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Abstract. This study has focused on natural convection in an inclined L-shaped
cavity �lled with copper-water nano
uid. The governing equations including continuity,
momentum and energy equations have been discretized with a control volume method
(FVM) using the SIMPLER algorithm. A proper upwinding scheme is employed to obtain
stabilized solutions. The e�ective parameters are solid volume fraction (0;� ' � 0:05),
inclination angle (0� � 
 � 135�), shape factor (0:6 � 2W=L � 1) and Rayleigh number
(101 � Ra � 105). Results have been presented as isotherm lines, stream lines, local
Nusselt number and average Nusselt number. The e�ects of Rayleigh number, inclination
angle and shape factor, as well as the solid volume fraction, have been investigated on
the 
ow �eld and Nusselt number. Results show that the solid volume fraction and shape
factor, as well as the inclination angle, have important e�ects on the 
ow �eld, especially
on average Nusselt number. The results indicate that a decrease in shape factor and an
increase in solid volume fraction lead to an increase in average Nusselt number.
c
 2013 Sharif University of Technology. All rights reserved.

1. Introduction

Natural convection in enclosures has a wide range of
applications in engineering technologies, such as solar
thermal receivers, energy-saving household refrigera-
tors, electronic cooling, double-wall thermal insulation,
and etc. In recent years, natural convection inside
irregular and complex shaped enclosures, such as arc-
shaped enclosures [1], wavy enclosures [2], enclosures
with irregular walls [3] and eccentric elliptical enclo-
sures [4], have attracted attention in engineering appli-
cations. The problem of convection heat transfer in L-
shaped enclosures has been extensively studied because
of its wide applications in such as electronic packages,
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electrical equipment, building corners, etc. [5]. Most
previous work investigated natural convection in en-
closures �lled with ordinary 
uids, such as air, water,
etc. The most important problem of these 
uids is
their low thermal conductivities. An innovative way
to overcome this problem is to utilize special 
uids
that are a mixture of nanoparticles and base 
uid.
These 
uids are named nano
uids, and are created by
dispersing nanometer-sized particles (< 100 nm) in a
base 
uid such as water, ethylene glycol or propylene
glycol. Using metallic particles with high thermal
conductivity increases the thermal conductivity of such
mixtures. Eastman et al. [6], Xie et al. [7] and Jana
et al. [8] showed that higher thermal conductivity can
be achieved in thermal systems utilizing nano
uids.
For instance, just 0.3% volume fraction of copper
nanoparticles with 10 nm diameter leads to 40% in-
crease in the thermal conductivity of ethylene glycol [9].
A brief review about the properties of nano
uids is
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provided in [10,11]. The present study has focused
on natural convection in L-shaped enclosures. The
e�ective thermal conductivity of nano
uid is calculated
by a model proposed by Patel [12]. To calculate the
viscosity of nano
uid, a model given by Brinkman has
been used [13].

2. Model and governing equations

2.1. Problem statement
In this study, natural convection in an inclined L-type
cavity has been investigated. As shown in Figure 1,
the left vertical and bottom horizontal walls are at
a constant temperature equal to Th (hot surfaces),
and the right vertical and up horizontal walls are at
a constant temperature equal to Tc (cold surfaces).
Other walls are insulated. L is the length of the
walls, W is the distance between internal walls, and
2W=L is the shape factor. Tc is equal to ambient
temperature, which is considered to be 293 K, and Th is
calculated by Rayleigh number. In this study, copper-
water nano
uid has been used. Table 1 presents the
thermophysical properties of water and copper at the
reference temperature.

The boundary conditions are shown in Figure 1. If
the intersection of two hot walls is selected as the origin
coordinate, the boundary conditions are as follows:

Hot walls:

T = Th; u = 0; v = 0: (1)

Figure 1. Problem geometry.

Cold walls:

T = Tc; u = 0; v = 0: (2)

Insulated walls:

@T
@n

= 0; u = 0; v = 0: (3)

In the above relations, n is the normal unit vector on
the hypothetical surface.

