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Abstract. This paper considers the problem of constructing an evolution family for the
linear nonautonomous Cauchy problem:

(%) %u(t) —AMu®) =0,  u(—1) =z eRY,

where A € C([—1,1], R¥*¥). The essence of the method is that the evolution family is
sought in the form of a series of Chebyshev polynomials. Then, by defining appropriate
weighted sequence spaces and matrices of linear operators, we are able to obtain a sufficient
condition - based only in the given data - for the representation of the solution of the initial
value problem (*). The method is motivated for practical considerations in the context of
Magnetic Resonance Imaging.

(© 2013 Sharif University of Technology. All rights reserved.

1. Introduction

This paper aims to present a functional analytic frame-
work for an original method to compute the solution «
of the general equation:

w'(t) = A(t)u(t), te[-1,1] (1)
u(-1) ==z, z € RN

where {A(t)}ie(—1,1] is a family of continuous N x N
real-valued matrices defined on a finite interval. The
method is based on a series expansion of the solution in
terms of Chebyshev polynomials. Through this trans-
form, Eq. (1) is changed into an infinite system of linear
differential equations with constant coefficients, the
unknowns being the coefficients of the series expansion
of u, to obtain a representation of the solution. Such a
problem is motivated by Magnetic Resonance Imaging,

*. Corresponding author. Tel.: 56-2-7182035;
Faz: 56-2-6813125
E-mazil address: carlos.lizama@usach.cl

where typically N = 3 and matrix A(t) is not suited
for resolution of the differential system by numerical
methods, see [1].

When the matrix A(¢) is continuous and has
periodic coefficients, according to Floquet theory, the
fundamental solution, u(t), for the differential system,
(Eq. (1)), has the expression u(t) = Q(t)e'f", where
@ is a matrix with continuous and periodic coeffi-
cients and F' is a constant matrix. However, Floquet
theory gives no practical information about the way
to compute matrices @ and F, and, actually, there
exists no general method to compute them. In order
to exploit the Floquet structure of w(t), the usual
procedure is to perform a Fourier expansion of the
fundamental solution, leading with an infinite system of
linear differential equations with constant coeflicients.
Then, resolution of a truncated system furnishes an
approximate solution.

It is well known that classical orthogonal polyno-
mials satisfy second order linear homogeneous differen-
tial equations of the form:
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a(z)y”(z) + b(x)y' () + Auy(z) =0,

where a(z) and b(z) are polynomials of degrees 2
and 1, respectively, which are independent of n, and
An is independent of z. They have many properties
in common. One is that they satisfy a differential-
difference relation of the form:

T(2)pn(2) = (@ + Bn)Pn(2) + VuPn—1(2).
For example, Hermite polynomials satisfy:
H! () =2nH, (x),
and Chebyschev polynomials satisfy:

1

Ta(z) 2n

(Thia(2) = Ty (2)) v € [-1,1].
Surprisingly, the last recursive formula have recently
come up in a very attractive problem in Magnetic
Resonance Imaging; see [2] for this work. In that paper,
the Bloch equation, which has no closed-form solution,
is expanded in a Chebyshev series, which can be solved
using a sparse linear algebraic system.

The goal of the present paper is to construct
a functional analytic framework for the method de-
veloped in [2], so that the infinite system given by
the series expansion becomes a well-posed problem
in an appropriate weighted sequence space. To the
knowledge of the author, this study has not been
addressed in the literature in this way. One of the
main difficulties that appear, is that the operators that
naturally arise here are, in general, unbounded in the
I?-norm, and, hence, it was required to define them
in appropriate weighted ['-spaces. As an application
of our framework, we are able to find a theoretical
spectral condition - based only on the data - under
which, not only is the representation of the solution for
the Bloch equation, in terms of a Chebyshev expansion
of u, always possible, but also for the general Eq. (1).

