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Abstract. In this paper, a methodology for transporting objects with a group of
wheeled nonholonomic mobile manipulators is presented. A full dynamic model of a mobile
manipulator with a three wheeled mobile base and a three DOF manipulator is derived using
the Gibbs-Appell method. Since the dynamical equations of a mobile robot are highly
nonlinear, an input-output linearization technique is used to control individual robots.
Transporting the object is divided into two steps. First, the robots use a decentralized
behavior-based method to approach and surround the object. Then, a virtual structure
method is used to control the robots to transport the object cooperatively. A numerical
simulation study is performed to show the e�ectiveness of the control methodology. The
results show that robots together are capable of approaching and grasping unknown shapes
and can also manipulate objects in various ways.
© 2014 Sharif University of Technology. All rights reserved.

1. Introduction

Multi-robot systems have been an active research area
over the past few years. The main reason for this
attention is the ability of these systems to perform
tasks which are very di�cult or impossible for a
single robot to accomplish. Multi-robot systems o�er
other advantages also, such as increased reliability,
robustness against failure and cheaper robot design.

Cooperative object transportation is an impor-
tant area of research in the �eld of multi-robot systems.
There are, in general, two approaches to transport an
object by a group of robots, namely, pushing, and
grasping [1].

In the �rst approach, robots can either push the
object from one side (box pushing) [2], or surround the
object and transport it by maintaining their formation
(caging) [3,4]. Pushing strategies typically require de-
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centralized control methods. In [2], four situations are
de�ned for a box pushing problem and architecture for
selecting the proper motion, which includes a situation
recognizer and suitable behavior for each situation,
is presented. There is no explicit communication
between robots in this work. In [3], robots approach
and surround the object and search for a situation
called object closure, in which the object is trapped
between them, and in which they can transport the
object by keeping their formation and moving towards
the goal. A decentralized behavior-based algorithm
for transporting objects in the presence of obstacles
is presented in [4]. Robots do not exchange state
information and only rely on their own sensory data.
Transporting a exible object is studied in [5], where
contact forces are modeled as gradients of nonlinear
potential functions, and a decentralized method is used
so that the agents and payload reach the same constant
velocity.

In grasping approaches [6-11], robots are equipped
with grippers or manipulators that can hold the object
tightly during transportation. In [6], a general formula-
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tion for Multi Impedance Control is presented for dis-
tinct cooperative manipulators. In these approaches,
the contact point between the robot gripper and the
object is �xed. This method has the advantage of
making it possible to control the motion of the object
precisely. In [7], a multi-aspect performance index is
presented to measure the quality of the grasp during
the manipulation. In grasping strategies, all the robots
may be given a prede�ned trajectory by an external
computer to follow [8], or they may have a leader that
knows the desired trajectory and goal location, and
controls the follower robots [9]. A number of papers
are devoted to the control of nonholonomic robots for
cooperative manipulation [8,10,11]. Optimal control
is used in [8] to solve the motion planning problem
for di�erent cooperative maneuvers. In [10], potential
functions are used to obtain centralized control laws
for nonholonomic manipulators handling a deformable
object in the presence of obstacles. The leader-follower
method is used in [11] for a group of specially designed
robots. In this work, follower robots simply keep
a constant relative distance with the object using
a PI controller. In [12], two-wheeled robots with
passive 2 degrees of freedom manipulators are used for
cooperative transportation. Knowing the desired path
for the object, the desired path for each robot is �rst
calculated. This path is then tracked by the controller
of each robot. In [13], an adaptive robust controller
is designed for an interconnected system of two robots
handling an object in contact with a rigid environment.

In this paper, dynamical equations of a three-
wheeled mobile manipulator equipped with a 3 DOF
manipulator is �rst derived using the Gibbs-Appell
method. The input-output linearization method is used
to design a controller for each individual robot. In
almost all previous work on the grasping approach,
robots are pre-attached to the object. The Herea
decentralized method is proposed for the group of
mobile manipulators to approach and grasp the object.

