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Abstract. A comparison between the elastic modulus of carbon nanotube (CNT) polymer

1. Introduction

complex engineering problems and more suitable for
large scale systems such as nanocomposites. Mechanical and thermoelastic properties of CNT/polymer
nanocomposites were extensively investigated using
FEM [6-8]. The e ects of parameters such as CNT
geometry and distribution patterns on the di erent
behavior of nanocomposites were also investigated [915]. However, FEM formulation is based on classical
mechanics, which do not encounter atomic interactions
and quantum e ects between CNT and the polymer
matrix.
An equivalent continuum modeling method was
developed to consider the in uence of interphase on
the properties of the nanocomposites [16,17]. Shokrieh
and Ra ee [18,19], for example, used a non-linear
analysis on a full 3D multi-scale nite element model
consisting of CNT, a non-bonded interphase region
and a surrounding polymer to study the longitudinal
behavior of a carbon nanotube in a polymeric matrix.
Yang et al. [20] presented a hierarchical multiscale modeling approach to characterize the elastic and plastic
behavior of nanocomposites via molecular dynamics
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nano composites predicted by classical micromechanics theories, based on continuum
mechanics and experimental data, was made and the results revealed a great di erence.
To improve the accuracy of these models, a new two-step semi-analytical method was
developed, which allowed consideration of the e ect of the interphase, in addition to CNT
and matrix, in the modeling of nanocomposites. Based on this developed method, the
in uence of microstructural parameters, such as CNT volume fraction, CNT aspect ratio,
partial and complete agglomerations of CNTs, and overlap and exfoliation of CNTs, on the
overall elastic modulus of nanocomposites was investigated.
© 2014 Sharif University of Technology. All rights reserved.

The exceptional properties of CNTs make them a
very promising reinforcement for advanced nanocomposites [1,2]. To fully take advantage of this potential, many parameters such as CNT distribution and
interfacial e ects need to be investigated to obtain an
optimized design of CNT nanocomposites. However,
it is extremely dicult to experimentally study the
e ects of interphase on the overall mechanical properties of nanocomposites. Numerical and analytical
methods of modeling nanocomposites have become a
hot topic. The mechanical behavior of CNT/polymer
nanocomposites is investigated using Molecular Dynamics (MD) simulation [3,4], shear-lag method [5],
and Finite Element Modeling (FEM). MD simulations
su er from complex formulations and great amounts of
computational e ort. FEM is very e ective in resolving
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simulations and continuum nonlinear micromechanics,
based on the secant moduli method.
Classical micromechanics theories, including the
dilute Eshel by model [21], the Mori-Tanaka model [22],
Self-consistent models [23,24], and the Halpin-Tsai [25]
model, are also widely used to model composites with
reinforcements at micro-scale or higher levels [26]. Li
et al. [27] used micromechanical models to study the
visco-elastic properties of carbon nanotube-reinforced
polymer composites. However, the accuracy of these
methods is not examined for CNT/polymer nanocomposites in which the reinforcement is at the scale
of nano. Moreover, it is experimentally shown that
the dispersion and agglomeration of CNTs within the
matrix have signi cant e ects on the overall mechanical
properties of the nanocomposites [28,29]. However,
to the best of the author's knowledge, no theoretical model has been reported to analyze the microstructural parameters, such as agglomeration, overlap
and exfoliation of CNTs in the matrix, considering the
e ect of interphase properties.
In the present work, the mechanical properties
of CNT/polymer nanocomposites were modeled using
classical continuum-based micromechanics theories and
the results were compared with experimental results.
It was concluded that these models cannot predict
the mechanical behavior of composites with nano-scale
reinforcements accurately. A two-step method was
presented to develop classical micromechanics theories in order to consider the e ect of CNT/polymer
interphase on the mechanical properties of nanocomposites. The e ect of micro-structural parameters,
including agglomeration, overlap and exfoliation of
CNTs, on the mechanical properties of nanocomposites was studied using the developed micromechanics
theories.