This paper is organized as follows: Section 2 is
devoted to recalling Chebyshev polynomials, their main
properties, which we will use, and a result from the
theory of (unbounded) operator matrices. In Section 3,
the mathematical features of the method are presented
and developed. Given A € C([-1,1],RV*¥) our main
result says the following: Defining the operator B =
diag(Bo) with By : I§(Zy) — I§(Zy) given by:

%kio a(k)z(k), n=0;
(Boz)(n) = -
i(w(n +1)—z(n-1)), n>1,
a(0) := -1, a(1) := 1/2 and a(n) := 25;9;., n > 2,

and defining the operator:

A= (Aw)ki=1,. N CLIA(Z4),15(Z1)),

where:

oo

Apz(n) = Z(AT;C, T,)x(j),

Jj=0

ne Z+a (2)

being a vector of N coordinates, which consists of
Chebyshev polynomial T;,(¢) in the I-position and zeros
everywhere else. We prove that if 7 — BA is invertible,
then the initial valued system (*) has a unique solution,
u € C([-1,1],RY), such that ' € C([-1,1],RY)
(Theorem 4). Moreover, the components of the solution
are given by:

w(t) = S ) TL(),

n=0

te[-1,1], (3)

foreach [ =1,--- | N, where:
x; = Projection, (I — BA) ' ¥,. (4)

In Section 4, as an application, we are able to solve the
Bloch equation for the special case:

0 vg(t) 0
—vg(t) 0 w(t)], (5)
0 —w(t) 0

A(t) =

of the matrix A(t). In particular, we formalize and re-
cover the results in [2] obtaining, in addition, a spectral
condition to guarantee the existence and uniqueness
of the solution for the corresponding problem (Theo-
rem 5).

2. Preliminaries

The Chebyshev polynomials of the first kind can
be defined by the trigonometric identity, T, (z) =
cos(narccosx), v € [—1,1], n € Zy (see [3,4] for the
main properties). It is known that set {T,;n € Z,}
is orthogonal and complete in L2([-1,1], R, du), with
respect to the measure, du(z) := (1 — 22)~"/2. More
precisely, we have:

1 0 if n#m
/ To(@) T (x)dp(z) =<7 if n=m=0 (6)
-t 5 if n=m#0

As an immediate consequence, a basis of the vector-
valued Lebesgue space L?([—1,1],RY du) is defined in
the standard way by the set of vectors:

(TLkeZyl=1,--- N}, (7)

where, for each x € [—1, 1], T} () is a vector of N coor-
dinates, which consists of the Chebyshev polynomial,
Ti(x), in the l-position and zeros everywhere else.
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Given f, g € L*([-1,1],R"™,du), recall that
a canonical internal product on the vector-valued
Lebesgue space L2([—1,1],RY du) is defined by:

(F.9) ) = / (@), 9@ dula)

= [ ¥ h@gc(a)duto).

1=

where fi, and g, are the kth component of f and g,
respectively.

Recall that C'([-1,1],RY) denotes the space of
all continuously differentiable functions. Clearly:

c([-1,1),RM) c ¢([-1,1],RY)
- L2([_17 1]aRNad:u>

We will also use the following result due to Nagel [5].

Lemma 1. Let E and F be Banach spaces and A €
Z(E), De X(F), Be Z(F,E)and C € Z(E,F).
Consider o € Z(E x F), where:

. _ (A B
ey
If A and D are invertible then the following assertions
are equivalent:

(a) o is invertible in L (E X F);

(b) A— BD™IC, hence, I — BD7YCA™! is invertible
in Z(E);

(¢c) D—CA'B, hence,  — CA *BD™! is invertible

3. Some operators acting on weighted
sequence spaces

Define the following space of weighted summable series:

(7y) := {x = (z(n)) CR/ Z %|x(n)| < oo} ( )
n=1 8

Observe that [}(Zy) is a Banach space endowed with
the norm:

[e]

lello = 3~ —le(m)l.

n=1

In particular, note that the Banach space of all null
sequences, co(Z, ), and the Hilbert space, 1?(Z, ), are
contained in I{(Z, ). The following lemma will be very

important for our purposes.