The outline of the paper is as follows: In Section 2,
the dynamics model of a mobile manipulator is derived.
In Section 3, the controller for each robot is proposed.
In Section 4, the approach to cooperative manipulation
is addressed. Section 5 presents the simulation results
and Section 6 states a few concluding remarks.

2. Dynamic modeling of a mobile manipulator

Most research has used the Lagrangian method to
derive the dynamical equations of mobile manipula-
tors [14]. When modeling nonholonomic systems using
the Lagrangian approach, it is necessary to use extra
variables called Lagrange Multipliers to deal with the
constraint forces. This makes the equations more com-
plex than is needed. There are several other approaches
to model nonholonomic mechanical systems, such as

the Gibbs-Appell method, which results in a simpler
form of dynamical equation.

Figure 1 shows the schematic top view of the
mobile manipulator addressed here. As seen in the
�gure, the mobile manipulator consists of a three
wheeled mobile platform and a 3 DOF manipulator.

In Figure 1, v is the linear velocity of the center
of the front wheel, m1 is the mass of the mobile
base and I1c is the mass moment of inertia of the
mobile base about its center of mass, c1. The �xed
coordinate system is denoted by XYZ. x1y1z1 is a
moving coordinate system attached to the mobile base
at point c1. The position and con�guration of the robot
in the �xed coordinate system are determined by the
point (x; y) and the angle, �. Figure 2 shows the front

Figure 1. Top view of the mobile manipulator.

Figure 2. Front view of the mobile manipulator.
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view of the robot. Coordinate systems, x2y2z2 and
x3y3z3, are attached to the second and third arm of
the manipulator at points, c2 and c3, respectively.

Generalized coordinate variables are chosen as
q = ['; x; y; �; �;  ; �]. The input torques to the
front wheel and manipulator arms are denoted by
�is. There are two nonholonomic constraints in the
location of the front and rear wheels. These constraints
prevent lateral slippage of the wheels in the direction
parallel to the wheel axis. Note that there are 7
generalized coordinates and 2 constraints. Therefore
the system has 5 degrees of freedom, two of which are
for the mobile base and three are for the manipulator.
Nonholonomic constraints for the two rear wheels are
exactly the same, which states that any point on the
rear axis of the robot cannot move in the direction
of the line that connects the two rear wheels. The
equations of these nonholonomic constraints for the
front and rear wheels are as follows:

_ycos('+ �)� _x sin('+ �) + L1 _� cos('+ �) = 0; (1)

_ycos� � _x sin � � L1 _� = 0: (2)

Linear and angular velocities of the robot, in terms of
the front wheel velocity, are derived as:

_x = v
�

cos � cos'� 1
2

(sin � sin')
�
; (3)

_y = v
�

sin � cos'+
1
2

(cos � sin')
�
; (4)

_� = v
�

sin'
2L1

�
: (5)

In order to use the Gibbs-Appell method, it is necessary
to de�ne new variables, called quasi-velocities. Here,
quasi-velocities are de�ned as:

u1 = V; u2 = _�; u3 = _	;

u4 = _�; u5 = _';

u6 = _ycos('+ �)� _x sin('+ �) + L1 _� cos('+ �) = 0;

u7 = _y cos � � _x sin � + L1 _� = 0: (6)

The last two equations are the two constraints of the
system, and they are always equal to zero. They should
be treated like other quasi velocities, but, since they
are always zero, they do not appear in the equations.
Note that the �rst 5 quasi-velocities must be linearly
independent. The velocity of each member of the
system should be written in terms of these quasi-
velocities. This is possible with the aid of Eqs. (3)-(5),

as follows:

Vc1 =u1

�
cos � cos'� 1

2
(sin � sin')

�
i

+ u1

�
sin � cos'+

1
2

(cos � sin'
�

j: (7)

These velocities are written in the �xed coordinate
system. The angular velocities of the system should be
written in terms of quasi-velocities in a similar manner.