2.2. Governing equations
The system of governing equations, including continu-
ity, momentum and energy equations for a steady two-
dimensional laminar and incompressible 
ow, can be
written as follows:

1. Continuity equation:

@u
@x

+
@v
@y

= 0: (4)

2. Momentum equations:

u
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3. Energy equation:

u
@T
@x

+ v
@T
@y

= �nf

�
@2T
@x2 +

@2T
@y2

�
: (7)

In the above equations, �nf is the e�ective density of
nano
uid, de�ned as:

�nf = (1� ')�f + '�s; (8)

and ' is the solid volume fraction of nanoparticles. The
thermal di�usivity of nano
uid is:

�nf =
knf

(�cp)nf
: (9)

The heat capacitance of nano
uid and the thermal
expansion coe�cient of nano
uid are de�ned as:

Table 1. Thermophysical properties of water and copper.

Property cp � k B
(Jkg�1K�1) (kgm�3) (kWm�1K�1) (K�1)

Water 4179 997.1 0.6 2:1� 10�4

Copper 383 8954 400 1:67� 10�5
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(�cp)nf = (1� ')(�cp)f + '(�cp)s; (10)

(��)nf = (1� ')(��)f + '(��)s: (11)

The e�ective viscosity of nano
uid was introduced by
Brinkman [13], as follows:

�nf =
�f

(1� ')2:5 : (12)

In Eq. (9), knf is the thermal conductivity of nano
uid
and according to the Patel model [12] is:

ke�

kf
= 1 +

kpAp
kfAf

+ ckppe
Ap
kfAf

; (13)

where Ap=Af and pe are de�ned as:

Ap
Af

=
dp
cf

'
(1� ')

; pe =
updp
�f

; (14)

where Ap and Af denote the heat transfer area of
the nanoparticle and the molecular of the liquid,
respectively, dp is the diameter of solid particles, which,
in this study, is assumed to be equal to 100 nm, and
df is the molecular size of the liquid, taken as 2�A for
water. Also, up is the Brownian motion velocity of
nanoparticles, which is de�ned as:

up =
2kbT
��fd2

p
; (15)

where kb is the Boltzmann constant and is equal to
1:38065� 10�23.

Eqs. (4) to (7) can be converted to the dimension-
less forms by de�nition of the following parameters:

(X;Y ) =
(x; y)
L

; (U; V ) =
(uL; vL)
�f

; (16)

P =
pL2

�nf�2
f
; (17)

� =
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Th � Tc ; (18)

P =
g�f�TL3

�fvf
: (19)

By using the above dimensionless parameters, the
governing equations are converted to dimensionless
forms:
@U
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= 0; (20)
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The local Nusselt number on the hot wall surface is
de�ned as:

NuL =
knf

kf
L

Th � Tc
@T
@n

: (24)

The average Nusselt number is calculated by integrat-
ing the local Nusselt number along the hot wall and is
de�ned as:

Nuave =
1
s

Z
NuLds: (25)

3. Numerical method

Solving of the governing equations is done by FVM
using the SIPMLER algorithm [14]. To check the
convergence of the sequential iterative solution, the
sum of the absolute di�erences of the solution variables
between two successive iterations has been calculated.
Convergence is obtained when this summation falls
below the convergence criterion. In this study, the
convergence criterion has been chosen as 10�5. In order
to demonstrate the independence of the solution on the
size of the grid, the solution has been undertaken for
various mesh sizes.

3.1. Grid independence study
For showing grid independence of the numerical
method; the solution has been undertaken for various
mesh sizes. Table 2 shows the results for a test case.
In this study, a uniform grid system has been used. As
shown in Table 2, the values of Nusselt number for dif-
ferent grids are similar. The Results show that the grid
system 81�81 is �ne enough to obtain accurate results.

3.2. Validation of numerical code
To ensure validation of this code, 
ow in an L-type cav-
ity with air as the base 
uid has been investigated, and

Table 2. Results of grid independence examination.

Number of Nusselt
grids number

21� 21 5:601
41� 41 5:532
61� 61 5:477
81� 81 5:481

101� 101 5:483
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Table 3. Code validation, comparison of present work
with a reference.