2. Theoretical modeling of CNT/polymer
nanocomposites using micromechanics
theories



C m A;



AEshelby = I + HS m C CNT

(1)

where c and C CNT are the polymer and CNT sti ness
matrix, CNT is the volume fraction of CNT and A
is the fourth-order strain-concentration tensor, which
was de ned by solving the microscopic stress and strain
elds. However, di erent micromechanics theories,
based on Eshelby's equivalent inclusion, suggest different ways to approximate the strain-concentration
tensor, A, for aligned ber composites. The strain
concentration tensor for Eshelby's equivalent inclusion

Cm



 1

(2)

;

where H is Eshelby's tensor which is given in the
Appendix.
The strain concentration tensor according to the
Mori-Tanaka theory is given by:
AMT

= AEshelby



(1 CNT )I + CNT

AEshelby

 1

;
(3)

and, according to the self-consistent model, by:


ASC = I + HS m C CNT

C


 1

(4)

:

In the self-consistent method, a primary estimation for
overall composite properties is considered in Eq. (4),
and ASC is calculated. Then, composite sti ness is
calculated using Eq. (1) to achieve an enhanced value
for approximation of C . The process is repeated until
the results for the overall composite sti ness converge.
The composite sti ness according to the Bounding
model is [30]:


C = CNT C CNT QCNT + m C m Qm


CNT QCNT + m Qm

 1



(5)

;

where the tensors, QCNT and Qm , are de ned as:


QCNT = I + H R S R C CNT
Qm

The average composite sti ness in terms of the strainconcentration tensor, CNT and matrix properties can
be expressed as [26]:
C = C m + CNT C CNT

is given as [26]:



= I

+ H RSR

Cm


CR

CR
 1


 1

(6)

;

(7)

;

and H R is Eshelby's tensor related to the properties of
the reference material with sti ness C R and compliance
S R . The lower bound of composite sti ness can be
analyzed by considering the matrix as the reference
material:
ALower



= I

+ H mSm

C CNT


Cm

 1

:

(8)

The upper bound of composite sti ness can be examined by considering the CNT as the reference material:


AUpper = I + H CNT S CNT C m




C CNT :

(9)

Halpin-Tsai equations for prediction of composite sti -
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ness is [31]:

c23 = sin cos ;

1 + CNT
P
=
;
Pm
1 CNT

(10)

=Pm ) 1 , and P represents E and E
where  = ((PPCNT
11
22
CNT =Pm )+
of the composite. PCNT and Pm are the moduli of the
CNT and matrix, respectively.
The composite sti ness according to the Voigt
model, which supposes the same uniform strain for
CNT and matrix, can be calculated as:


C Voigt = C m + CNT C CNT

Cm



= CNT C CNT + m C m :

= S m + CNT



S CNT

(11)

Sm



= CNT S CNT + m S m :

(12)

In order to model a nanocomposite with randomly
oriented CNTs using micromechanics theories, the average strain concentration tensor should be calculated
as [16]:
Aijkl = cip cjq ckr cls Apqrs ;

(13)

where cij is the direction cosine for the transformation
from the local CNT coordinates (o xyz ) to the global
coordinates (o XY Z ), as schematically presented in
Figure 1 (i; j; k; l; p; q; k; s = 1; 2; 3).
c11 = cos  cos

sin  cos sin ;

c12 = sin  cos

cos  cos sin ;

c13 = sin ; sin ;
c21 = cos  sin

sin  cos cos ;

c22 = sin  sin + cos  cos cos ;

Figure 1. Inclusion model of agglomeration of randomly
oriented CNTs and their orientation angles.

c31 = sin  cos ;
c32 = cos  cos ;
c32 = cos :

(14)

The orientation average of the strain concentration
tensor can be calculated as [32]:
A=

However, the Reuss model, in which the same uniform
stress is assumed for both CNT and matrix, predicts
the compliance of the composite as:
S Reuss

405

R  R  R =2



 0 0 A(; ; )(: )sin( )dd
R  R  R =2
 0 0 (; )sin( )dd d

d

;
(15)

where (; ) is the orientation distribution function
and is expressed as:
(; ) = exp



b1 2 exp


b2 2 ;

(16)

where b1 and b2 are factors that control the orientation.
The distribution of the CNTs is completely random
when b1 = b2 = 0.

