.4999) (4.5750, 0.0456, 2.4999)
D2 (6.9543, 2.4250, 2.4999) (3.0456, 2.4250, 2.4999)
D3 (5.4250, 0.0456, 2.4999) (5.4250, 3.9543, 2.4999)
D4 (3.0456, 1.5749, 2.4999) (6.9543, 1.5749, 2.4999)

4. Conclusions

This paper investigated the FKP of three kinds of
4-DOF PMs, 4-PRUR1, 4-PRUR2 and 4-PUU, with
identical limb structures performing a 3T1R motion
pattern, or the so-called Sch�onies motion, using
the resultant method and the homotopy continuation
approach. From this study, it follows that a set
of univariate expressions of degree (72, 64, 64, 82,
4, 28) describe the FKP of 4-PRUR1 and 4-PRUR2
PMs, which demonstrated that the FKP of both PMs
have up to 236 solutions. Also, a second degree
univariate polynomial represents the solutions for the
FKP of a 4-PUU PM. Moreover, upon resorting to
Bertini software for solving polynomial systems using
the homotopy continuation approach, it was con�rmed
that the FKP of a 4-PRUR1, 4-PRUR2 and 4-PUU
admit 236, 236 and 2 �nite solutions, real and complex.
The results obtained from the two approaches reveal
that the solutions to the FKP can be in di�erent sets
of univariate expression obtained using the resultant
method. Ongoing work includes the design of an
optimum 4-DOF PMs.
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