Scientia Iranica B (2013) 20(4), 1193-1201

2N
N7
AR

www.scientiairanica.com

Sharif University of Technology

Scientia Iranica
Transactions B: Mechanical Engineering

Matched pole-zero state-space model and

continuous-time properties

A.H.D. Markazi*

School of Mechanical Engineering, Iran University of Science and Technology, Narmak, Tehran, P.O. Box 16844, Iran.

Received 8 May 2011; received in revised form 11 August 2012; accepted 28 January 2013

KEYWORDS

Matched pole/zero;
Plant-Input Mapping
(PIM) method;
Discretization;
Digital redesign;
Sampled-data.

Abstract. The Matched Pole-Zero (MPZ) model is a widely used technique for discrete-
time approximation of continuous-time controllers. In this article, a new state-space
representation for the (MPZ) model is presented. The new formulation can be used for
direct discretization of state-space controllers, and can be easily automated on a digital
computer. The most important advantage of the proposed representation is that it preserves
the dynamic structure of the original continuous-time realization, i.e. the physical meaning
of the states and the direction of eigenvectors remain unchanged. In fact, the new method
provides, ezactly, the same dynamic state equations as the step-invariant model, together
with some modifications on the static output state equation.

Up to now, due to the lack of such eigenstructure-preserving state-space representa-
tions, most of the time domain studies on the effects of discrete approximation of analog
controllers were mostly performed using the step-invariant model, although that method
is seldom used for actual discretization of controllers. The new formulation paves the way
for extending those studies to the case of the more widely used MPZ method.

© 2013 Sharif University of Technology. All rights reserved.

1. Introduction

Despite the existence of numerous methods and lit-
erature on the direct design of sampled-data control
systems ([1-7] etc.), there remain motivations to use the
more conventional digital redesign methods (indirect
methods) in which a predesigned analog controller is
approximated by a digital one. These motivations
include better physical insight and availability of a
wide spectrum of continuous control design meth-
ods. There exists a number of well known methods
for discretization of finite-dimensional continuous-time
controllers/plants [8-10]. Other methods also exist for
discretization of infinite-dimensional controllers [11],
nonlinear systems [12] and multi-rate controllers [13].
One group of such methods, including the method of
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Tustin, are based upon numerical approximation of
the integration operator, which can be used for dis-
cretization of controllers. The other group, including
the step-invariant model, provides an exact discrete
model for a plant with a given hold element. The
Matched Pole/Zero (MPZ) discretization technique is
yet another method which is not directly motivated
by the numerical approximation of integrators or the
concept of hold equivalence. In this method, the zeros
and poles of the continuous system are mapped by
the relation, e*", where s is a pole or zero, and h is
the sampling period. The MPZ technique has been
extensively used and proved to be efficient for discrete
approximation of continuous-time controllers [8]. This
method also plays a central role in a new closed-
loop digital redesign method, called the Plant-Input
Mapping (PIM) method ([14,15], which guarantees
closed-loop stability for all nonpathological sampling
periods.

Unfortunalety, however, unlike methods such as
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Tustin’s and zoh-equivalent models, no state-space
algorithms were introduced for the MPZ method until
recently. This fact seems to be the main reason for
most research to ignore usage of the MPZ method for
analytical studies of sampled-data systems.

A number of attempts and studies have been re-
ported on state-space algorithms for the MPZ method.
An interesting interpretation of the MPZ model, based
on the generalized hold equivalence concept, was pro-
posed in [16,17]. This method, however, involved
tedious hand calculations, which could not be easily
performed, even for low order systems. A simpler state-
space algorithm was introduced in [18]. That method
had two drawbacks:

1. It was only applicable to systems with a realization
in the observable canonical form;

2. It involved inversion of some controllability matri-
ces which are known to be ill-conditioned for higher
order systems ([19], page 105).