3. Developing interphase model for
micromechanics theories
In the micromechanics models, it is assumed that
only two phases exist: matrix and reinforcement.
These theories have shown perfect prediction of overall
properties of composites with reinforcement at microscale or higher, because, at these scales, the assumption
of the existence of two phases is acceptable. However,
in case of reinforcement at nano-scale, it has been
shown that the molecular structure of the polymer
matrix is changed at the interface of the reinforcement
and polymer, due to interaction between the polymer
molecules and the surface of the CNT [33]. This interphase is on the same scale as the nano-scale reinforcement [16,34,35]. Therefore, in addition to nano-scale
reinforcement and the polymer matrix, there is another
phase, not considered in micromechanical models,
which, in turn, decreases the accuracy of the theoretical
prediction of nanocomposite sti ness. Many models
have been developed to consider this interphase in
the modeling of nanocomposites [18,19,36,37]. However, in this study we developed a semi-analytical
modeling approach to predict the elastic properties of
composites with nano-scale reinforcement considering
the interphase e ect. In this model, the interphase
was considered a continuous and homogeneous region
around the CNT with a nite size and perfectly bonded
to the CNT and polymer matrix.
The assumption of material continuity is necessary to develop constitutive relations based on continuum micromechanics. The interphase was considered
as a cylinder around the CNT, with linear elastic

406

E. Bafekrpour et al./Scientia Iranica, Transactions B: Mechanical Engineering 21 (2014) 403{413

Figure 2. Schematic of the process used to determine the
e ective interphase.

behavior, with a thickness of two times the radius of
CNT. The properties of this interphase are unknown
for modeling the nanocomposite. The interphase was
simply considered to be isotropic. Therefore, two
constants are necessary to describe the elastic behavior
of the interphase. For simplicity, the Poisson ratio of
the interphase was considered the same as the Poisson
ratio of the polymer matrix (it should be noted that
the Poisson ratio of the interphase may be di erent
from the polymer matrix and may introduce some
error in the model). The CNT and the adjacent
interphase were considered as a composite inclusion, in
which the CNT was considered as reinforcement, and
the interphase considered as its matrix with unknown
properties. Then, this composite inclusion (containing
CNT and interphase) was considered reinforcement for
the polymer matrix. The scheme in Figure 2 shows
how this interphase region was de ned.
In each theory, rst, a primary guess was made
for the elastic modulus of interphase. Then the
properties of the inclusion, consisting of CNT and
interphase, were determined and, in the next step, the
elastic modulus of the nanocomposite was calculated
by considering this inclusion as reinforcement for the
polymer matrix. This calculated value for the elastic
modulus of the nanocomposite was compared with the
experimental data and the primary guess was evaluated
until the predicted modulus for the nanocomposite
matched the experimental data.
The elastic properties of the interphase were
determined according to each micromechanics theory
and used for exact prediction of the nanocomposite and
for studying the e ect of microstructural parameters on
the mechanical properties of the nanocomposite. As
the experimental data is required to nd Young's modulus of the interphase using the iterative estimation
method, it is considered a semi-analytical approach.

4. E ect of microstructural parameters on
mechanical properties of the nanocomposite
4.1. Agglomeration of CNTs

Hitherto, it was assumed that CNTs were uniformly
dispersed in the matrix. However, it has been observed
that the distribution of CNTs in the matrix is not
uniform and a large amount of CNTs is concentrated in

aggregates [38-43]. Since the classical micromechanics
models based on continuum mechanics do not take
into account the e ect of agglomeration, an analytical
model was applied to study the e ect of agglomeration of CNTs on the e ective elastic moduli of
CNT/polymer nanocomposites. In order to study the
e ect of agglomeration on the elastic modulus, the
Mori-Tanaka method, based on the presented interphase model, was used. The regions with concentrated
CNTs were assumed to have spherical shapes, and were
considered inclusions, as shown in Figure 2.
The total volume, VCNT , of CNTs in the Representative Volume Element (RVE) can be divided into
the following two parts [29]:
inclusion + V m ;
VCNT = VCNT
CNT

