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Contact Time Study of Electrostatically
Actuated Microsystems
M. Moghimi Zand1 , B. Rashidian2 and M.T. Ahmadian1;
Abstract. This paper presents a model to analyze contact phenomenon in microsystems actuated by
ramp voltages, which has applications in frequency sweeping. First-order shear deformation theory is
used to model dynamical system using nite element method, while nite di erence method is applied to
model squeeze lm damping. The model is validated by static pull-in results. The presented hybrid FEMFDM model is utilized to compute values of contact time and dynamic behavior. Considering this model,
e ects of di erent geometrical and mechanical parameters on contact time are studied. The in uence of
imposing the additional reverse voltage on dynamic characteristics of the system is also investigated. It is
shown that magnitude and position of applying the reverse voltage is very important in preventing pull-in
instability.
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INTRODUCTION
Electrostatic actuation is of interest for many applications. However, its nonlinear gain is an obstacle in
the computational process. Electrostatically actuated
microelectromechanical systems include a large group
of devices such as acoustic resonators, RF switches
and pressure sensors. One of the most important
e ects considered in designing electrostatically actuated MEMS is static pull-in instability. Static pullin occurs by increasing the actuation voltage. If the
applied voltage reaches a critical value or beyond, there
will be no stable equilibrium in the system. This
critical value is called the static pull-in voltage (Vpi )
and this phenomenon is called static pull-in instability.
Several investigations have been performed on pull-in
instability. Osterberg has studied microstructures with
circular and rectangular shapes [1]. He has achieved
several closed-form models for the static pull-in phenomena in these systems and has veri ed these models
experimentally. In another study, Abdalla et al. have
considered the e ect of dimensions on the static pull-in
voltages of microbeams [2]. Rong et al. have presented
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an analytical model to study the static pull-in phenomenon of multi-layer beams using energy method [3].
Damping in microstructures is also extensively studied
and reported in literature. Nayfeh and Younis have
presented an approach to model squeeze lm damping
as an important source of extrinsic damping [4]. Younis also has modeled microstructures, considering the
thermoelastic e ect as an intrinsic damping [5].
When the rate of voltage variation is not negligible, the e ect of inertia has to be considered. The pullin instability related to this situation is called dynamic
pull-in instability and the critical value of voltage, corresponding to the dynamic instability, is referred to as
a dynamic pull-in voltage (Vpid ) [6]. The dynamic behavior of microsystems has been investigated by several
researchers. Krylov and Maimon have studied pull-in
dynamics of an elastic beam actuated by electrostatic
force using the Galerkin procedure to model nonlinear
squeezed lm damping, and rotational inertia of a mass
carried by the beam [6]. Nielson and Barbastathis have
performed an analysis of the dynamic characteristics
of pull-in for parallel-plate and torsional electrostatic
actuators using an energy-based solution for step voltages required for pull-in [7]. Rocha et al. have analyzed
dynamics of the pull-in displacement for a metastable
transient interval using a lumped model [8]. In some
researches, e ect of ambient pressure on dynamic pullin and its applications have been studied. Nijhuis
et al. have subjected the dependence of the pull-in
time on ambient gas pressure [9]. In another study,
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Gupta and Senturia have proposed a pressure sensor
based on the pull-in time [10]. McCarthy et al. have
used a time-transient nite di erence analysis to model
the dynamic behavior of two di erent electrostatically
actuated micro switch con gurations. They have used
Euler-Bernoulli beam theory with considering squeeze
lm damping between the switch and substrate [11].
Hung and Senturia have considered a reduced-order
model to investigate the behavior of electrically actuated microbeams, accounting for linear and nonlinear
elastic restoring forces [12]. Dynamic behavior of
electrostatically-actuated micro/nano structures have
also been studied in [13-17].
Most of the studies on microstructures have been
performed using step-input and harmonic actuations.
However, other actuation shapes also have application
in microstructures. Ramp-input actuation has applications in frequency sweeping and contact time study of
RF-MEMS. Contact time is de ned as the time taken
by a microstructure to move from the initial position
to the position where the deformable plate contacts the
substrate plate.
In the present paper, contact time study of
microstructures is performed. Initially, the static pullin instability of multi- and single-layer microplates are
studied. The approach utilizes First-order Shear Deformation Theory (FSDT) of multi-layer plates coupled
with nonlinear electrostatic actuation and Reynolds
equation. The static pull-in results have been compared with those known from literature to verify the
model. Contact time variations for ramp-input voltages are also investigated. E ects of di erent system
parameters on contact time are analyzed. Finally,
e ect of applying the additional reverse voltage on
contact time is also considered.