!1 = (u1 sin �)k;

!2 = (�u3 sin �)i + (u3 cos �)j + u2k;

!3 = (�u4 sin �)i + (u4 cos �)j + u2k: (8)

In order to �nd the dynamical equations, the Gibbs-
Appell function is de�ned as follows:

S =
1
2

3X
i=1

(mi _V2
ci + _Hci: _!i + !i �Hci: _!i); (9)

where, _Hci is the angular momentum of the ith member
about its center of mass, and it is written in the �xed
coordinate frame, XYZ. For each manipulator arm,
_Hci is calculated by writing the angular momentum

of that arm in the coordinate frame attached to it, and
using transformation matrices between the coordinate
frames. Now, it is possible to obtain the dynamical
equations of the mobile manipulator using the Gibbs-
Appell equation, @S

@ui = Qi, where Qi's are generalized
forces associated with quasi-velocities.

The equations of motion are obtained as:

@S
@ _u1

=
�1
r
� �2

2L1 sin'
;

@S
@ _u2

= �2;

@S
@ _u3

= �3 � �4 �m3gL2 sin 	� 2m3gL2 sin 	;

@S
@ _u4

= �4 �m3gL3 sin �: (10)

Note that the inertia of the wheels is ignored. Thus,
the equation for u5 is zero. The equations can be shown
in the matrix form as follows:

M(q) _u + n(q; u) = A1� 1; (11)

where M is a 4�4 matrix, A1 is a 4�4 matrix, n is a
4�1 matrix, and � 1 = [�1; �2; �3; �4]T .

The equations are written in the state space
form by choosing the state vector X [V; _�; _	; _�;
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'; x; y; �; �;  ; �]T , and using the two constraint equa-
tions (equations u6 = 0 and u7 = 0), as follows:�

M(q)04�7
07�4I7�7

�
_X + N(X) = A� ; (12)

where N is an 11�1 matrix, A is an 11�5 matrix and
� = [�1; �2; �3; �4; �5]T is the system imput vector. �5
is the rate of change of the steering angle, '. In fact,
the equations are rearranged, so that _' appears as an
input.

3. Controller design

In order to design a controller for an individual robot,
the dynamical equations should be written in the so
called control a�ne form as:

_X = f(x) + g(x)� ;

Y = h(X); (13)

where:

f(X) = �
�
M(q)04�7
07�4I7�7

��1

N(X);

g(X) =
�
M(q)04�7
07�4I7�7

��1

A: (14)

It is well known that nonholonomic systems, such as
mobile robots cannot be stabilized by a continuous
state feedback (see, for example [15]). To overcome
this problem, both non-smooth [16] and time-varying
feedbacks [17] have been proposed. However, for the
purpose of transporting objects, it is only necessary
to control the position of the end-e�ector. Therefore,
by choosing a proper output vector, it is possible to
use the input-output linearization method. The output
equation is chosen as:

Y =[x+ (L2 sin 	 + L3 sin �) cos �; y

+ (L2 sin 	 + L3 sin �) sin �; �;	; �]T : (15)

The �rst two rows in Eq. (15) show the (x; y) coor-
dinates of the end e�ector. Note that the number of
rows of the output must be the same as the number
of inputs. The procedure is to di�erentiate the output
equation until the inputs appear. The Lie derivate of
a scalar function, h(x), with respect to a vector �eld,
f(x), is de�ned as:

Lfh = rhf : (16)

Suppose that ri is the smallest number of di�erenti-
ations for the ith row of the output vector until, at

least, one of the inputs appear. Di�erentiating ri times
yields:

y(ri)
i = Lrif hi +

mX
j=1

LgjLri�1
f hi�i: (17)

So that, for at least one j, we have LgjLri�1
f hi(x) 6= 0.

