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Comparison of the Cosserat Continuum
Approach with Finite Element Interface
Models in a Simulation of Layered Materials
A. Riahi1; and J.H. Curran2
Abstract. This paper compares the formulation of the nite element Cosserat smeared approach with
the combined nite element-explicit interface element approach, when both applied to the analysis of layered
continua. The fundamental equations of both formulations are presented. Also, using three examples, the
nature and accuracy of the displacement eld predicted by both techniques are investigated and discussed.
Keywords: Cosserat theory; Layered continuum; Internal characteristic length; Transversely isotropic;
Interface element; Finite element method.

INTRODUCTION
The Cosserat continuum theory belongs to a group of
enhanced or generalized continuum theories referred to
as micropolar, gradient or directed continuum. The
Cosserat theory was rst proposed by the Cosserat
brothers at the beginning of the past century [1]. However, some early attempts on generalized descriptions
of continua can be traced back to the work of Voigt [2].
In the 1960s, theoretical aspects of gradient continuum
theories were further developed by many researchers [35], but due to the lack of physical interpretation of
micromoments and the unsymmetrical nature of stress,
their application remained limited.
New interest in application of the Cosserat theory
was initiated in the 1970s, by the work of Naghdi [6,7]
on the theory of directed media. In the theory of
directed media, motion of a 3-D continuum is described through a position vector, as well a number
of director vectors, which represent the deformation of
each material point. This approach has been applied
with much success to the formulation of 3-D structural
components such as shells, rods and points [8-13],
where director vectors become physically interpretable.
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tinuum description of materials with microstructure
was initiated in the mid 1980s after a link was made
between the Cosserat continuum description and localization analysis [14,15]. One of the rst numerical
applications of the Cosserat continuum description of
materials with microstructures was in the analysis
of the localization of shear bands in granular materials [16,17]. In recent years, the applicability of
the Cosserat theory and the asymmetrical nature of
stress in granular materials was a subject for discussion [18,19]. Also, application of the micropolar theory
to the FEM formulation of layered and blocky materials
was proposed [20-21] and was further extended to the
numerical analysis of elastic, elasto-plastic and buckling problems in 2-D layered continua [22-26]. Application of the Cosserat theory to the 3-D analysis of materials with a layered microstructure has been limited in
the past. Recently, the 2-D formulation was extended
to simulate the behavior of 3-D layered materials [2729]. Moreover, application of the Cosserat theory to
the simulation of 2-D blocky materials, comparison
of the Cosserat formulation for blocky materials with
discrete methods [30,31] and recent extension to the 3D analysis of masonry structures [32] suggest that the
Cosserat-based FEM is mathematically rigorous. It is
also physically meaningful for the analysis of materials
with a periodical microstructure.
This paper focuses on application of the Cosserat
continuum theory to the analysis of layered materials as
an alternative to the classical continuum-based formulations that explicitly simulate the layers by utilizing
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specially devised interface elements. Interface surfaces
represent the interaction condition at boundaries between materials, or interaction between two structural
components such as plates or shells. Physically, such
surfaces develop if the shear resistance at a surface
is signi cantly lower than the shear resistance of the
neighboring materials. From a mathematical point of
view, an interface between two materials represents a
discontinuity or jump in the displacement eld and
its derivatives (such as stress and strain). Interface
elements formulate this jump by providing a relaxed
connectivity in displacement of the nodes adjacent to
their sides. Clearly, this approach restricts the size of
the continuum elements used for the spatial discretization of layers to the layer thickness, which adds an
unnecessary number of Degrees Of Freedom (DOFs)
to the solution. Also, in three-dimensional analyses,
geometric de nition of arbitrarily-oriented layers, and
further discretization of layers to a nite element mesh
or a nite di erence grid becomes increasingly complex.
This paper focuses on application of the Cosserat
theory to the analysis of 2-D and 3-D layered continua.
It is concerned with a class of problems where interface
surfaces follow a sequential pattern, giving rise to
new physical mechanisms due to the microstructure
of the material, known as the internal length e ects.
In the Cosserat theory, each point of the continuum
is associated with independent rotational degrees of
freedom, in addition to the usual translational degrees
of freedom. The basic kinematic variables of the
Cosserat theory are displacements, rst-order displacement gradients, microstructural rotations and rotation
gradients. Higher-order displacement gradients are not
considered. Consequently, in addition to normal and
shear stains, rotational gradients develop within the
continuum and, therefore, micromoments are required
to de ne the kinematic-kinetic work conjugate pair.
A direct consequence of introducing the new work
conjugate pair is to relax stress tensor symmetry. The
di erences in the shear components of stress are equilibrated by micromoments. As a result, the Cosserat
continuum theory provides a large-scale description of
materials with microstructure, via additional kinematic
and kinetic variables, and by introducing the physical
(internal) length scale of a material into the governing
equations of the system. For example, in the case of
layered media, the bending sti ness of individual layers
can be naturally incorporated into the constitutive
equations, making the model di erent from conventional treatments.
The main objective of this paper is to compare
the assumption and formulation of the nite element
Cosserat solution to those of the nite element solution,
which utilizes an interface element, and to investigate
the accuracy and nature of the displacement eld
obtained from these solutions. Following this intro-
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duction, the fundamentals of the Cosserat continuum,
Cosserat rotations, and measures of strain and stress
in the Cosserat continuum are discussed. Then, the
3-D FEM formulation of a Cosserat continuum and
the constitutive equations of a 3-D strati ed continuum are presented, respectively. Following that, the
governing equations and the formulation of interface
elements are brie y discussed. Finally, three numerical
examples demonstrate the accuracy of the proposed
FEM Cosserat formulation in the analysis of layered
media.