Among common discretization methods, the only
one used to preserve the structure of original continu-
ous realization was the step-invariant method. In other
words, the step-invariant model exceptionally preserves
the physical meanings of the states and the direction
of system eigenvectors. That is why most time-domain
studies on the properties of discretized sampled-data
systems are based on controllers which are discretized
using the step-invariant method (e.g., see [2,3]). This
is despite the fact that the step-invariant method is
seldom used for discretization of controllers in practice.
The main objective of this paper is to provide a state-
space realization, with similar advantages, for the MPZ
model. The new formulation should pave the way for
further time-domain studies with the more widely used
MPZ method, which, compared to the step-invariant
method, is much better suited for discretization of
controllers.

2. MPZ technique

2.1. Transfer function version
Consider a strictly stable SISO transfer function:

[Iisy (s — ) m < n. (1)

g(s) = ma =

The MPZ discrete-time approximation technique is
partly motivated by the z-transform method in which
the poles of g(s) are mapped to the z-plane, according
to the relation z = e"*, where A is the sampling period.
In fact, the MPZ technique extends such a mapping
to the case of zeros as well as poles. In particular,
the discrete system, gq(z), is obtained by the following
procedure [9]:

1. All of the poles and finite zeros of g(s) are mapped
with the relation z = e”*;

2. All but one of the infinite zeros, if any, are mapped
to the points {—1} (The relative degree of 1 ensures
the physical realizability of g4(2));

3. The dc-gain of the two transfer functions are
matched, such that:

lim g(s) = lim g4(2).

s—0 z—1
2.2. Proposed state-space version
Consider a stable SISO continuous-time system with
a minimal state-space realization, G = {A,b,¢,d},
where A € RV, b € R™!, ¢ € RV*™, and d is a
scalar. The objective is to find a state-space realization,
Gq = {A4,bg,cq,dq} such that the (transmission)
zeros and the eigenvalues of G are mapped according
to the procedure described in Section 2.1.

The proposed state-space algorithm for the above
problem is introduced below.

3. Proposed state-space algorithm

3.1. Bi-proper system

For the time being, assume that, g¢(s) is bi-proper,
i.,e. m = n. Let us define the matrix 44 as Ay =
e". This assures that the eigenvalues (poles) of the
discrete system, i.e. {f1, 082, - ,53n}, are mapped by
the relation e®", as desired.

Provision of a state-space formulation for similar
mapping of the zeros is more subtle and needs some
elaboration. Following the well-known MATLAB syn-
tax, let us define the tzero operator as the operator
acting on system G and providing the finite (transmis-
sion) zeros of G, i.e.:

a=[ag,qn, - ap] =tzero(G), (2)

where @ is the vector of finite zeros of G. Robust
algorithms exist for computing the zeros of LTI systems
([20], for example). By definition of the MPZ model,
the finite zeros of G4 are required to be at the locations
given by the vector:

@y = [exp(a@h)], (3)

where exp(ah) is the element-wise exponential of vector
ah.

It can be shown that the following expression
relates the state-space realization of G4 to its transfer
function, gq(z), (see [21], page 651):

 det(zI—e +bacy)+(dg—1)det(zI —e?h)
N det(zI — eAh)

9a(2) .
(4)
Now, by arbitrarily fixing dy as dgy = 1, the zero-
placement problem is converted into the problem of
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finding by and ¢y, such that the eigenvalues of matrix
[eA" — bgcq] are placed at the locations given by the
elements of vector ay. Let us also fix by, as by =
b. Now, the problem reduces to finding ¢4, such
that the eigenvalues of [e?" — byc,] are placed at ag.
This is a standard eigenvalue placement problem for
which robust algorithms exist [19,22]. Existence of the
solution for ¢y is guaranteed by controllability of the
pair {e#" b}, which is obvious due to the controllability
of the pair {A,b} and the fact that A and e?”" share
the same set of eigenvectors ([21], page 661).

Finally, in order to match the steady-state gains
of the two systems, the final vector, ¢4, and also dy are
obtained by multiplying the previous ¢4 and d; by a
gain correction factor, k4, given by:

-1
by = c(—A) 7b+ d . (5)
ca(Iy — Ag)thas +dg
Remark 1. Instead of selecting by, and then cal-
culating ¢4, one may fix ¢4, and then calculate by
accordingly. This, in fact, provides an extra flexibility
to the method which can prove useful in practice, as
it allows the designer to preserve the structure of the
discrete system, from the point of view of actuators
or sensors, respectively. In either case, the transfer
function of the discrete system remains the same.