FORMULATION AND SOLUTION
ALGORITHM
Finite Element Model (FEM) of the Plate
In an n-layer prismatic microplate, there are one
conductive and some dielectric layers (Figure 1a).
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A xed planar electrode underlies the plate as a
substrate. The multi-layer microplate is deformable
while the substrate plate is rigid. When a voltage
applied between the microplate conductive layer and
the substrate plate, an attractive electrostatic force
causes the microplate to deform. The length of the
plate is l, the width is b, the density of the ith layer is
i , the thickness of the ith layer is hi , the plate total
thickness is h, the relative permittivity of the ith layer
is "ri , the air permittivity is "0 and the air initial gap
is dgap . x and y are in-plane coordinates, z is the
coordinate along thickness, t is the time, Ii are the
mass moments of inertia (i = 1; 2; 3), 'x ('y ) are the
rotations of a transverse normal about y-axis (x-axis),
N^ij are in-plane applied forces (i; j = x; y) and N^ijk are
in-plane applied forces in each layer (k = 1;    ; n) and
k is the stress in each layer due to N^ijk . Finally u0 ,
v0 and w0 are the midplane displacements along x-, yand z -axes respectively and V is the applied voltage.
In the electrostatic actuated MEMS, the basic
system is a parallel-plate capacitor. For a single-layer
microplate, the capacitance formed by the part of the
plate with the surface of dx  dy and the xed substrate
plate is:
"0 dxdy
dCs =
:
(1)
dgap w0 (x; y)
Using Equation 1, in a single-layer microplate, the
electrostatic force per unit area takes the following
form:
1
"0 V 2
qes =
:
(2)
2 (dgap w0 (x; y))2
For a multi-layer microplate, the capacitance formed by
the part of a multi-layer microplate with the surface of
dx  dy and the ground is expressed as [3]:
" dxdy
dCm =  0
;
(3)
dgap w0 (x; y)
where:
dgap = dgap +

nd
X
i=1

hi ="ri :

(4)

dgap is called the e ective gap [3]. Here nd is the

Figure 1. (a) The side view of multi-layer microplate with double-clamped boundary conditions. (b) The numbering of
nodes in a nine-node element.
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number of layers, which are underneath the conductive
layer.
Using Equations 2 and 3 for a multi-layer microplate, the electrostatic force per unit area can be
written as:
qem =

1
"0 V 2
:
2 (dgap w0 (x; y))2

(5)

The squeeze lm damping occurs because of the massive movement of the uid underneath the plate [5].
The e ect of squeeze lm damping can be modeled by
compressible (nonlinear) Reynolds equation as:
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where P and  are the total pressure and the e ective
viscosity of the uid, respectively [18]. Considering
Equations 5 and 6, assuming First-order Shear Deformation Theory (FSDT) and using the dynamic version
of the principle of virtual displacements, one gets [19]:
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(8)

The pressure boundary conditions are expressed as:
@P
@P
(0; y; t) = 0;
(l; y; t) = 0;
@x
@x
P (x; 0; t) = P0 ;

P (x; b; t) = P0 ;

(9)

where Nij , Mij , Qj , P , P0 and nd are in-plane
force resultants, moment resultants, transverse force
resultants, total pressure, ambient pressure and number of layers placed underneath the conductive layer
respectively. Nij , Mij and Qj are de ned in the Appendix. Using equivalent single-layer theories to model
multi-layer plates, multiplying equations of motion by
u0 , v0 , w0 , 'x and 'y and integrating by parts
over the domain, results in the weakened expressions.
Assuming quadratic Lagrange interpolation functions
in element coordinates ( , ), the semi-discrete linear
nite element model is obtained as [19]:
 e g = fFe g;
(fKe g + fGe g)fWe g + fMe gfW
(10)
where fKe g, fGe g, fWe g, fFe g and fMe g are sti ness,
in-plane force, de ection, force and mass matrices,
which have been presented by Reddy [19]. The electrostatic and pressure terms are involved in vector fFe g.
The nite element model of the total problem is found
by assembling the equations of various elements. The
numbering of nodes in the local coordinates is presented
in Figure 1b. It should be noted that the numerical
integration over the length of an arbitrary element is
performed using Gaussian quadrature method.