COSSERAT CONTINUUM
Governing Equations, Micropolar Stress and
Micropolar Couple Stress
The micropolar or Cosserat theory assumes that micromoments exist at each point of the continuum.
In the Cosserat theory, the equilibrium of forces and
moments in the current con guration are expressed in
the following form [33]:
ij;i + bj = 0;

(1)

mk + kj;j + ekij ij = 0;

(2)

where b is the body force, m is the body couple
moment, and  and  are the Cosserat stress and
Cosserat couple stress, or moment stress, respectively.
The stress tensor, , is analogous to the Cauchy stress
of the classical continuum.
Also, the stress vector or stress traction and the
couple stress vector or moment traction are de ned by:

t = :n;
and

tm = :n;

(3)

where n is the normal to the surface in the current or
spatial con guration.
Figure 1 represents the stress and couple stress
measures for a 3-D characteristic volume. The rst
subscript of the stress tensor refers to the direction of

Figure 1. 3-D representation of stress and couple-stress
measures.
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the surface normal pertinent to the surface on which
the stress acts. The second subscript of the stress
refers to the direction in which the stress acts. The
rst subscript of the couple stress (or moment stress)
refers to the axis about which it causes rotation, while
the second subscript denotes the surface on which the
moment stress acts. The notation adopted for stress
tensor components is similar to the standard notation
used in a classical continuum theory; however, it is different from the notation of some of the previous works
on the Cosserat theory referred to in this paper [22-26].
The notation adopted for couple stress components is
compatible with most literature on the Cosserat theory;
however, it di ers from the ordinary notation used in
plate theory, where the moment subscript refers to the
stress components
by which the moments are produced
R h=2
(i.e., Mx = +h=

2 xx zdz [34]).
In the absence of body moment and when couple
stress terms are self-equilibrated, the condition of
symmetry of the Cauchy stress and its work conjugate
strain measure is retrieved, and the Cosserat continuum reduces to the classical continuum.

In nitesimal and Finite Cosserat Rotations
Compared to a classical continuum, an enhanced or
Cosserat continuum is obtained by adding a rotation,
Rc , to each point of the continuum. A Cosserat
rotation is de ned as the independent rotation of a
rigid triad attached to each material point, which
rotates independently with respect to the material
triad. The representation of micropolar rotation, in
its most general form, is given by [35]:

Rc = exp(spn(c ));

(4)

where c

is the axial vector of rotation, or the independent rotation vector, and de nes the axis of rotation
with rotation angle c . The rotation vector, c , can be
expressed by:

c = i ei ;
(5)
where ei is the ith component of the base vector.
Rotation angle c is de ned as:
c = kc k :
(6)
The skew symmetric tensor associated with the axial
vector is expressed by:
spn(c ) = e:c ;
(7)
where e is the permutation symbol and, thus Equation 7 can be expressed in the following matrix form:
0
1
0
3 2
0
1 A :
spn(c ) = @ 3
(8)
2 1
0
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The mathematical de nition of the rotation tensor, Rc ,
is [35]:
c
Rc = exp(spn(c )) = cos(c )I + sin(c ) spn(c )
1 cos(c ) c c
 :
(9)
(c )2
The above formula represents the nite rotation of a
generalized continuum. In most cases, its terms are
not closed-form. One exception is when rotation vector
c coincides with one of the coordinate directions.
When c coincides with e3 , for example, the terms of
Equation 9 can be expressed as:
1
0
cos(3 )
sin(3 ) 0
Rc = @ sin(3 ) cos(3 ) 0A :
(10)
0
0
1
In a small rotation framework, the rotation matrix,
Rc , is approximated (using series expansion) by the
following:
0
1
1
3 2
1
1 A :
(11)
Rc 
= I + spn() = @ 3
2 1
1
+