3.2. Strictly proper system

When the relative degree of the continuous system is
not zero (i.e., when m < n), the eigenvalue assignment
of [e4" —bycq] at the locations of @4 is not meaningfule,
because dim(@4) < n. In order to resolve this problem,
Eq. (3) is replaced by:

Qg = [_1/6’ —1,--- ,—1,exp(ah)], (6)
n—m—1

where € is an arbitrarily selected, very small, positive

number. The implication is that with dy = 1 and
Eq. (4):
(z+L1)(z+1) - (z41)(z—etor) - (z—ehom)
ga(2)= Ah :
det(zI — eAh) (7)
Also, from Eq. (5):
9(s)]s=0
fy = J\8)s=0 8
T ga(2)]im ®)

(1)~ (am)
(61) e (/671)
(1 —ehPr)...(1 =)
(D1 (D (A—eher) - (1=ehen)

< 1. (9)

This implies that for the scaled discrete system,
kaga(z), it turns out that dy — kedy = kg < 1 = 0, for
small enough €, and also ¢g — kycq-

The proposed algorithm is summarized as below:

Algorithm 1. (shift form)

Set Ay := Al

Set by := b.

If n =m, set dg := 1, otherwise set dq = 0.

Find the vector @ as in Eq. (2).

A e

If n = m, set the vector @, as in Eq. (3), otherwise

as in Eq. (6).

6. Find ¢4 such that the eigenvalues of Ay — bycy are
assigned at ay.

7. Set cq := kqcq, and dg := kqdg where kg is given by

Eq. (5).

In order to make the discrete representation of the
model more similar to its continuous counterpart, and
for better numerical properties when A is too small, one
may prefer to use the § operator, where 6 = %, and ¢
is the common shift operator. Clearly, the é-operator is
intuitively closer to a continuous-time derivative than
the common ¢ operator [23,24]. That is, we may
want to consider the discrete state-space system in the
following form:

dx[kh] = Asx[kh] + bsu[kh],
ylkh] = csx[kh] + dsu[kh]. (10)

The state-space algorithm for this case can be formu-
lated as below:

Algorithm 2. (6 form)
1. Set As := (e —1I)/h.
2. Set bs :=b.

3. If n = m, set ds := 1, otherwise set ds = 0 (by
Remark 1).

4. Find the vector @ as in Eq. (2).
If n = m, set the vector @; := [exp(ah — I)/h],
otherwise, set:
as :=[-1/¢,=1/h,--- ,—1/h,exp(ah — I)/h].
—_— —
6. Find cs such that the eigenvalues of As — bscs are
assigned at @s.
7. For a very low arbitrary frequencey, ¢, find ks from

the following:

c(el —A)"b+d
ks = . 11
87 cslel — Ag)~Tb+ ds (11)
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8. Set Cs 1= k§C5, and d5 = kgdg.

The following lemma characterizes a connection
between the continuous and discrete realizations for
small sampling periods.

Lemma 1. The discrete realization obtained by the
MPZ algorithm (in é form) converges to its original
counterpart, when the sampling period is decreased,
ie.:

1. limh_,o A§ — A;
2. limp_g cs — ¢

3. limh_@ d,g —d.

Proof

1. Obvious, because As = (e“h — I)/h;

2. By noting that bs = b, and due to the uniqueness of
the solution to the eigenvalue assignment problem
in Item 6 of Algorithm 2, based on which, cs is
obtained;

3. Due to Items 1 and 2 above, and Eq. (11), which
implies that lim,_.o ks — d and, hence, ds — d. O

4, Time domain properties

Consider the general sampled-data set up shown in
Figure 1, with G being a LTI asymptotically stable
system, and G5 the MPZ discrete-time model of G.
Here, S and H are synchronized ideal sampling and
zero-order hold operators, respectively, and W is a
finite-dimensional, linear and time-invariant, stable
and strictly causal prefilter. As shown in the figure, A
is the discretization error operator. In the sequel, ||.||oo
denotes the £ norm of a signal and ||.|z~ denotes
the £ induced norm of an operator acting on £
signals.

