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Improvements to the Mathematical
Model of Acoustic Wave Scattering

from Transversely Isotropic Cylinders

S. Sodagar1 and F. Honarvar1;�

Abstract. This paper considers the scattering of an in�nite plane acoustic wave from a long immersed,
solid, transversely isotropic cylinder. The mathematical model which has already been developed for this
problem does not work in the case of a normally incident wave. Modi�cations to the mathematical model
are proposed in order to make it applicable to all incidence angles, including � = 0. Numerical results are
used to demonstrate the correctness of the modi�ed equations. Moreover, using a mathematical discussion,
it is shown that at normal incidence, the whole displacement �eld is constrained within the isotropic plane
of the cylinder (cylinder cross section) and only the two elastic constants characterizing this plane appear
in the remaining equations. A perturbation study on the �ve elastic constants of the transversely isotropic
cylinder con�rms this result.
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INTRODUCTION

Circular components such as cylinders, rods, pipes,
and tubes are widely used in oil, gas, petrochemical,
transportation and power industries. The nonde-
structive evaluation of cylindrical components has re-
ceived much attention in recent years. Among various
techniques used for characterizing material properties
and detecting defects, ultrasonic techniques are the
most widely used. When the immersion ultrasonic
technique is employed for material characterization, a
theoretical model of acoustic scattering (or re
ection)
from the sample is needed for a quantitative evalu-
ation [1]. Most previous studies are concerned with
isotropic cylinders. However, many engineering com-
ponents have anisotropically embedded reinforcements
or unintended anisotropy produced during manufactur-
ing processes. Examples are axially �ber-reinforced
composite rods manufactured by the extrusion pro-
cesses.

Resonance Acoustic Spectroscopy (RAS) is the
study of resonance e�ects present in re
ected acoustic
echoes from an elastic target. These resonance e�ects
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are caused by the excitation of eigenvibrations of
the target by an incident acoustic wave. RAS and
other acoustic scattering techniques have been used
for nondestructive evaluation of materials, material
characterization and remote classi�cation of submerged
targets [2-4].

The interest in acoustic wave scattering from solid
obstacles dates back to the time of Lord Rayleigh [5].
Early studies of wave scattering from solid elastic
cylinders, conducted by Faran [6], dealt with normally
incident compression waves incident on a submerged in-
�nite homogeneous elastic isotropic rod. The more gen-
eral problem of the scattering of an obliquely incident
plane wave from an in�nite elastic cylinder was studied
by Flax et al. [7]. Similar problems for a cylindrical
shell were studied by Leon et al. [8] and Veksler [9].
Until a decade ago, all mathematical models developed
for acoustic wave scattering from elastic targets only
dealt with isotropic materials. The �rst mathematical
model for the scattering of plane acoustic waves from
an anisotropic cylinder was developed by Honarvar
and Sinclair in 1996 [10]. They used a normal mode
expansion method for solving the acoustic wave scat-
tering problem. The anisotropy symmetry considered
was hexagonal (transverse isotropy). An alternative
formulation, based on the same mathematical method
for this problem, was later presented by Ahmad and
Rahman [11]. These works were complemented by a
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number of other papers discussing various aspects of
this problem [12-14].

The mathematical models developed in [10,11]
have been used by many researchers in studying dif-
ferent problems dealing with the scattering of acoustic
waves from transversely isotropic cylinders. Following
the formulation presented in [10], Qian et al. [15,16]
studied the problem of the scattering of P-waves from
1-3 piezo-composite cylinders. They considered the
scattering of a longitudinal plane elastic wave incident
at arbitrary angles on a transversely isotropic piezo-
electric cylinder surrounded by a polymeric matrix
medium. Pan et al. [17] studied the acoustic �eld of a
transversely isotropic cylinder generated by a laser line
pulse in either the ablation or thermo-elastic regime. In
another study, this group considered waves generated
by a laser point source in an isotropic cylinder [18]
and used it for measurement of the elastic constants of
the cylinder [19]. They also modeled bulk and surface
acoustic waves generated in a transversely isotropic
cylinder by a laser point source [20] and used it for
sti�ness tensor measurements [21].