Shape Grashof Average Nusselt number
factor number Present Ref. Error

work [15]

103 2.64 2.59 1.9
2W=L = 1 104 2.84 2.95 3.7

105 6.63 6.73 1.5

103 3.58 3.6 0.56
2W=L = 2 104 3.66 3.62 1.1

105 6.81 6.8 0.15

the results are compared with those of S. Mahmud [15].
As shown in Table 3, the maximum error is 3.7%, which
is acceptable.

4. Discussion and Results

In this part, the e�ects of Rayleigh number and shape
factor on the rate of heat transfer and the 
ow �eld
are investigated. First, for di�erent Rayleigh numbers
and shape factors, the isotherm lines and stream lines
are presented and, then, the e�ects of Rayleigh number
and shape factor on local and average Nusselt number
will be examined.

4.1. The velocity and temperature �eld
Figure 2 shows the stream lines and isotherm lines for a
shape factor equal to 2W=L = 1 and Rayleigh numbers
10; 104 and 105 at solid volume fractions ' = 0 and
0.05. As shown in Figure 2, for low Rayleigh numbers
(Ra = 104), the isotherm lines developed parallel to the
hot and cold walls because of their small temperature
di�erence. This zone can be termed the conduction-
dominated zone. Also, a clockwise (CW) rotating
vortex is seen at the 
ow �eld distribution. This CW
rotating vortex is formed because of the temperature
di�erence between the hot and cold walls. At Ra =
105, by an increase in temperature di�erence between
the hot and cold walls, a CW rotating vortex forms
between the two vertical walls, and another counter
clockwise vortex between the two horizontal walls. The
counter clockwise Benard cell in the horizontal part of
the cavity evolves due to the hot bottom wall and cold
top wall. For relatively high strength circulation in the
vertical portion of the cavity, a horizontal penetration
of vertical circulation occurs in the horizontal part of
the cavity. This zone can be termed a convection-
dominated zone. Just adjacent to the walls, these lines
are parallel to the walls. This e�ect shows an increase
in heat transfer rate. In addition, this �gure shows
that the solid volume fraction of nanoparticles has little
e�ect on the 
ow �eld and temperature at low Rayleigh
number. Figure 3 shows the stream lines and isotherm

Figure 2. Isotherm lines and stream lines for 2W=L = 1
and Rayleigh numbers 10; 104; 105 at ' = 0 and 0.05 (the
bold lines are related to pure 
uid and dashed lines are
related to nano
uid with ' = 0:05).

Figure 3. Isotherm lines and stream lines for Ra = 105

and shape factors 2W=L = 1, 0.8, and 0.6 (the bold lines
are related to pure 
uid and dashed lines are related to
nano
uid with ' = 0:05).
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lines for shape factors 2W=L = 0:6; 0:8 and 1.0, and
Rayleigh number Ra = 105 at ' = 0 and 0.05. As
mentioned at Ra = 105, the increase in temperature
di�erence between the hot and cold walls makes the
isotherm lines just adjacent to the walls parallel to
them. Also, in addition to the main CW rotating vor-
tex, there is another rotating vortex between the two
horizontal walls. However, in the case of shape factor
2W=L = 0:6, the number of rotating vortexes increases
to 2, which leads to severe variation in the heat transfer
coe�cient, and an increase in Nusselt number.

4.2. E�ect of shape factor and Rayleigh
number

Figure 4 shows the local Nusselt number for two hot
walls, AB and BC, for Rayleigh numbers 10; 103; 104

and 105, and shape factors 2W=L = 1; 0:8 and 0.6.
For low Rayleigh numbers (Ra = 10 and Ra = 103),
the value of the local Nusselt number is symmetrical,
with respect to point B. As shown in Figure 4, the
higher Nusselt number occurs at lower shape factors.
At Ra = 104, the value of the Nusselt number at the
vertical wall increases until it reaches its maximum
value in middle of this wall. After that, it begins to
decrease and reaches its minimum value at point B. It
is notable that at the same Rayleigh number, the local
Nusselt number along the horizontal hot wall increases
and reaches maximum value before the middle point of
the wall. After that, for shape factors 2W=L = 0:8 and
1, the local Nusselt number decreases. For 2W=L =
0:6, the local Nusselt number leads to a constant
value at point C. At Ra = 105, there is a maximum

value for the Nusselt number at the vertical hot wall.
However, at the horizontal wall, this maximum value
occurs at di�erent shape factors and positions, and the
Nusselt number will further increase, with respect to
the vertical wall. It is notable that at 2W=L = 0:6, for
the horizontal wall, there are two maximum points for
the Nusselt number. It is due to the existence of two
rotating vortexes in the horizontal port of the cavity
that was mentioned earlier.