Inclusion of W in this setup provides a sufficient
condition for ||(I — HS)W||z» to be finite for every
1 < p < o0, and, furthermore, (I — HS)W converges
to zero as h tends to zero in the sense of these norms
(by Theorem 9.3.3 in [1]).

u(t) w(t)

v
* c:

Figure 1. Discretization error in a sampled-data setting.

A

In this study, we will mostly utilize the lifting tech-
nique for comparing the time response of a continuous-
time system with its discretized counterpart. In a
broad sense, the lifting technique is a method for
rearranging a continuous-time periodic system, in such
a way that its periodicity can be viewed as discrete-
time shift invariance [4].

We will limit our discussion to the case of bounded
continuous-time signal space, £[0, 00).

We also define {y~[g ) to be the space of all
sequences that take their values in the Banach space
L£°[0,h]. Next, we define ﬁzow[ovh] as the subspace of
bounded sequences in {ze<[g 4]-

We will use the notation Lj : L®[0,00) —
Lr~[0,n) to denote the norm preserving lifting operator.
Suppose G is a stable linear continuous-time operator:
L]0, 00) — L]0, 00). The lifted version of G, noted
as (@, is the linear discrete-time system acting on
leo,n]y 1€y Gt lgoeqon) — losfo,n)-

Considering the norm preserving property of the
lifting operator, we will convert the setup of Figure 1
into an equivalent setup, as shown in Figure 2.

For the linear continuous-time system, G:
{A,B,C, D}, it can be shown [1] that the lifted system
is given by G: {4, B,C, D}, where:

A Ax = eAhx,

5+

h
: Bu, :/ "= Bu, (r)dr,
0

I

S (Cx)(t) = Ceta,

D : (Duy,)(t) = Duy(t) + /Ot CeA(tT)Buk(T)dT.(m)

The kth component of the lifted output of the lifted
system is given by [1]:

k—1
Jlkh +1] = [@k—l—lgw[kh 1]

Figure 2. Equivalent discretization problem in a lifted
setting.
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where:
0<t<h. (13)

Now, consider the discretized MPZ model, G4. In order
to make the discrete-time behavior of the MPZ model
comparable with its continuous counterpart, we prefer
to use the § operator. Using the results specified in
Algorithm 2, the discrete-time output of G4, for a given
input w[kh], can be written as:

k—1

yalkh] = [es(hAs+ 1)~ (hbs)w(lh)]

=0
+ dsw(kh). (14)

If yqlkh] is passed through a zero order hold element,
the output would be a staircase (semi) continuous
signal, which, in lifted form, can be represented as:

k—1
ylkh + 1 = [(cs)(hAs + )" =" h(bs)w(ih]]

=0

+ (ds)w[kh], (0 <t < h). (15)
Consider the setup of Figure 1, and a bounded contin-
uous input, u(t) € £>*. Define w[kh + 7] as the kth
component of the discrete vector obtained by lifting
of w(t). Also, define éwlkh + 7] as the deviation of
wlkh + 7] from its staircase equivalent, i.e.:

wlkh + 7] = wlkh] + dwlkh + 7],

0<r<h (16)
Clearly:
flLimO owlkh + 7] = 0. (17)

Lemma 2. Let us define the kth component of the

lifted error signal as:
e[kh +t] £ glkh + t] — y[kh + 1],
0<t<h. (18)

Under the above assumptions, the following property
holds:

lelkh + 1l

loo 1
0 T+ Al (19

Proof (This proof closely follows the method of [25],

which is partially motivated by [26].) Since the lifting
operator, Ly, is norm preserving, we will work with
the equivalent discretization problem in a lifted setting
(Figure 2). Using Egs. (13) and (15), the lifted outputs
of G and HG ;S can be, respectively, written as:

k—1 h

Jlkh—+t] :Z{ceAt(eAh)k_l_l/eA(h_S)bw[lh—l-s]ds

1=0 0
+/ceA<’f Dbwlkh + s]ds + dw[kh + 1],
0

(0 <t <h),

k—1
ylkh+t]=Y  [(c+6c)(h(A+8A)+I)F 1 'h(b)wlh]]
=0

+ (d + bd)w[kh],
(0<t<h),

where {6A, 6c,6d} — 0, when h — 0, by Lemma 1.
With repeated use of the triangle inequality, and
also, addition/subtraction of terms to allow suitable
factorizations, it is tedious yet straightforward to show
that the £°° norm of the error is:

A~ _ t
N9kh + 1] = ylkh + Ol _ /’%Asb‘ds
lw[kh + ]| tefo,h) | Jo
| 6w[kh + t]]|
1 T e s
Nt a1

b) — c(h(A+ 6A) + I)'h(b)|

+oo
+ Z ’c(eAh !
1=0

+|6c(h(A + 6A) + 1) h(b)|

ds

h
+/ |C(€At _ I)(eAh)leAsb
0

c(eh)! (/h e?bds — h(b)) |

" c(eAhYleAs SM
+/0 |e(e™") e*0| d ||w[kh+t]||oo”. (20)

Now, we need to prove that every term in the above
equation converges to zero, when h — 0. Since G is
asymptotically stable, all the eigenvalues of A are in
the open left half of the s plane, hence, foh eAsds < h
by the mean-value theorem. Also, all the eigenvalues of

+
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e" belong to the open unit circle in the z plane and,

+ oo
hence, h 3 ||e4"!| is finite. Therefore:
=0

max /‘ceAsb ds »<|||l /HeAs
tE[0,h)

As mentioned before, W provides a sufficient condition
for ||[(I — HS)W||z» to be finite for every 1 < p <
00, and, furthermore, (I — HS)W converges to zero
as h tends to zero in the sense of these norms. The
implication is that:

ds | |1b)|“=2 .

sup l|dw[kh + ]|
lwikhtdl 20 lw[kh +]|

(L = HS)wlkh + 1|

= sup

[ w[kh44]|| 0 lwlkh + ]|
_ ||(I_ HS)WUHOO h—0
= sup —_—

Wl .. #0 Wull,,

Therefore:

d lbw[kh+t]| .
te[o h

Jwlkh + ]|, lwlkh + 4l
Also:
mac {]6d]} = Jod] == =00
telo
and:

+oo h
max {Z (et — I)(eAh)leASb|ds}

te[0,h) = /o

< lell e = 1 (Z IleA’”ll) hbll =20

=0

h
s {Z|c Ahyl (/0 eAdes—h(b)>|}

< le| (Z HeA’“H) Inb — h(b)| = 0,

{(f/| Awsmd)ll"w”uw}

<l (Z || A“||> bl "””” 0.

B: Mechanical Engineering 20 (2013) 1193-1201

B {Z efe

—c(h(A+8A) + I)lh(b)|}

+ oo
< e (Z e — (h(A+84) + I)l||> Al
=0

h—0
— 0,

+oo
max {Z |6e(h(A+ 6A) + I)lh(b)|}

tE[O,h) =0

+oo
<||6¢]| (Z||(h(A+6A)+I)’||) Aol =2 0.
=0

Now, since for all ¢ € [0, h), all the individual terms in
Eq. (20) approach zero when h — 0, the desired result
is proven.

Taking the stability of G and G4, the continuous
error signal, e(t) € £>[0,00), and its lifted version,
e € lr~jo,n), is defined as a sequence with values in
L0, h], denoted by{e}, where for each k, we have:

e(k) £ e[kh+1t], 0<t<h. (21)
Furthermore:
{ex}l o = sup llexll o » {ex} € le~pony-  (22)

Considering the norm preserving property of the lifting
operator, it can be deduced that:

limn fle(1)]0 = 0. (23)

Now, since u(t) € £ is arbitrary, then the following
holds:

hm ||AW||£OO—11I% sup {||||e||||°°:u(t)6./$°°}—>0.
h=0]jullz0 LlIU]loo (24)

This property is of practical importance when an ana-
log system is implemented digitally, because it assures
that a better performance can be attained by using a
smaller sampling period. It is interesting to note that
not all of the modern digital redesign methods provide
such a practically important property; for instance, see
the method in [27] and examples thereof. O