Micropolar Strain and Curvature
A comprehensive study of the micropolar theory of
nite rotations and nite strains has been conducted
by Steinmann [35]. Using the principle of virtual work
(Equations 1 and 2), it can be shown that the work
conjugate measure of strain to , is de ned as follows:
(12)
ij = uj;i eijk k ;
where eijk is the permutation symbol.
In a Cosserat continuum, in addition to the
rotation of the rigid triad, with respect to the material
(reference) triad, which is de ned as the Cosserat
rotation, variation in rotations of adjacent triads is
another kinematic variable that is introduced in the
formulation, and which is referred to as curvature.
Curvature is a third-order anti-symmetric tensor, and
can be reduced to a second-order tensor as:
1
c Rc  :
ls = elij Rki
(13)
kj;s
2
By substituting Rc (Equation 11) into the above expression, and by disregarding any higher-order terms of
rotation, the expression for the second-order curvature
tensor becomes:
0
1 0
1
11 12 13
1;1 1;2 1;3
 =@21 22 23 A=@ 2;1 2;2 2;3 A ;
31 32 33
3;1 3;2 3;3 (14)
or
c :
ij = i;j
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Finite Element Formulation
Nodal and Internal Variables

Material Sti ness Matrix

In the FEM formulation of a Cosserat continuum, each
node, N , is associated with three displacement and
three rotational degrees of freedom. The vector of
nodal degrees of freedom is de ned as:
 


U = u  = u1 u2 u3 1 2 3 :
(15)
Using a notation similar to Voigt notation, the secondorder strain and curvature tensors can be expressed in
the following vectorial form:
=



11

22

33

23

32

13

31

12

21





;



 = 11 22 33 23 32 13 31 12 21 :
(16)
Finally, using FEM discretization techniques and the
interpolation function, , the strain and curvature eld
can be interpolated, with respect to the vector of nodal
degrees of freedom, u and , through:
 

 = BN





uN :


(17)

N

The operator, BN , has a block structure and is expressed in the following form:




BN 2 ;
BN = [0B]N 1 B
9 3
N3
with:

0

BN 1 = @

(18)

N N

00 0

0

0

0 0
N 0
0 0

The Cosserat formulation provides an enhanced mathematical description of the mechanics of a deformable
body through the introduction of higher-order kinematic and kinetic variables. The appealing aspect of
the Cosserat theory is that a physically meaningful
link can be made between the kinetic and kinematic
variables of the Cosserat theory and the behavior of
some materials with microstructure, such as granular,
blocky or layered materials. The additional Cosserat
parameters for each material should be determined
based on the mechanical response of the particular
microstructure. Constitutive equations for the 2-D
behavior of particulate layered and blocky [14,15,20,21]
materials have been widely discussed in the past.
Recently, the following constitutive relations were proposed for the 3-D analysis of layered materials [27,28]:




[0]36 ;
A

(21)

G

and:
_

D2 =
22
64
6
6
6
4

1T

0 0
0 0A ;
N N

0

BN 3 =

CONSTITUTIVE EQUATIONS

63

1

0 00

(20)

where B is de ned by Equations 17 and 18, and D
is a block diagonal matrix, which relates the stress
and couple stress measures to their work conjugate
measures, strains and curvatures, respectively, through
the appropriate constitutive law, D = [D1 ; D2 ].

D1 = [0]An

N;3 0 N;2 T
0 N;1 0 A ;
0
0
0

BN 2 = @0 0 0 0 N

T
Kmat
NM = BN DBM ;

_

N;1 0
0
0
0
0
0 N;2 0
0 N;3 0
0
0 N;3 N;2 0 N;1

0

The material sti ness matrix is expressed in the following form:

(1  )B
0
0
(1  )B
[0]52
[0]27

3

[0]25 5
[0]55

3

[0]72


B
B

7
7
7
7 ;
B 5(22)

B

where:

N;1 0
0
0
0
0 N;2 0 N;3 0
0
0 N;3 0 N;2

@

A11 = A22 =

1

N;3 0 N;2 0 T
0
0
0 N;1 A ;
0 N;1 0
0



(19)

where N is the shape function for the N th node and
is used for interpolation of both the displacement eld
and the rotation eld.