@ 2 w0
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@t2

x :

u0 (0; y; t) = v0 (0; y; t) = w0 (0; y; t) = 'x (0; y; t)

Finite Di erence Model (FDM) for Squeeze
Film Damping
To consider the e ect of squeeze lm damping, Equation 6 can be rewritten as [19]:
(dgap


(7)

The structural boundary conditions for doubleclamped microplates are expressed as:

w0 )3

 2 2 
@ (P )

@x2

+ (dgap

w0 )3

 2 2 
@ (P )

+ 3(dgap

w0 )2

@
(d
@x gap

w0 )

@ (P 2 )
@x

+ 3(dgap

w0 )2

@
(d
@y gap

w0 )

@ (P 2 )
@y

@P
w0 )
@t

@w
P 0 :
@t



= 24 (dgap



@y2

(11)

Contact Time Study of Electrostatically Actuated MEMS
Discretizing Equation 11 results in [19]:
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Therefore, using Equation 12, values of pressure in each
time step for all nodes can be found as [19]:
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where i and j denotes the nodes in x- and y-directions,
respectively. For the clamped sides of the plate, the
boundary conditions of the pressure problem are zero
ux, while free sides have the boundary conditions
of zero dynamic pressure. Using these boundary
conditions for edges and Equation 13 for internal nodes,
values of pressure for all points can be obtained in each
time step.
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Dynamic Analysis Using Hybrid FEM-FDM
Model
When the rate of voltage variation is not negligible,
e ect of Inertia should be considered. Therefore,
Equation 10 is used to model the system dynamic
behavior. The fully discretized form of the total
problem is obtained using Newmark time discretization [19]. It is noteworthy that due to the nonlinearity of the problem, the direct iteration method is
utilized to nd de ections in each time step. The
iteration process in each time step is continued until
the convergence criteria of de ections are satis ed.
Using de ections of the current step and de ections
and pressures of the previous step, pressures of the
current step can be calculated using nite di erence
method.

SIMULATION AND DISCUSSION
Model Validation by Static Pull-in Analysis of
Multi-Layer Microplates
Calculating static pull-in voltages is essential in design
process to analyze sensitivity, frequency response and
dynamic range of the system [20]. Besides, this
phenomenon can be utilized to validate new models. To
calculate static pull-in voltages, e ects of damping and
inertia in Equation 10 are ignored. A computer code is
utilized to calculate static pull-in voltages. This code
is faster and requires less memory than commercially
available nite element codes. This is due to the fact
that the e ect of squeeze lm damping is considered by
using a stable nite di erence model instead of using a
nite element model. Consequently, the matrices and
vectors of the microplate are very smaller. In fact,
one of the main advantages of using the hybrid FEMFED model is reduction of the matrices and vectors,
as discussed in [21]. Using this code, values of Vpi
for 2-layer microplates are presented in Figures 2a and
2b [20]. In these microplates, the dielectric layers are
Si3 N4 and the conductive layers are gold. Ei and i are
Young's modulus and density of each layer respectively.
As seen in Figures 2a and 2b, values of static pull-in
voltage (Vpi ) are in good agreement with those reported
by Rong et al. [3]. It can be concluded that the method
is able to calculate static pull-in voltages of multi-layer
plates correctly.

Contact Time Study of Single- and
Multi-Layer Microplates
Step-Input Voltage

Using the described method in the previous sections,
the diagrams of dynamic de ection versus time for
various voltages can be plotted. First, consider a
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Figure 3. Contact time versus forward voltage for a

multi-layer microplate with ramp voltage actuation.
b = 50 m, h1 = 3 m, h2 = 0:5 m, dgap = 1 m,
E1 = 250 GPa, E2 = 53 GPa, 1 = 0, 2 = 0, "r1 = 8,
1 = 3100 kg/m3 , 2 = 19300 kg/m3 , Vpid = 78:1 Volt
(undamped).