(17)

inclusion and V m indicate the volumes of
where VCNT
CNT
CNTs dispersed in the inclusions (concentrated regions) and in the matrix, respectively. Two parameters, and , were introduced to describe the
agglomeration of CNTs:

=

Vinclusion
;
V

=

inclusion
VCNT
;
VCNT

(18)

where Vinclusion is the volume of the sphere inclusions
in the RVE and denotes the volume fraction of
inclusions with respect to the total volume, V , of the
RVE. When = 1, CNTs are uniformly dispersed in
the matrix, and with a decrease in , the agglomeration
degree of CNTs increases. The parameter, , represents the volume ratio of dispersed CNTs in inclusions
to the total volume of the CNTs. When = 1, all the
CNTs are located in the sphere areas. In the case of
uniform dispersion of all CNTs, = . When > ,
a higher value of illustrates less uniform dispersion
of CNTs. The average volume fraction, CNT , of CNTs
in the composite is:
V
CNT = CNT :
(19)
V
Using Eqs. (17)-(19), the volume fractions of CNTs in
the inclusions and in the matrix can be indicated as:
m
inclusion

VCNT
VCNT
= CNT ;
Vinclusion
V Vinclusion


=

CNT 1



:
(20)
1
In the rst step, the e ective elastic sti ness of the
inclusions and the CNTs reinforced matrix were estimated, and in the second step, the overall property
of the whole composite system, consisting of inclusions and polymer matrix reinforced with uniformly
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dispersed CNTs, was calculated. The Mori-Tanaka
method, based on the presented interphase model,
was used in both steps. In the case of complete
agglomeration of CNTs, all CNTs were considered in
the inclusions, i.e. = 1. Therefore, the local volume
fraction of CNTs in the inclusions can be expressed as:
VCNT

Vinclusion

=

CNT

(21)

:

4.2. Exfoliation and overlap of CNTs

Two parameters of overlap and exfoliation of CNTs
have important in uences on the nal strength of the
nanocomposite, which are not considered in classical
micromechanics models. A nite element model was
developed to analyze the e ect of overlap and exfoliation of CNTs. The microstructure for the nite element
model was simpli ed by assuming the CNTs as square,
perfectly bonded to an interphase and parallel to each
other. Figure 3 shows the microstructure model. To
quantify the degree of CNT overlap, an overlap factor
f0 was introduced as [44]:
2  o set
;
(22)
B
where B and o set are shown in Figure 3.
An overlap factor of fo = 0 indicates that all
CNTs are in perfect columns. Exfoliation is the other
parameter related to CNT interaction. To control
the level of exfoliation in the nite element model,
exfoliation factor, fx , was introduced as:
fo =

fx =

h

=

hmax

L2
;
B2

(23)

where:
hmax =

t

CNT

and CNT =

L2 t
:
B2h

(24)

An exfoliation factor of fx = 1 illustrates the theoreti-
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cal maximum exfoliation, though a smaller exfoliation
factor indicates closer CNT spacing and greater gaps
between CNT columns. The elastic properties of the
interphase were assumed as previously calculated.
Two-dimensional nite element models were developed for aligned oriented CNTs. In all models, the
matrix and interphase were assumed isotropic and the
CNTs transversely isotropic and linearly elastic. The
nite element calculations were conducted using the
commercial software, Abaqus. The four-node plane
stress elements with reduced integration (CPS4R) were
selected for CNTs, interphase and matrix. As the repeated unit cells represent a continuous physical body,
two conditions need to be satis ed at the boundaries
of the adjacent unit cells. Firstly, the neighboring
unit cells should not be separated or break into each
other at the boundaries after deformation. Therefore,
the displacement eld must be continuous. Secondly,
the traction distributions at the opposite parallel
boundaries of a unit cell must be the same. These
conditions can be de ned by applying the boundary
condition called \Tie" in the interaction module of
Abaqus software.
To determine the longitudinal elastic modulus of
nanocomposites (E1 ), the RVE was axially loaded (i.e.
parallel to CNT orientation). A uniform strain was
applied to the rightside of the model by a rigid reference
node on the edge, while the normal displacement of the
left side was xed. Symmetry requires all faces (sides in
the case of 2D) of the RVE to remain plane. Therefore,
normal displacement of the bottom side in the 2D RVE
was xed, which required the top side to remain plane
(in our case of a 2D model: straight line) and parallel
to the coordinate axes. The tangential displacements
of all sides were unconstrained. The average stress was
calculated by dividing the reaction force by the crosssectional area of the RVE.