In Eq. (17), m is the number of rows, and yi is the ith
member of the output vector. Writing the equations in
the matrix form yields:2664y

(r1)
1
:::
:::

y(rm)
i

3775 =

2664 L
r1
f h1(X)
:::
:::

Lrmf hm(X)

3775+ E(X): (18)

In Eq. (18), E is called the decoupling matrix, and
it is de�ned obviously. Nonsingularity of matrix E
is the necessary condition to use the input-output
linearization method. Using an input transformation:

� = E�1

2664 v1 � Lr1f h1
:::
:::

vm � Lrmf hm

3775 (19)

yields m equations of the simple form:

y(ri)
i = vi (i = 1; :::;m); (20)

where vi is a new arti�cial input. When u1 = v
is equal to zero, matrix E becomes singular. As a
result, the control algorithm must prevent V from
becoming absolute zero. This can be done by resetting
the value of v to a small threshold when it falls
below that threshold. In the case of the mobile
manipulator studied here, di�erentiating each row of
the output vector (Eq. (15)) twice and using an input
transformation similar to Eq. (19), with ri = 2, results
in a simple equation of the form:

yi = vi (i = 1; :::; 5): (21)

Now, using a control law of the form:

vi = yid � 2k[ _yi � _yid]� k2[yi � yid]; (22)

where k is an arbitrary constant, leads to exponentially
stable dynamics for the tracking error (e = yi � yid).
In Eq. (22), k determines the location of the poles
of the transformed system. Increasing k increases
the distance of system poles from the origin, thus,
increasing the response speed of the system. As a
result, choosing a desired k depends on the desired
response properties of the system, and it is done by
trial and error. In other words, it is possible to control
the end e�ector to track a desired path asymptotically.
The actual torque inputs are calculated using Eq. (19),
with ri = 2. A complete discussion of the input-output
linearization method is found in [18].
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4. Cooperative control of robots

The task of transporting an object is divided into two
parts. First, robots should approach and surround the
object. In other words, they should make a proper
formation around the object. The second part is to
maintain the formation tightly to transport the object.
There are several methodologies to control the forma-
tion of mobile robots. The main formation control
frameworks are the behavior based, potential �elds,
leader-follower, graph-theoretic, and virtual structure
approaches. In behavior-based approaches [14,19], each
robot has several desired behaviors, and the control
action of each member in a particular situation is
a suitable combination of these behaviors. Potential
�elds are often used to generate formations by forcing
the members to maintain relative distances with each
other [20,21]. In leader-follower methods, some robots
are designated as leaders and others are designated as
followers, and follower robots try to maintain a desired
distance from their leader [22,23]. Control graphs are
sometimes used in formation control methodologies to
determine robot behavior [24]. Finally, in the virtual
structure method, the formation is considered to be a
rigid body. This rigid structure is then moved in a
desired manner, and the robots are controlled to track
their positions within the structure [25,26].

Here, a behavior-based method for the �rst step of
transportation (approaching and grasping the object)
is used. It is assumed that each robot has sensors
that can obtain the position of the closest point of the
object, in a non-rotating coordinate frame, attached to
its mobile base. Therefore, it is possible to obtain y�yd
and x�xd in the control law (Eq. (22)) at any moment.
Clearly, the position of the global coordinate frame
does not a�ect the output of the controller, since only
the relative distance of the robot and desired position
appears in Eq. (22).

If _yd = _xd = yd = xd = 0, the robot can
move toward the object using the controller designed
in the previous section. Robots should be able to
avoid obstacles while they are moving toward their goal
position. Figure 3 shows the mobile robot encountering
an obstacle. In this situation, if the distance between
the robot and the obstacle becomes less than r, the
desired point for the robot to follow (yd and xd) will be
switched from the goal position to a point located at
distance a from the current location of the robot, in the
direction tangent to a circle drawn from the obstacle
with radius of r (point 1 in Figure 3). Eq. (23) shows
the new coordinate of the desired point that the robot
should follow when facing an obstacle:

xd = �a sin�; yd = a cos�: (23)