Figure 2. (a) Pull-in voltage versus thickness of Si3 N4

layer [20]; l = 500 m, b = 50 m, h2 = 0:5 m,
dgap = 1 m, E1 = 250 GPa, E2 = 53 GPa,
1 = 500 MPa, 2 = 12 MPa, "r1 = 8. (b) Pull-in voltage
versus length of the plate [20]; b = 50 m, h1 = 1 m,
h2 = 0:5 m, dgap = 1 m, E1 = 250 GPa, E2 = 53 GPa,
1 = 500 MPa, 2 = 12 MPa and "r1 = 8.

microplate actuated by a step-input voltage. In
Figure 3, diagram of contact time versus voltage for
various ambient pressures is shown. The doubleclamped microplate consists of two layers: The upper
layer is gold and the bottom layer is Si3 N4 . Note that
the actuation voltages are all beyond the dynamic pullin voltage (undamped Vpid = 78:1 V). Figure 3 shows
that for a constant ambient pressure, an increase in
the actuation voltage leads to a decrease in the contact
time. Another parameter, which in uences contact
time, is the ambient pressure. As seen in Figure 3,
increasing the ambient pressure, results in increasing
the contact time.

Figure 4. Contact time versus length of the plate for

single-layer microplates with di erent rate of voltage
variation actuated by ramp voltage. b = 50 m,
h1 = 3 m, h2 = 0:5 m, dgap = 1 m, E1 = 250 GPa,
E2 = 53 GPa, 1 = 0, 2 = 0, "r1 = 8, 1 = 3100 kg/m3 ,
2 = 19300 kg/m3 , P0 = 0 bar (undamped system).

Ramp-Input Voltage

Now, let us consider microplates actuated by rampinput voltages. In Figure 4, diagram of contact time
versus length for various values of voltage rate is
shown. As it can be seen in this gure, for a constant
voltage rate (Vf ), by increasing the length of the
plate, the contact time decreases. Such behavior is
reasonable because longer plates have less sti ness.
Nevertheless, increasing the width of the plates causes
no signi cant variations in contact time. It is also
useful to consider the variations of contact Time versus
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voltage rate. This diagram is depicted in Figure 5 for
two plate lengths. Interestingly, the curves for di erent
lengths converge to each other by increasing the voltage
rate.
In Figure 6, diagram of contact time versus dgap
for various values of voltage rate is shown. This
diagram is depicted for a single-layer double-clamped
plate, actuated by a ramp voltage. It can be seen
that for a constant voltage rate, by increasing the air
gap, contact time increases due to a decrease in the
electrostatic force, and by increasing the rate of voltage
results in decreasing the contact time.

Figure 7. Contact time versus elastic modulus for

single-layer microplates actuated by ramp-input voltage.
l = 250 m, b = 50 m, h1 = 2:5 m, dgap = 1 m,
E  = 149 GPa, 1 = 0, "r1 = 8, 1 = 2330 kg/m3 ,
P0 = 0 bar (undamped system).

Figure 5. Contact time versus rate of voltage variation

for single-layer microplates with ramp voltage actuation
and two di erent lengths. b = 50 m, h1 = 3 m,
h2 = 0:5 m, dgap = 1 m, E1 = 250 GPa, E2 = 53 GPa,
1 = 0, 2 = 0, "r1 = 8, 1 = 3100 kg/m3 ,
2 = 19300 kg/m3 , P0 = 0 bar (undamped system).

Figure 6. Contact time versus air gap for single-layer

microplates with ramp voltage actuation and two di erent
rate of voltage variation. l = 250 m, b = 50 m,
h1 = 2:5 m, dgap = 1 m, E1 = 149 GPa, 1 = 0, "r1 = 8,
1 = 2330 kg/m3 , P0 = 0 bar (undamped system).

Elastic modulus is another characteristic which
has an important e ect on the behavior of microplates.
In Figure 7, diagram of contact time versus normalized elastic modulus for a single-layer microplate is
illustrated. It was predictable that due to the linear
relationship between plate sti ness and elastic modulus
of the plate, there is a linear relationship between
contact time and elastic modulus of the plate. This is
also true for a multi-layer microplate, considering the
equivalent elastic modulus, instead of elastic modulus
of each layer.
In addition to the mechanical and geometrical
properties, dynamic behavior of microplates depends
on the type of input voltage. For the ramp-input
voltage, the ratio of voltage rate over dgap is an
important parameter. In Figure 8, a comparison is
performed between two cases with equal ratio of voltage
rate over dgap : one of them with the air gap of 0.6
m and the voltage rate of 10 MV/sec and the other
with the air gap of 1.2 m and the voltage rate of
20 MV/sec. In Figure 8a, the midpoint de ection
versus time is depicted, while in Figure 8b, normalized
de ection versus normalized time is illustrated. For
normalizing de ection and time, air gap (dgap ) and
contact time (Tcontact ) are used, respectively. It
can be concluded from these gures that microplates
with equal ratio of voltage rate over air gap show
similar behavior. In Figure 8a, it is clear that the
curve under the contact point for microsystem with
the air gap of 0.6 m does not have any physical
meaning.