All the above mathematical models use analyt-
ical or semi analytical methods for solving acoustic
wave scattering problems. There are also a num-
ber of numerical methods for modeling acoustic wave
scattering problems including �nite element [22-24],
in�nite element [22], boundary element, and coupled
�nite/boundary element methods [25].

The mathematical models presented for the scat-
tering of plane acoustic waves from immersed trans-
versely isotropic cylinders in [10,11], although correct,
both su�er from a de�ciency; they cannot be used for
normally incident waves.

In this paper, we show how these mathematical
models can be modi�ed to overcome this de�ciency.
Moreover, using the derived equations, we show that
in the case of a normally incident wave, the cylinder
behaves exactly as an isotropic material and the wave
only has displacement components in the isotropic
plane (cross section) of the cylinder. The normal mode
expansion method will be used throughout this paper
for solving the acoustic wave scattering problem.

OVERVIEW OF CURRENT
FORMULATION OF THE PROBLEM

To present the proposed modi�cations, we �rst need
to review the mathematical model developed for the
scattering of a plane acoustic wave from an immersed
in�nite transversely isotropic solid elastic cylinder fol-
lowing [10]. In formulating the problem, an in�nite
plane acoustic wave of circular frequency, !, incident
at an angle, �, on an in�nite submerged transversely
isotropic cylinder, is considered (Figure 1). A cylin-
drical coordinate system (r, �, z) is chosen such that

Figure 1. In�nite plane acoustic wave obliquely incident
on a submerged in�nite transversely isotropic cylinder.

the z direction coincides with the axis of the cylinder.
The incident wave pressure, pi, at an arbitrary point,
M(r; �; z), is:

pi = p�
1X
n=0

"ninJn(k?r) cos(n�)ei(kzz�!t); (1)

where kz = k sin�, k? = k cos�, and k = !=c, c is
the compression wave velocity in the liquid medium
surrounding the cylinder, "n is the Neumann factor
("0 = 1 and "n = 2 for n > 0), p� is the incident
pressure wave amplitude, and Jn are the Bessel func-
tions of the �rst kind of order n. The scattered wave
pressure, ps, at an arbitrary point, M , is symmetrical
about � = 0 and of the following form:

ps = p�
1X
n=0

"ninAnH(1)
n (k?r) cos(n�)ei(kzz�!t); (2)

where H(1)
n are the Hankel functions of the �rst kind of

order n, and An are unknown scattering coe�cients.
A transversely isotropic material is characterized

by �ve independent elastic constants, c11, c12, c13, c33,
and c44. The general Hooke's law for a transversely
isotropic material is:8>>>>>><>>>>>>:

�rr
���
�zz
�z�
�rz
�r�

9>>>>>>=>>>>>>;
=

8>>>>>><>>>>>>:
c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 (c11�c12)=2

9>>>>>>=>>>>>>;8>>>>>><>>>>>>:
"rr
"��
"zz
"z�
"rz
"r�

9>>>>>>=>>>>>>;
;

(3)

where �ij are stress components and "ij are strain
components. In a cylindrical coordinate system, the



Wave Scattering from Transversely Isotropic Cylinders 159

equations of motion of a continuum in the absence of
body forces can be written as:
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where �c is the cylinder density and Ur, U�, Uz are
displacement components in the r, � and z directions,
respectively.

The potential function method is used for solving
this problem and the displacement vector is written in
terms of three scalar potential functions, �, � and  ,
as follows:

~u = r�+r� (�êz) + ar�r� ( êz); (7)

where a is the radius of the cylinder; a constant with
dimensions of length. The substitution of Equation 7
into Equations 4-6 gives:�r2 � @2
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Equations 8 and 9 represent the L (longitudinal) and
SV (vertically polarized shear) waves. The longitu-
dinal wave represented by �, and the SV wave repre-
sented by  are coupled. According to Equation 10, the
SH (horizontally polarized shear) wave, represented by
�, is decoupled from the other two wave types. To
solve Equations 8-10 for �,  and �, the normal mode
expansion method is used and solutions of the following
forms are assumed:

� =
1X
n=0

BnJn(sr) cosn�ei(kzz�!t); (11)