Lemma 2. Let f € CY([-1,1],RY) be given. For
allkeNandl=1,---,N we have:

2k{f, T r2ery = (f', Thy — Thgr ) 12(mv)- (9)

Proof. Using integration by parts, we obtain:
<f’,T;i_1 - T£+1>L2(RN)

/ 11 éf;m[(ﬂ_l)jm — (L), (@)du(a)
-/ 11 F@) D1 (2) = T (2))dp(e)
-/ " fi(cos(8))[cos((—1)8)—cos((k+1)6)]d0
_ /0 " 11(cos(8))2 sin(k0) sin(8)d6
—2 l— sin(kf) f; (cos(6))[]
+k ] fl(cos(e))cos(kH)dQ]
" /O " f(cos(8)) cos(k8)do
— ok [ 11 Fi(2) cos(k arccos(z))dp()
=2 [ o) Tutenintz)

=23 [ [T @)

- 2k<f7Tli>L2(RN)’ |:|
Given y € CY([-1,1],R), we denote y;(n) := (y,T},)

and yi(n) = (y',T,). With the above notation,
Lemma 2, in case N = 1, reads as follows:
1
yi(k) = el (k = 1) —yi (k+ 1), (10)

for all k¥ € N. We note the very remarkable fact that
the value of 1 (0) is unknown in the above recurrence
formula. However, we are able to recover this value
as data. More precisely, we obtain the following result,
which is the key for the subsequent development of this

paper.
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Lemma 3. Let y € CY[-1,1,R) be given and

denote y(—1) = yo. Then:
1« ,
y1(0) = yo + 5 Z a(n)y (n), (11)
n=0
2(—1)"

where a(0) := =1, a(l) := 1/2 and a(n) = %,
n > 2.
Proof. Sincey € C([—1,1],R), we have the represen-
tation:

y(@) = S T @) = 3 ()T

n=0 n=0

for all z € [-1,1]. Hence, for all x € [—1, 1], we have:
)+ > ()T (x
n=1

y(x) = y1(0)Tp

In particular:

yo = y(-1 )+ Z yi(n (12)
since To(—1) = 1. On the other hand, multiplying
Eq. (10) by T,,(—1) we obtain:

oo o0 1

ST (-D(n) = 3 T (~1gh(n — 1)

n=1 n=1

(0) + iT‘z(—

1=(-1)"

+ 3T Dy (1).

Finally, since T,,(— , we get from Eq. (12):

Mechanical Engineering 20 (2013) 17651772

and, hence, the conclusion follows. O

We next proceed to construct a bounded operator
on the weighted space, [} (%), which has the property
of transforming symbols y; into symbols y; plus a rest.
Note that it resembles a similar property of Laplace
transforms, with respect to the first derivative of a
function. More precisely, we define:

xz(k), n = 0;
2n ) =
where a(k) is defined in Lemma 3, and denote:
1, n=0;
bo(n) :=
0, n#0.

Moreover, for each y € L?([—1,1],RY, du), we write:
yl(n) = <y7T7{L>7 n€Z+7 16{273,]\[}
Theorem 1. Lety € C'([-1,1],RY). Then, B, €

B(l§(Zy)) and for alll € {1,--+ N}, we have:
Boy; = yi + yoibo, (13)

where yor = yi(—1).

Proof. First note that:

1
1T = | T (@)lE~ du()
1

1
- / |

-1

for all n € N and ||T}||2. = w. Hence, by definition

and the Cauchy Schwarz inequality, we obtain for each
y € L?([-1,1], RN dpu) that:

T, (2)2dp() = 7/2,

o0 o0

Z Slui(n Z% (v, T))|

n:l =

=1
stln—

VT2 ;—2 <oo.  (14)

It proves that y € [}(Z4) and, hence, that operator
By is well defined on the weighted space, [§(Z ). Let
z € I§(Z4) be given. Since the sequence (n?a(n)) is
bounded, we obtain:

1 — R |
§;|a(1)x(3) = §;|ﬁa(])llﬁx

@ < 2llzllo,
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and:
=1
1Bozllo =Y 55la(n—1) = z(n + 1)
n=1
I 1 1
5217 §||95||0,

proving that By is bounded. It remains to prove the
identity (Eq. (13)). Let n > 1. Then, by Lemma 2:

= Ll -1) —yn+1))

Boy;(n) on

1

= 5\ T = (0 Thi)

1
:2< Tl -1 T7lz+1>

= (y,T,,) = yi(n).