When the robot comes out of the circle, the desired
point will be switched back to the goal position. In

Figure 3. Robot avoiding an obstacle.

the meantime, the � angle of the arm should converge
to the angle � in Figure 3. The robot arm moves in
such a way that the base of the robot moves away from
the obstacle. However, the safe radius, r, in which
the robot detects the obstacle, is chosen large enough
to prevent colliding with the base in any situation. In
this way, the robot can �nd its way around the obstacle
toward the goal position. Other non-point obstacles
could be made up by putting together a number of
point obstacles. The robot considers the closest point
of the obstacle for its calculations. By using this
method, robots can pass an obstacle by moving parallel
to its perimeter.

The �rst step for transporting an object by a
group of mobile manipulators is to approach and
surround it. A decentralize control method is used for
this step. It is assumed that the shape of the object
is not known. It is only necessary to know the relative
size of the object to decide how many robots are needed
to surround the object properly. One of the robots is
considered to be the leader of the group. Figure 4 shows
the leader with a follower near the object. The leader
approaches the closest point of the object. Equations
for the desired point for the leader to follow are:

Xd Leader = XClosest point of the object;

yd Leader = yClosest point of the object: (24)

The follower also approaches the object to a speci�c
distance, then starts to move parallel to the perimeter
of the object until its end e�ector is located at distance
R from the leader's end e�ector. Since the robots
initially approach the object and then start to move
parallel to its perimeter, they do not have to know the
shape of the object in advance. As a result, they can
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Figure 4. Two robots approaching the object.

Figure 5. Surrounding the object with a group of robots.

surround object with unknown shapes. Equations of
the desired point for the follower robots are:

If \Distance from object" > Dmin

Xd follower = XClosest point of the object to the follower;

yd follower = yClosest point of the object to the follower:

Else:

Xd follower = �a sin�; yd follower = a cos�: (25)

The angles of the robot arms are controlled to become
perpendicular to the perimeter of the object, as they
move to their �nal positions.

Other follower robots can be added, as shown in
Figure 5. In this way, the group can surround the
object by any suitable number of robots.

The second step for transporting the object is
maintaining the formation generated in the previous
step. The formation must be solid during the motion.

Figure 6. Virtual structure generated by three robots.

For this purpose, a virtual structure method is used.
In this method, the initial formation is treated as
a solid body. It is assumed that the leader robot
knows the goal position and orientation of the object.
Therefore, in each time step, the leader robot moves
a speci�c distance towards the goal position. The
initial formation or the virtual structure is also moved,
according to the leader's motion. Figure 6 shows the
virtual structure generated by three robots and moved
parallel to the ground. Points 1, 2 and 3 show the
positions where the end e�ectors of the robots grasp the
object. A non-rotating coordinate frame is attached
to the end e�ector of the leader and it is assumed
that the followers can obtain their positions in this
coordinate frame. As the virtual structure moves, the
new positions of the end e�ectors of the followers are
calculated and transmitted to each follower by the
leader. Then, the follower robots move toward their
new positions. The following equations are used to
calculate the desired position of the leader and followers
during the transportation of the object, for the leader
and follower number 2:

xd Leader = �x; yd Leader = �y;

�d Leader = �0 ���;

(�0 is the initial value of � of the Leader) (26)

xd follower2 = �x+ l1 cos(� + ��);

yd follower2 = �y + l1 sin(� + ��): (27)

The angles of the robot arms should also change,
according to the motion of the virtual structure.