Example 1. With A = 0.01 sec, find the MPZ
discrete-time model of the continuous-time system:

|-—3 —0.5 —0.125—| . I-ﬂ

S R T R | N
=[0 01818 0909, d=0. (26)

We follow the steps described in Algorithm 2:
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Step 1:
As = (e —I)/h
—2.9751 —-0.4938 —-0.1231
= | 7.8807 —0.0198 —0.005
0.0792 1.9999 0 (27)
Step 2: Set bs = b;
Step 3: Set ds = 0, because of the nonzero relative

degree of the system;
Step 4: @ = [-11,-1];
Step 5: @ = [—1000, —10.9397, —0.9995];
Step 6: ¢s = [11.9349,997.0048, 497.7565];
Step 7: ks = 1.8267e — 004;
Step 8: Set new ¢s := kscs = [0.0022,0.1821,0.0909].
Resemblance between the discrete state-space re-
alization {4s,bs,cs5,ds} and the original continuous
counterpart {A, b, ¢, d} is obvious from the above which

shows the advantage of the proposed algorithm com-
pared with the transfer function approach.

Example 2. Consider the RLC network shown in
Figure 3. Tt can be shown that the following realization
describes the dynamical behavior of this system:

Z'l _ -3 1 1 2
=00 AR L
— L1
y=[0 1] M .
It can be easily seen that this system is unobservable,
therefore, the algorithm proposed in [18] is not applica-
ble. The MPZ model of this system using Algorithm 1
1H
T
— 0 +

20 10

- N

N
|
vV

Figure 3. An unobservable RLC network.

1199
can be obtained for h = 0.1 sec, as below:
z1(k+1)] [0.7408 0.0820] [x1 (k) n 20.2 u(k)
zo(k+1)|" | O 0.9048 | | z2(k) 0.1 ’

y=1[0 1] BEEZ;} .

It should be noted that, unlike the ¢ form, the
realization in the shift form lacks the proprty of
resemblance between the discrete and continuous state-
space matrices. Another point is that, in this example,
use was made of Remark 1 to preserve ¢4 instead of by,
so that the sensor connection of the realization could
be preserved.

Example 3. Consider the following continuous sys-
tem:

o(s) = ——

s24+s+1°

In order to study the effect of the sampling period
on the continuous-time performance of the discretized
system, a range of sampling period h = {0.1,0.2,---1}
is considered. The input signal is considered as a unit
step function, w(t) = 1(¢), which has the property
u(t) € L£*[0,00). In order to guarantee uniform
convergence a strictly causal prefilter is selected:

1

W) =551

Table 1 shows the values of continuous-time error
signal ||e(t)||o over the range of pre-specified sampling
periods. Uniform convergence of the error norm can be
observed in the table.

5. Concluding remarks

A new state-space algorithm is introduced for the
matched pole/zero discretization technique. Unlike
previously existing methods, the new algorithm is
not limited to any specific realization form and can
be automated by existing software packages. The
robustness properties of the algorithm have been im-
proved considerably, compared with the algorithm
in [18], and does not include the inversion of ill-
conditioned matrices that are usually encountered with
high order systems and with very small sampling
periods.

It is also shown in this paper that the continuous-
time response of the discretized system converges to

Table 1. Norm of the error signal versus sampling perio. Uniform convergence is shown here.

h 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 0.9 1

lle(t)|loo 0.025 0.054 017 0.25

0.33 0.38 044 047 0.63 0.68
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that of the original continuous system in the L£°-
induced norm sense. This means that the maximum
difference in the time responses of the continuous and
discretized systems, subject to any low-pass filtered
and bounded continuous-time signal, approaches zero,
when the sampling period is decreased. This property
is of considerable practical importance, because it
assures the designer that by reducing the sampling
period, the resulting discretization error is reduced
as well. It can be shown that most of the classical
discretization techniques enjoy such a useful property,
while there are some advanced (global) discretiza-
tion methods which lack such a property. In other
words, while, for a fixed h, the performance of most
global methods could be better than that of the
local discretization methods, they may not provide
the practically important assurance of improvement
in performance when the sampling period is reduced.
The method is limited to the SISO case. Extension
to the MIMO case is not obvious and is left for future
work.
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