4.3. The average Nusselt number
Figure 5 shows the average Nusselt number as a
function of Rayleigh number for shape factors 2W=A =
0:6; 0:8 and 1 at ' = 0 and 0.05. As shown in Figure 5,
the variations of average Nusselt number can be divided
into two parts. In the �rst part, the value of the Nusselt
number is constant for every shape factor and does not
change with Rayleigh number. This part shows pure
conduction. In the second part, the value of the Nusselt
number changes linearly (in the diagram it is shown in
its logarithmic form) and the slope of these lines are
dependent on shape factor. This part represents nat-
ural convection. It is notable that a decrease in shape
factor leads to an increase in average Nusselt number.
At shape factor 2W=L = 1:0, for Ra� 3 � 103, the
average Nusselt number is constant, and, after this Ra
value, it increases. However, in the case of shape factor
2W=L = 0:8, the increase in average Nusselt number
begins from Ra = 8 �103. Likewise, in the case of
shape factor 2W=L = 0:6, this increase begins from Ra
= 2 �104. In this state, the obtained values are more
remarkable, with respect to the two previous states.

Figure 4. Local Nusselt number for Ra = 10; 103; 104 and 105 and shape factors 2W=A = 0:6, 0.8 and 1 at ' = 0:0
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Figure 5. Variation of average Nusselt number for di�erent Rayleigh numbers and shape factors (the left diagram is
related to ' = 0 and the right diagram is related to ' = 0:05).

Figure 6. The average Nusselt number for Ra = 103; 104

and 105 for solid volume fraction in range ' = 0� 0:05.

4.4. Solid volume fraction e�ect on Nusselt
number

Figure 6 shows the average Nusselt number as a
function of the solid volume fraction in the range of
0-0.05 for Rayleigh numbers 103; 104 and 105. As
shown in Figure 6, for all Rayleigh numbers, an
increase in the solid volume fraction leads to a rise
in the Nusselt number value, which is an expected
result. This noticeable increase was about 25%-30%.
It is of note that the variation of Nusselt number at
di�erent Rayleigh numbers is linear and changes with
the solid volume fraction. This linear behavior is due
to the linear variation of the thermal conductivity of
nano
uid.

4.5. Inclination angle e�ect on Nusselt
number

Figure 7 shows the stream lines and isotherm lines
for Rayleigh numbers, 104 and 105, for solid volume
fraction, ' = 0:05, with shape factor, 2W=L = 1,

Figure 7. Stream lines and isotherm lines for Rayleigh
numbers Ra = 104 and 105 for solid volume fraction
' = 0:05 with shape factor 2W=L = 1 and inclination
angles 
 = 45� and 135�.

and inclination angles, 
 = 45� and 135�. As shown
in Figure 7, at the mentioned Rayleigh numbers for
inclination angle 
 = 45�, two CW rotating vortexes
are formed in the 
ow �eld, whereas at inclination angle

 = 135�, there is just one CW rotating vortex. These
variations are evident in isotherm lines.

Figure 8 shows the variation of average Nusselt
number as a function of inclination angles (
) for
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Figure 8. The average Nusselt number at di�erent
Rayleigh numbers for ' = 0:05.

di�erent Rayleigh numbers at the solid volume fraction,
' = 0:05. For low Rayleigh numbers (Ra � 104),
the variation of Nusselt number, with respect to the
inclination angle, is negligible, which means that for
low Rayleigh numbers, the conduction heat transfer
predominates. For Rayleigh numbers, 5� 104 and 105,
the variation of average Nusselt number is dependent
on the shape factor. The variation of Nusselt num-
ber, with respect to inclination angle (
) at Rayleigh
number Ra = 5 �104, is similar to 105. As was
shown in Figure 8, the maximum heat transfer occurs
at inclination angle 
 = 45� and in the convection
region. There is an interesting phenomenon, where
the minimum average Nusselt number is seen at two
inclination angles (
 = 160� and 
 = 292�).