On the other hand, in case n = 0, the following identity
is obtained by Lemma 3:

oo

> a(k)y)(k)

k=0

Boy;(0) = = 41(0) + yor,

proving the Theorem. O
Let A € C([-1,1], RV*N) and k, 1 € {1,--- ,N}
be given. Define Ay, by:

[ee]

> (ATE T a()),

=0

Aklx(n) = n e Z+. (15)

Note that, in general, the operators Ay, are not
bounded on [}(Z,). However, we have the following
result.

Theorem 2. Let A € C([-1,1], R¥*¥). Then,
Ap € B(I3(Z4);13(Zy)) for each k,l € {1,--- ,N}.

Proof. Since A € C([-1,1],RY*¥), observe that for

each k € {1,---, N} fixed, we have:
sup Z |A™F(2)]? == C < 0.
z€[—1,1] o
Then:

JATE (12, = / AT @) vdua)
- / AT Ed(z)

u(z) < 2.
(16)

/ Z |A™ (2)T, () d

Hence, for x € I*(Zy) we have:

(o]

> AT T ()

=0
1/2 1/2

> ()

IN

> AT, TP
=0

AT |2 (|2l < MlJall;e,

where we made use of Cauchy-Schwarz inequality and
Parseval’s identity. Therefore, there exists a constant,
C > 0, such that:

oo

1
| Akillo =D E|Akl$(”>|

n=1

o0 oo 1
< 227 ATE T |2(5)]
< Cfale- 0 (17)

4. Application to nonautonomous systems

Let A € C([-1,1],R¥*¥Y) be given. Suppose that
the system y'(t) = A(t)y(t) has a solution, y €
CY([~1,1],RY), which satisfies the initial condition,
y(—1) = yo. Then, the system can be written as:

WO\ (AN ARG o AW
y5(t) _ AL(t) A1) AN (1)
ut)  \avie) aMey - AN
y1(t)
ya(t)
Co) 18
yn(t) (e

where A™ € C([—
A().

Expanding in series y and 4’ in terms of the basis
given by the Chebyshev polynomials TJI-7 we obtain that
the system y'(t) = A(t)y(t) can be rewritten as the fol-
lowing identity in the Hilbert space L?([—1,1], RN dpu):

N oo N oo
DD WL THT =303 (0 THAT]

1,1],R) are the entries of the matrix

=1 j=0 =1 j=0
N o~ N [e%e)

=D (w,Th Y AT Ty
=1 7=0 m=1 1=0
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N oo N o
=220 D0 D THAT, T T

N N
=202 | AT T T | T

where (AT})(t) := A(t)TL(t) for each j € Z; and | =
, N. From the orthogonality of T;, we obtain that
the above identity is equivalent to the system:

(', T ZZ AT T Wy, TY), (19)

=1 =0
where k € Zy and m=1,...,N.
Theorem 3. Let A € C([-1,1],RV*N) and y €

CH[~1,1],RY) be given. The system (Eq. (19)) is
equivalent to the system:

N
=5 Ay, (20)
=1
where m=1,... N.
Proof. For k>1and me {1,--- N}, we have:
Ym (k) = (4", T}"),
and:
N N oo
D Amui(k) =Y (AT T u())
=1 =1 j=0
=D (AT}, Ty, T)).
=1 5=0

This way, the problem of solving Eq. (18) is equivalent
to solving the following.

Problem. From Eq. (20), determine y; for all | =
1,---,N.