Reverse Ramp-Input Voltage

By applying a constant forward ramp voltage (Vf ), the
occurrence of contact is inevitable. In order to avoid
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Figure 9. De ection versus time and voltage versus time.

l = 250 m, b = 50 m, h1 = 2:5 m, dgap = 1 m,
E  = 149 GPa, 1 = 0, 1 = 2330 kg/m3 ,
Vf = 25 MV/sec, Vr = 25 MV/sec and P0 = 0 bar
(undamped system).

Figure 8. (a) De ection versus time. (b) Normalized

de ection versus normalized time for single-layer
microplates with ramp voltage actuation. b = 50 m,
h1 = 3 m, h2 = 0:5 m, dgap = 1 m, E1 = 250 GPa,
E2 = 53 GPa, 1 = 0, 2 = 0, "r1 = 8, 1 = 3100 kg/m3 ,
2 = 19300 kg/m3 , P0 = 0 bar (undamped system).

the contact, a reverse ramp voltage (Vr ) can be applied.
The reverse ramp voltage is applied when the midpoint
de ection is dr . The magnitude of the reverse voltage
and the position at which the reverse voltage is applied
is very important in avoiding contact. As an example,
for a 2-layer microplate, diagram of de ection and
voltage versus time is presented in Figure 9. As seen
in this gure, the reverse ramp voltage is applied when
the midpoint de ection reaches 0.5 dgap (i.e. dr = 0:5
dgap ).
In Figure 10, diagram of contact time versus
rate of reverse voltage is presented. In this analysis,
the reverse voltage is applied when midpoint reaches
0.5 dgap (i.e. dr = 0:5 dgap ). From the gure, it
should be noted that increasing the rate of reverse
voltage results in increasing the slope of the curve.

Figure 10. Contact time versus rate of reverse voltage for

single-layer microplates actuated by ramp input voltage.
l = 250 m, b = 50 m, h1 = 2:5 m, dgap = 1 m,
E  = 149 GPa, 1 = 0, 1 = 2330 kg/m3 ,
Vf = 25 MV/sec, dr = 0:5 dgap , P0 = 0 bar (undamped
system).

The contact time approaches in nity for large rate
of reverse voltage, which means that contact between
plates can be prevented in the system. In Figure 11,
diagram of contact time versus dr is depicted. As
seen by decreasing dr (i.e. the position at which the
reverse voltage is imposed), the contact time increases
monotonically.
It should be noted that when reverse voltage is
imposed later in time (i.e. the deformable plate is
closer to the substrate), preventing the contact is more
complicated and applying reverse voltages with higher
rates are required. Considering the limitations of the
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where Nij , Mij and Qi are in-plane force resultants,
moment resultants and transverse force resultants,
respectively. By replacing the values of stresses in
Equation A2, one gets [19]:
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In each layer, the stress-strain relations in the laminate
coordinates can be written as [19]:
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here K is the shear correction coecient.

(A6)

Contact Time Study of Electrostatically Actuated MEMS

BIOGRAPHIES
Mahdi Moghimi Zand received his BS (with the

highest honor) in Mechanical Engineering from Isfahan
University of Technology in 2004. He also received his
MS and PhD (with the highest honor) in Mechanical
Engineering from Sharif University of Technology in
2005 and 2008, respectively. He has won a number of
academic awards and scholarships including the PhD
fellowship of the Iranian National Elite Foundation.
His active elds of research are Nonlinear Vibrations,
Computational Mechanics and MEMS.

Bizhan Rashidian received his B.S. and M.S. (with
the highest honor), both in Electrical Engineering, from
University of Tehran in 1986 and 1988, respectively.

357
He received his Ph.D. in 1993 from Georgia
Institute of Technology. He has been a Professor at
the School of Electrical Engineering, Sharif University
of Technology since 2003 where he joined in 1993 as
assistant professor.
His active elds of research are Nanophotonics,
Nanoelectronics, and MEMS.

Mohammad Taghi Ahmadian Graduated from

University of Kansas with a Ph.D. degree in physics in
1980, and Ph.D. degree in Mechanical Engineering in
1986. He served as assistant professor in the University
of Missouri and University of Kansas from 1985-1988.
Professor Ahmadian has been a member of the
faculty in the School of Mechanical Engineering at
Sharif University since 1989.