5. Results and discussion
5.1. Interphase properties

A (6,6) single-wall CNT was considered for this
nanocomposite and was supposed straight, nitelength, and transversely isotropic. The material properties are tabulated in Table 1. A colorless polyimide,
LaRC-CP2, was considered as polymer matrix in which
CNTs were assumed uniformly dispersed. The Young's
modulus and Poisson ratio of this material are 0:85 GPa
and 0:4, respectively [45].
The modeling results of micromechanics theories

Table 1. Elastic properties of (6,6) single-wall CNT [16].
Figure 3. A schematic of microstructure model for nite
element modeling.

E11 E22 = E33 G12 = G13 G23
12 = 13 23
(GPa) (GPa)
(GPa) (GPa)
1220
19:77
36:17
7:32
0 :2
0:35
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Figure 4. Comparison of classical micromechanics with
experimental results.

for the SWCNT with a length of 3000 nm and various
volume fractions are compared with experimental results [46] in Figure 4. In this gure, S.C.M. stands for
Self-Consistent Model, U.B.M. for the Upper Bound
of the Bounding Model, B.B.M. for the lower Bound
of the Bounding Model, M.T.M. for the Mori-Tanaka
Model and E.M. for the Eshelby Model.
A di erence in the Young's modulus predicted
using the classical micromechanics theories and experimental data was observed. The di erence varied
from about 16% at 0:5% volume fraction of CNT in
the case of the Eshelby model to about 50% in the
case of the self consistent model. Also, the theoretical
predictions were higher than the experimental data,
especially for values of CNT volume fraction greater
than 0:5%. For example, at 1% nanotube volume
fraction, the predicted Young's modulus by the MoriTanaka model was 2:09 GPa, which was 49% higher
than the measured values from experiment. The
di erence between the experimental and theoretical
results was most likely due to not considering the
interphase by classical micromechanics theories. To
solve this problem, an inclusion consisting of CNT
and interphase was considered as the reinforcing constituent in the matrix. However, the Young's modulus
of this inclusion is unknown and cannot be calculated
because the modulus of the interphase is unknown.
Using our presented two-step semi-analytical method,
the Young's modulus of this inclusion was determined,
such that the Young's modulus of the nanocomposite
(consisting of this inclusion and matrix) predicted by
each theory matches the experimental data. Figure 5 shows the calculated Young's modulus of the
inclusion for each theory so that they can predict
the same Young's modulus of nanocomposites as the
experimental data. For example, in order to have
the Young's modulus of nanocomposites predicted by
SCM exactly the same as the experimental result, the
Young's modulus of inclusion (CNT and matrix) should

Figure 5. Young's modulus of the inclusion consisting of
CNT and interphase.

be considered around 50 GPa. Looking at Figure 4, we
can see that SCM predicts the highest modulus for the
nanocomposite, among all other theories, compared to
the experimental result. Therefore, to predict the same
Young's modulus for nanocomposite as the experimental result, the Young's modulus of the inclusion for
this model should be the lowest value. Similarly, the
Young's modulus of the inclusion for EM in Figure 5,
which predicted the lowest nanocomposite modulus
among all theories, is the highest, so that it can predict
the same Young's modulus as experimental data. Using
this method, the e ects of micro-structural parameters
on the overall mechanical properties of nanocomposites
were investigated.