Applying the operator By to both sides of the
Eq. (20), we obtain the identity:

N

= Z BOAlmyl - 3/0m60~ (21)
=1

Define the operator matrix, A : 1?(Z. )N — I§(Z)V,

as follows:
A A - Ama
A Axp - Apno
= . . ) . (22)
AlN AQN PN ANN

Define now the operator matrix B : I5(Z4)Y —
I§(Z )N, as follows:
By 0 ... ... 0
0 By, 0 ... 0
B=|: o 0 (23)
0 By O
0 0 0 B,

Consequently, Eq. (21) can be rewritten as a problem
of the form:

T = BAT + Ty, (24)

where W := (y1,---yn) € I5(Z4 )" are vectors with
entries, y;, defined by y,(j) := (y,T}) for all j € Z,
and o := (Yo1, Y02, " > YoN)-

In what follows, we denote by p(S) the resolvent
set of the operator, S. We arrive at the following
theorem, which is the main result of this section.

Theorem 4. Suppose that A € C([—
and 1 € p(BA). Then, the system

1, 1], RV*N)

with initial condition y(—1) = yo has a unique solution,
y € C([-1,1],RY), such thaty' € C([-1,1],RY).

Proof. By hypothesis and Eq. (24
I§(Zy), (I=1,---,N) such that:

U = (I - BA) T, (25)

), there exists z; €

where U := (z1,---zx). Define:

= ixl(n)Té(tL te[-1,1).

Il =1,---/N. Now, let y := (y1,---
conclusion follows by construction. [

,yn), and the

5. Application to the Bloch equation

In matrix form, the Bloch equation reads [1]:

M'(t) = A(t)M(t) + b, (26)
where:
“Ti 4B —yB,(t)
Aty=| —vB  -1/T»  ~B.(t) |,
1By(t) —vB.(t) -1/Tx
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b= 0
770/T1

We observe that matrix A(t) is not suited for resolution
of the differential system by a numerical method.
Indeed, the coefficients vB are of magnitude 106,
whereas the others are of magnitude 1.

Under perturbation, the matrix A(t) is not con-
stant. However, the matrix A(t) is continuous and has
periodic coefficients (see [2]).

Define A € C([—1,1], R3*3,du), as follows:

0 v9(t) 0
—g@) 0 w()], (27)
0 —w(t) 0

At) =

where we assume that ¢(¢) and w(¢) are continuous
functions in [—1,1].

The Bloch Eq. (26), with A(t), as in Eq. (27), was
studied in [2] in the context of Magnetic Resonance
Imaging. We find, after a calculation using the given
definitions in the previous section, that A;; = A3 =
A22 = A31 = A33 = 0 and:

Araz(n) = As1z(n)

as well as:
AQg.ZL'(TL) = A32£E(TL)

_ f% | 11 ST, ()T 5)uts)] ).

Define G, Q : 12(Zy) — }(Z4) by:

G =3 | [ g(S)Tj(S)Tn(S)du(S)] 2(5),
i=0 W1
and:
) = 3 | [ T (T 6)uts)] (),
and, hence:
0 -G 0
A=|-+G 0 Q
0 Q 0

Therefore, we obtain the following matrix of bounded
operators:

I ~AByG 0

0 —By2 I

I —-BA=

In order to study the invertibility of the operator-

valued matrix (Eq. (29)), we use Lemma 1, obtaining
the following result.

Theorem 5. Suppose that G and Q0 are bounded
operators in I§(Zy). If 1 € p((BoQ)?) and 1/4% €
p((BoG)?), then the Bloch Eq. (26), with A(t), given
by Eq. (27) has a unique solution.

Proof. We use Lemma 1, Statement (b), with F :=
1§(Zy) x 1§(Zy) and F :=1§(Z,). Taking:

— I vBG (0
=i HC) B ().
D = (I) ,

C:=(0 —-Bof),

we obtain that the operator-valued matrix (Eq. (29))
is invertible if, and only if, the operator-valued matrix:

! v 2 2y—1
(7(309>2(BOG) I—(BOQ)2> (I =7 (BoG)")™,

is invertible, and hence the result follows by hypothesis
and Theorem 4.

We observe that in view of the definitions, we have
an explicit expression for operators BoG and By{). For
example:

Bo(Go)(w) =5 Y[ [ a0, Tua(5)

n <
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