 =
1X
n=0

CnJn(sr) cosn�ei(kzz�!t); (12)

� =
1X
n=0

DnJn(sr) sinn�ei(kzz�!t): (13)

Substituting Equations 11 and 12 into 8 and 9 gives:�
a11 a12
a21 a22

� �
Bn
Cn

�
= 0; (14)

where:

a11 = �[�c11s2 � (c13 + 2c44)k2
z + �c!2]s2;

a12 =�aikz[�(c11�c13�c44)s2�c44k2
z+�c!2]s2;

a21 = ikz[�(c13 + 2c44)s2 � c33k2
z + �c!2];

a22 = as2[�(c44s2 � (c33 � c13 � c44)k2
z + �c!2]:

(15)

For a nontrivial solution, the coe�cient determinant
of Equation 14 must vanish. This yields the following
characteristic equation:

c11c44s4 � �s2 + � = 0; (16)
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where:

� = (c13 + c44)2k2
z + c11(�c!2 � c33k2

z)

+ c44(�c!2 � c44k2
z);

� = (�c!2 � c44k2
z)(�c!2 � c33k2

z): (17)

Solving Equation 16 yields two roots, s1 and s2, as
follows:

s2
1 =

� �p�2 � 4�c11c44

2c11c44
; (18)

s2
1 =

� +
p
�2 � 4�c11c44

2c11c44
: (19)

Therefore, the potential functions, � and  , should be
of the form:

� =
1X
n=0

[BnJn(s1r) + q2CnJn(s2r)] cosn�ei(kzz�!t);
(20)

 =
1X
n=0

[q1BnJn(s1r) + CnJn(s2r)] cosn�ei(kzz�!t);
(21)

where:

q1 = � �c11s2
1 � (c13 + 2c44)k2

z + �c!2

aikz[�(c11 � c13 � c44)s2
1 � c44k2

z + �c!2]
;
(22)

q2 = �aikz[�(c11 � c13 � c44)s2
2 � c44k2

z + �c!2]
�c11s2

2 � (c13 + 2c44)k2
z + �c!2 :

(23)

Moreover, for the scalar potential function, �, corre-
sponding to the SH wave:

s2
3 =

2(�c!2 � c44k2
z)

c11 � c12
; (24)

and therefore:

� =
1X
n=0

DnJn(s3r) sinn�ei(kzz�!t): (25)

The boundary conditions at r = a are:

�1
�
@
@r

(pi + ps) =
@2Ur
@t2

;

�rr = �(pi + ps); �r� = 0; �rz = 0; (26)

where � is the density of the 
uid surrounding the
cylinder. Inserting the potential functions from Equa-
tions 20, 21 and 25 in Equation 26, a system of four

linear algebraic equations is obtained for each value
of n:0BB@a11 a12 a13 a14

a21 a22 a23 a24
0 a32 a33 a34
0 a42 a43 a44

1CCA
0BB@AnBnCn
Dn

1CCA =

0BB@b1b20
0

1CCA : (27)

Elements aij and bij of the matrices appearing in
Equation 27 are given in the Appendix. Equation 27
can be solved for An for any desired frequency and
position angle, �. The usual approach is to solve
the problem in the far �eld (r >> a) at a speci�c
angle, �, for a range of frequencies. The result-
ing far-�eld amplitude spectrum, which is called the
`form function', is obtained from the following equa-
tion [26]:

jf1j =
�

2r
a

�1=2�ps
p�

�
e�ikr: (28)

The above formulation cannot be used if the wave
incidence angle is zero. In the following section, we
present the required modi�cations in order to avoid
this de�ciency.

PROPOSED MODIFICATIONS TO THE
FORMULATION

Although the above mathematical formulation is de-
rived for any arbitrary angle of incidence, it turns out to
be singular when the wave is normally incident (� = 0)
on the cylinder. In this case, the axial wave vector,
kz, equals zero (kz = k sin� = 0) and, consequently,
Equation 22 tends to in�nity.