5.2. E ect of micro-structural parameters on
elastic modulus of nanocomposites with
aligned CNTs using the interphase model

In this section, the e ect of microstructural parameters on elastic properties of the nanocomposite with
aligned CNTs is studied using the interphase model.
The prediction of the various micromechanics theories
for the longitudinal Young's modulus of the aligned
nanocomposite, as a function of CNT volume fraction
for CNT aspect ratio of 100, is shown in Figure 6.
In this gure, V.M. stands for Voigt Model, S.C.M.
for Self-Consistent Model, U.B.M. for Upper Bound of
Bounding Model, B.B.M. for lower Bound of Bounding
Model, M.T.M. for Mori-Tanaka Model, E.M. for
Eshelby Model, H.T.M. for Halpin-Tsai Model and
R.M. for Reuss Model. It can be seen that Young's
modulus increases with an increase in volume fraction.
Bounding models, Mori-Tanaka and Eshelby models
predict similar and close behavior for the nanocomposite. The Voigt model predicts the highest modulus
and Reuss the lowest modulus for the nanocomposite.
According to the Mori-Tanaka model, the longitudinal
Young's modulus of the nanocomposite with 5% CNT
volume fraction is 16:73 times larger than un-reinforced
polymer.
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Figure 6. Longitudinal Young's modulus of a

nanocomposite with aligned CNTs vs. CNT volume
fraction using the interphase model.

Figure 7. Longitudinal Young's modulus of a
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Figure 8. E ect of CNT agglomeration on the e ective
elastic modulus ( = 1).

Figure 9. The FEM model for various staggering factors:

nanocomposite with aligned CNTs vs. CNT aspect ratio.

(a) Unit cell; (b) assembled model; and (c) and
longitudinal stress distribution.

Figure 7 is a plot of the calculated longitudinal
Young's modulus for the aligned nanocomposite as a
function of CNT aspect ratio. A signi cant increase in
the slope of the Young's modulus curves occurs between
CNT aspect ratio of 10 to 100. Both Mori-Tanaka and
lower boundary models have similar predictions.
The Young's modulus, with respect to the agglomeration parameter under di erent volume fractions of CNTs, is presented in Figure 8. When the
CNTs are uniformly dispersed in the composite, i.e.,
= 1, the e ective Young's modulus has maximum
value. With a decrease in the agglomeration parameter,
, the sti ness decreases very rapidly. When < 0:6,
increasing the CNTs volume fraction does not have an
important e ect on sti ening.
The model for three overlap factors and stress
distribution around CNTs in a unit cell with a constant
exfoliation factor is shown in Figure 9. A signi cant
stress concentration can be seen on the ends of the
CNTs in the unit cell with the highest CNT overlap
(fo = 0), which can result in the pull out of CNTs

or cracking in the matrix. However, this stress concentration has been disappeared in the unit cells by a
decrease in CNT overlap (increasing the overlap factor,
fo , from 0 to 0:5 and 1). Moreover, a more uniform
stress distribution can be seen on the unit cells with a
lower CNT overlap (a higher fo ).
Figure 10 illustrates stress distribution around the
CNT in a unit cell with constant overlap factors and
three exfoliation factors, 0:3, 0:5, and 0:7, in which
horizontal distances between CNT ends are 412:87,
207:1 and 149:4, respectively.
The e ect of overlap and exfoliation on the
nanocomposite modulus is shown in Figure 11. The
elastic modulus increases with an increase in overlap
factor. In other words, a decrease in CNTs' overlap,
leads to an increase in elastic modulus that may be due
to better stress distribution in the CNTs and matrix.
A decrease in the exfoliation factor, leads to a decrease
in elastic modulus. Therefore, the modulus decreases
with an increase in horizontal distance between the
ends of the CNTs. It should be noted that an increase
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with uniform distribution of CNTs within the matrix.
The e ects of exfoliation and overlap of CNTs on
the elastic properties of the nanocomposites were also
studied using a nite element model. It was shown
that the elastic modulus is increased with a decrease
in CNT overlap and an increase in the exfoliation
factor.
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Appendix
The components of Eshelby's tensor, Hijkl , are [47]:
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