The diagram of Nusselt number variations, with
respect to the inclination angle, has two symmetrical
regions in the convection region. One symmetrical
region is located at an inclination angle in the range
0� � 
 � 90�, and the second symmetrical region is
located in the range 90� � 
 � 360�

As mentioned earlier, in the investigation, the

shape factor is de�ned as 2W=L: Figrue 9 presents
the average Nusselt number as a function of 2W=L
for Rayleigh numbers 104; 105, and inclination angles,

 = 0� and 45�. For low shape factors (2W=L � 0:3),
the Nusselt number variation for both Rayleigh number
and inclination angle is the same. In addition, at these
shape factors (2W=L � 0:3), the e�ect of Rayleigh
number on Nusselt number is negligible. At Rayleigh
number equal to 104, and for both inclination angles

 = 0� and 45�, by an increase in shape factor,
the average Nusselt number decreases, whereas, at
Rayleigh number equal to 105, for shape factors above
2W=L = 0:4, the average Nusselt number is constant
and presents small 
uctuations.

5. Conclusion

In this work, nano
uid natural convection in an in-
clined L-shape cavity has been studied. The e�ects
of shape factor and inclination angle for di�erent
Rayleigh numbers on average Nusselt number were
examined. It is found that for low Rayleigh numbers,
the Nusselt number is constant. In other words, at
low Rayleigh numbers, the average Nusselt number
has no dependence on Rayleigh number. When the
shape factor decreases, the average Nusselt number
increases and, at di�erent shape factors, the Nusselt
number changes linearly. Moreover, the results show
that an increase in solid volume fraction leads to an
increase in average Nusselt number value and these
variations are linear. It is notable that at solid volume
fraction ' = 0:05, for all Rayleigh numbers, the Nusselt
number increases about 30%, with respect to pure 
uid.
At high Rayleigh numbers, where the convection heat
transfer is predominated on conduction heat transfer,
the Nusselt number has a maximum value at 
 = 45�
and two minimum values at 
 = 160� and 292�. Also,
the diagram of Nusselt number variations, with respect
to inclination angle, has two symmetrical regions in the
convection region. One symmetrical region is located
at an inclination angle in the range 0� � 
 � 90�
and the second symmetrical region is located in the

Figure 9. Average Nusselt number at Rayleigh number 104 and 105 for ' = 0:05 at shape factors 2W=L = 0:2� 1.
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range 90� � 
 � 360�. Finally, it can be said that
an increase in solid volume fraction leads to a rise
in average Nusselt number value, and at inclination
angle 
 = 45�, the average Nusselt number presents a
maximum value.

Nomenclature

A Heat transfer area, m2

cp Speci�c heat, Jkg�1K�1

g Gravitational acceleration, ms�2

h Heat transfer coe�cient, Wm�2 K�1

L Length of walls, m
k Thermal conductivity, Wm�1K�1

Nu Nusselt number
Nuave Average Nusselt number
n Unit normal vector
p Pressure, Nm�2

P Dimensionless pressure
Pr Prandtl number
q Heat 
ux, Wm�2

Ra Rayleigh number
S Surface, m2

T Dimensional temperature, K
Tc Temperature of cold wall, K
Th Temperature of hot wall, K
u; v Dimensional velocity components in x

and y directions, ms�1

U; V Dimensionless velocity components in
X and Y directions

x; y Dimensional Cartesian coordinates, m
X;Y Dimensionless Cartesian coordinates

Greek symbols

� Thermal di�usivity, m2s
� Thermal expansion coe�cient, K�1


 Inclination angle
� Dimensionless temperature
� Dynamic viscosity, kgm�1s
� Kinematic viscosity, m2s
� Density, kgm�3

' Volume fraction of the nanoparticles

Subscripts

ave Average
e� E�ective
c Cold
f Fluid

nf Nano
uid
p Particle
s Solid particles
w Wall
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