We suggest the following modi�cations to Equa-
tions 22 and 23 in order to avoid this situation and
make the formulation applicable to all values of �.
For having a nontrivial solution to Equation 14, the
determinant of the coe�cient matrix should vanish, i.e:

a11=a12 = a21=a22: (29)

From Equations 15, 22 and 23, we note that:

q1 = � �c11s2
1 � (c13 + 2c44)k2

z + �c!2

aikz[�(c11 � c13 � c44)s2 � c44k2
z + �c!2]

= �a11

a12
;

(30)

q1 = �aikz[�(c11 � c13 � c44)s2
2 � c44k2

z + �c!2]
�c11s2

2 � (c13 + 2c44)k2
z + �c!2

= �a12

a11
: (31)
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The terms on the right hand side of Equations 30
and 31 can be replaced with their equivalent val-
ues based on Equation 29. This replacement
gives:

q�1 = �a11

a12
= �a21

a22

= � ikz[�(c13 + 2c44)s2
1 � c33k2

z + �c!2]
as2

1[�c44s2
1 � (c33 � c13 � c44)k2

z + �c!2 ;
(32)

q�2 = q2

= �aikz[�(c11 � c13 � c44)s2
2 � c44k2

z + �c!2]
�c11s2

2 � (c13 + 2c44)k2
z + �c!2 :

(33)

The above transformation does not a�ect the �nal
results and makes the equations applicable to the
case of normally incident waves. The transforma-
tion has moved the kz term from the denominator
to the numerator of Equation 32. The substitution
of Equations 32 and 33 into Equations 20 and 21
gives:

�=
1X
n=0

[BnJn(s1r)+q�2CnJn(s2r)] cosn�ei(kzz�!t);
(34)

 =
1X
n=0

[q�1BnJn(s1r)+CnJn(s2r)] cosn�ei(kzz�!t):
(35)

The same modi�cation can be applied to the
mathematical model presented in [11] and would lead
to similar results.

THE CASE OF A NORMALLY INCIDENT
WAVE

From the physics of the problem it is known that for a
normally incident wave, the surface waves travel along
the circumference of the cylinder and, therefore, do
not depend on the axial properties of the cylinder.
However, considering that the elastic constants, c13 and
c44, relate the elastic properties of the isotropic plane
(cylinder cross section) to those in the axial direction,
it cannot readily be recognized whether or not, for
normally incident waves, the scattering �eld depends
on these constants. In the following, we try to answer
this question.

For the case of a normally incident wave kz = 0
(� = 0) and Equations 32 and 33 reduce to:

q�1 = q�2 = 0: (36)

Consequently, the potential functions will be of the
following forms:

� =
1X
n=0

BnJn(s1r) cosn�e�i!t; (37)

 =
1X
n=0

CnJn(s2r) cosn�e�i!t; (38)

� =
1X
n=0

DnJn(s3r) sinn�e�i!t; (39)

where:

s2
1 = �c!2=c11 =

!2

(c11=�c)
; (40)

s2
2 = �c!2=c44 =

!2

(c44=�c)
; (41)

s2
3 =

�c!2

[(c11 � c12)=2]
: (42)

Although Equations 37-39 are similar to the potential
functions of an isotropic cylinder, as given in [6],
in the new formulation, these potential functions are
functions of three independent elastic constants, c11,
c12 and c44, while, for an isotropic material, there are
only two independent elastic constants.

Equations 40-42 indicate that, in the case of a
normally incident wave, � is a function of c11,  is a
function of c44, and � is a function of both c11 and c12.
Moreover, � corresponds to the longitudinal wave, and
 and � correspond to shear waves. The substitution
of kz = 0 into the coe�cients matrix of Equation 27
gives (see Appendix):

a13 = a23 = a33 = a42 = a44 = 0; (43)

and therefore:0BB@a11 a12 0 a14
a21 a22 0 a24
0 a32 0 a34
0 0 a43 0

1CCA
0BB@AnBnCn
Dn

1CCA =

0BB@b1b20
0

1CCA : (44)

This requires that:

Cn = 0: (45)

According to Equation 38, if Cn is equal to zero, then,
 = 0, which means that when the wave is normally
incident on the cylinder, only the longitudinal wave and
one type of shear wave are present. Moreover, these
two waves depend only on the elastic constants char-
acterizing the cross-sectional plane (isotropic plane) of
the cylinder, i.e. c11 and c12. By taking  = 0, the
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displacement decomposition introduced in Equation 7
will reduce to the familiar Helmholtz decomposition for
potential functions, � and �, which is commonly used
for solving problems dealing with isotropic materials.