5. Simulation results

In this section, the simulation results for di�erent group
tasks are presented. First, the task of approaching the
object by a group of robots is considered (Table 1 shows
the dimensions and other parameters of the robot). For
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Table 1. Parameters of the robot

Parameter Value

m1 5 kg
m2 2 kg
m3 2 kg
L1 = L2 = L3 40cm
r 5 cm
h 30 cm
Ic1 0.1 kg-m2

Figure 7. Simulation results for three robots approaching
and surrounding a polygon.

the �rst simulation, approaching an arbitrary polygon
object with three robots is considered. Figure 7 shows
the simulation results for three robots approaching and
surrounding the object. According to this �gure, at the
beginning of the motion, each robot moves towards the
closest point of the object. The follower robots, 2 and
3, then move parallel to the polygon edge until their
end e�ectors reach a speci�c distance from the leader's
end e�ector.

Figure 8 shows the control inputs for the task
of approaching and surrounding the object. The two
other inputs, �3 and �4, are constant in this operation.
Figure 9 shows the front wheel velocity (v) and steering
angle (') of the robots.

For the the second simulation, transporting an
object parallel to the ground with three robots is
considered. Figure 10 shows the task of transporting
the object, with three robots making a triangular
formation. The triangle depicted in the �gure is the
virtual structure. Robot 1 is the leader and the other
robots are followers. In each time step, the contact
point of robot 1 and the virtual structure is displaced
1.5 cm in x and y directions, and the virtual structure
is rotated 0.5 degrees. The elevation of the object is
considered to be constant in this task.

Figure 8. Control inputs for approaching and
surrounding the object.

The control inputs for the task of transporting the
object parallel to the ground are shown in Figure 11.
The front wheel velocities and steering angles of the
robots for this task are shown in Figure 12.

In the previous example, the object was trans-
ported parallel to the ground, but, it is possible to
manipulate the object in any desired manner. As
an example, the task of moving a triangle from a
horizontal to a vertical position is simulated here.
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Figure 9. Front wheel velocity (v) and steering angle (')
for approaching and surrounding the object.

Figure 10. Transporting the object parallel to the
ground with three robots.

Figure 13 shows the sequence of this operation by
three robots. The robot which raises the edge of the
triangle in Figure 13 is the leader, which knows the
desired motion of the object. The leader calculates
the position of each robot's end e�ector to produce the

Figure 11. Control inputs for transporting the object.

desired motion, and transmits this information to each
follower.

The method presented here for approaching and
transporting the object is scalable, i.e., the number
of robots could be increased without a�ecting the
performance of the method. To show this, a simulation
with �ve robots is undertaken. The �rst part of Fig-
ure 14 shows the robots approaching and surrounding
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Figure 12. Front wheel velocity and steering angle for
transporting the object.

Figure 13. Moving an object from horizontal position to
vertical position.

a circular object, and the second part shows the robots
moving the object to the goal position. It is seen that
the task is preformed successfully with �ve robots.

6. Conclusions

In this paper, a control methodology for transport-
ing an object with a group of nonholonomic mobile

Figure 14. Grasping and transporting a circular object.

manipulators was presented. The dynamic model of
the robot was derived using the Gibbs-Appell method.
Input-output linearization was applied to control the
individual robots. Simulations show the stability of the
internal dynamics of the control system, and, therefore,
the controller has an acceptable performance. The
method by which the robots approach an object makes
it possible to grasp objects with various shapes without
any initial information about the shape and location
of the object. Using the virtual structure method for
transporting and manipulating objects, it is possible
to perform di�erent tasks with a very simple algo-
rithm.

In this paper, unlike many previous works, the
dynamics of the mobile manipulator is included. How-
ever, the mass or dynamics of the object are neglected.
Future work includes adding the inertia e�ects of the
object to the study.
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Appendix

Matrices in Eq. (11) have the following form:

A1 =

2664
1
r 0 0 0
0 1 0 0
0 0 1 �1
0 0 0 1

3775
M =

2664M1;1 M1;2 M1;3 M1;4
M2;1 M2;2 0 0
M3;1 0 M3;3 M3;4
M4;1 0 M4;3 M4;4

3775
n =

264n1;1
...

n1;4

375
where Mi;j 's and ni;j 's are functions of the system
generalized coordinates.
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