We observe that in the case of a normally incident
wave, s1 and s3 are functions of only two elastic
constants (c11 and c12). Therefore, it can be concluded
that, in this case, the cylinder is indeed behaving as an
isotropic material.

NUMERICAL RESULTS

To verify the modi�ed mathematical model, form
functions of both isotropic and transversely isotropic
cylinders are calculated at di�erent incidence angles.

First, the scattered �eld from an immersed
isotropic aluminum cylinder is calculated at � = 0, and
� = 3 degrees. The physical properties of aluminum
are given in Table 1. The corresponding form functions
are shown in Figures 2 and 3 for the frequency range
of 0 < ka < 20. These results are identical to
earlier results, which are reported in [27] and shown
in Figure 4. In Figures 5 and 6, the scattered �eld of
the immersed isotropic aluminum cylinder calculated
at higher incident angles of � = 20� and 50� is
shown.

Next, the scattered pressure �eld from a cobalt

Figure 2. Form function of an aluminum cylinder at
� = 0�.

cylinder with transversely isotropic elastic properties
is calculated at incidence angles of � = 0� and
� = 5�. The corresponding functions are shown in
Figures 7 and 8, respectively. The physical properties
of cobalt are given in Table 1. In these numerical
calculations, and in those which follow, the number of
normal modes, N , used in evaluating the series is N =
kamax + 5 where kamax is the maximum value of the

Figure 3. Form function of an aluminum cylinder at
� = 3�.

Figure 4. Form function of an aluminum cylinder at
� = 0� and 3� [27].

Table 1. Material properties.

Material Type Sti�ness �1011 (N/m2) Density

c11 c12 c13 c33 c44 (kg/m3)

Aluminum Isotropic 1.1087 0.6115 0.6115 1.1087 0.2486 2694

Cobalt Trans. iso. 2.95 1.59 1.11 3.35 0.71 8900
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Figure 5. Form function of an aluminum cylinder at
� = 20�.

Figure 6. Form function of an aluminum cylinder at
� = 50�.

normalized frequency, ka, on the graphs. This number
of normal modes guarantees the correctness of the form
function for the considered range of frequencies ([9],
p. 245). Also, the runtime of the computations for
the modi�ed model is less than one second, which
is similar to that of the original model discussed
in [10].

As mentioned earlier, the mathematical models
given in [10,11] cannot be used in the case of normally
incident waves. If using these models, one would
have to choose a very small incidence angle that
would approximate normal incidence. However, no
matter how small this angle is, it would produce extra
resonances in the cylinder. To show the e�ect of
small incidence angles, the three components of the

interior displacement �eld of the isotropic aluminum
cylinder are plotted in Figure 9. In this �gure, the
displacements shown on the top are calculated by the
modi�ed model at � = 0� and those on the bottom
are calculated based on the formulation of Ref. [10],
at � = 0:001�. It is observed that although the
displacement �elds in the r and � directions are almost
identical, the two displacement �elds in the z direction
are completely di�erent. For the case of the normally
incident wave, the displacement component in the z
direction are zero over the entire cross section of the
cylinder, while, at � = 0:001 degrees, the displacement
�eld along the cylinder axis is not zero. The nullity
of the displacement �eld in the axial direction con�rms
our earlier discussion regarding the independency of the

Figure 7. Form function of a cobalt cylinder at � = 0�.

Figure 8. Form function of a cobalt cylinder at � = 5�.
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Figure 9. Displacement �elds of an aluminum cylinder in
r, � and z directions. Top: Calculated based on the
modi�ed formulation suggested in this paper at � = 0�.
Bottom: Calculated based on the formulation of [10] at
� = 0:001�.

surface waves from the axial properties of the cylinder
when the wave angle is normal to the cylinder axis.

To demonstrate that the elastic constants, c13 and
c44, do not a�ect the scattered �eld in the case of
a normally incident wave, all �ve elastic constants of

a transversely isotropic cobalt cylinder are perturbed,
and the e�ect of this perturbation is studied on the
form function. Figures 10a to 10e show the e�ect of
perturbing each of the �ve elastic constants of a cobalt
cylinder on its form function at � = 0 for the frequency
range 0 < ka < 10. These �gures show that only
c11 and c12 a�ect the resonance frequencies at normal
incidence and the other three elastic constants have
no e�ect. This complies with our previous discussion,
where it was shown that c13 and c44 have no e�ect on
the scattered �eld when � = 0.

CONCLUSIONS

The existing mathematical model for the scattering
of a plane acoustic wave from an immersed, in�nite
solid, transversely isotropic cylinder fails in the case of
normally incident waves. In this paper, modi�cations
were suggested to make it work in the case of normally
incident waves. It was also shown that in the case of
a normally incident wave, the corresponding equations
reduce to those of the isotropic cylinder and only elastic
constants characterizing the isotropic plane of the
material a�ect the resonance frequencies. The modi-
�ed model was numerically veri�ed for both isotropic

Figure 10. E�ect of the perturbation of the �ve elastic constants of a cobalt cylinder on resonance frequencies when
� = 0�. a) 10% increase in c11; b) 10% increase in c12, c) 10% increase in c33, d) 10% increase in c13, e) 10% increase in c44.
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and transversely isotropic cylinders. A perturbation
study showed that, in the case of a normally incident
wave, the only elastic constants a�ecting the resonance
frequencies are those which characterize the isotropic
plane of the transversely isotropic cylinder. This
modi�ed model can be employed in an examination of
transversely isotropic cylinders by Resonance Acoustic
Spectroscopy (RAS).
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APPENDIX

Elements of the matrices given in Equation 29 are as
follows:

a11 = �p0in"n
h
nH(1)

n (k?a)� (k?a)H(1)
n+1(k?a)

i
�!!2 ;

(A1)

a12 = (1 + iq1akz)[nJn(s1a)� s1aJn+1(s1a)]; (A2)

a13 = (q2 + iakz)[nJn(s2a)� s2aJn+1(s2a)]; (A3)

a14 = nJn(s3a); (A4)

a21 = p0in"na2H(1)
n (k?a); (A5)

a22 = [c11 + i(c11 � c13)q1akz]

b(n2 � n� s2
1a

2)Jn(s1a) + s1aJn+1(s1a)c
+ [c12 + (c12 � c13)iq1akz]

[nJn(s1a)� s1aJn+1(s1a)]

+ [�c13a2k2
z � c12n2 + (c13

� c12)in2q1akz]Jn(s1a); (A6)

a23 = [c11q2 + i(c11 � c13)akz]

b(n2 � n� s2
2a

2)Jn(s2a) + s2aJn+1(s2a)]

+ [c12q2 + (c12 � c13)iakz]

[nJn(s2a)� s2aJn+1(s2a)]

[(�c13a2k2
z � c12n2)q2

+ (c13 � c12)in2akz]Jn(s2a); (A7)

a24 = (c11 � c12)n[(n� 1)Jn(s3a)� s3aJn+1(s3a)];
(A8)

a31 = 0; (A9)

a32 =2n(1+iq1akz)[(1�n)Jn(s1a)+s1aJn+1(s1a)];
(A10)

a33 =2n(q2+iakz)[(1�n)Jn(s2a)+s2aJn+1(s2a)];
(A11)

a34 = bs2
3a

2 � 2n(n� 1)cJn(s3a)� 2s3aJn+1(s3a);
(A12)

a41 = 0; (A13)

a42 =[q1(s2
1a

2 � a2k2
z) + 2iakz]

[nJn(s1a)� s1aJn+1(s1a)]; (A14)

a43 =(s2
2a

2 � a2k2
z + 2iakzq2)

[nJn(s2a)� s2aJn+1(s2a)]; (A15)

a44 = inakzJn(s3a); (A16)

b1 =
p0in"n[nJn(k?a)� (k?a)Jn+1(k?a)]

�!!2 ; (A17)

b2 = �p0in"na2Jn(k?a): (A18)
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