A33 =

1 2

E

 2 (1+ )2 ;
(1  2 +E=hkn )

(1  )E
(1 + )(1 2)

A12 = A21 =

(1 )E ;
(E=hkn )

E
;
(1 +  )(1 2 ) + (1  )E=hkn
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A13 = A31 = A23 = A32

=
G11 =

and:

E (E + hkn (1 v))
;
(1  )(2hkn  2 (1 +  )(E + hkn ))
Ghks
; G = G + G11 ;
G + hks 22




(23)

Eh2
G G11
:
(24)
2
12(1  ) G + G11
In the above expressions, E , G and v correspond to
the Young's modulus, shear modulus, and Poisson
ratio, respectively, of the intact material comprising the
layers, h is the layer thickness, and kn and ks are the
normal and shear sti ness of the layer interface, with
units N.m 1 . The ^ sign indicates that the constitutive
equations are expressed in the local coordinates of the
layers.
It is emphasized that the constitutive equations of
a Cosserat material are expressed for a representative
elementary volume that encompasses a sequence of microstructures (see Figure 2a), by applying an equivalent
continuum concept [36,37]. The characteristic volume
of a Cosserat continuum is, therefore, fundamentally
di erent in its assumption and behavior from the
characteristic volume of a classical continuum, which
is assumed to be homogenous, i.e. free of gaps, voids
and discontinuities. For more details on the derivation
of the above equations refer to Appendix A.
B=
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Finally, it should be noted that the above constitutive equations are based on the mechanical considerations of a plate component [34]. In order to use
the above relations, it is necessary to change the sign of
the rst column of BN 3 in Equation 19 to be consistent
with plate theory [34].

GOVERNING EQUATIONS AND
FORMULATION OF INTERFACE
ELEMENTS
Interface or joint elements are devised to take into account the sliding and separation that may occur along
the discontinuity surface between adjacent blocks.
Based on assumptions regarding their behavior, numerous formulations for interface elements have been proposed [38]. The potential function or virtual work for
this element are obtained from the linear momentum
equation by assuming an in nitesimal thickness for the
joint element, and by disregarding the kinetic (stress)
and kinematic (strain) terms that are associated with
the thickness (y direction). The internal potential
energy, int , or the virtual work, W int , associated
with deformation at the interface are expressed as:
int =

1
2

Z

A

"ij ij ;

or:

Figure 2. (a) Representative elementary volume of a layered material; (b) Characteristic volume of a homogeneous

classical continuum; (c) Interface between layers; (d) Characteristic volume of a Cosserat layered continuum and the
non-zero stress and couple-stress components acting on it; (e) 3-D representation of mechanics of a single plate.
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W int

=

Z

A

(25)

"ij ij :

Assuming in nitesimal thickness for the interface gives
rise to three kinematic variables in 3-D that can be
expressed in terms of sliding displacements in the
direction of the two local axes of the interface surface
and normal displacement in the direction perpendicular
to the surface of the element. For example, in a 2-D
(line) element (see Figure 3), the potential function
reduces to:
Z +l=2

1
= [
2
+

Z +l=2

l=2

or:
=

l=2

1
2

Z

A

ks (utop

uT KudA

ubottom )2 dx ];
Z

(26)

u T Fd ;

where kn and ks are the normal and shear sti ness at
the contact with units N.m 1 , u is the displacement
vector, K is the sti ness matrix, and F is the internal
force vector for the joint element, derived from minimization of potential energy:
Z

Z

l=2
@
=
Kudx
Fd = 0;
@u
+l=2
where:
@
@
Kij =
;
Fi =
:
@ui @uj
@ui

Figure 4. Geometry and boundary conditions for the
layered strip plate.

bottom )2 dx

kn (top

(27)

(28)

end of the plate. The geometry, boundary conditions
and FEM discretization are shown in Figure 4. The
plate has a length of 2 m, a height of 0.25 m and is
divided into four horizontal layers independent of the
number of elements used along the thickness. Each
layer has a thickness of 0.0625 m. The shear sti ness
of the interface, ks , varies from zero to a very large
value (1e15 MPa/m). Due to the boundary conditions
in the x2 direction, the plate behaves as an extruded
beam.
Figures 5 to 7 show the distribution of shear
stresses and micromoments occurring in the layered
strip plate. In the Cosserat formulation, the internal
length parameter of the material (the layer thickness)
is considered in the formulation. In this example,
the layer bending mechanism sustains the shear load
applied to the system. In the case where ks is zero, the
shear stress through the depth of the beam, i.e. 31 ,
remains zero, while the shear stress along the thickness

In nite element models that utilize interface elements,
the sti ness and force terms arising from Equation 28
are assembled to the global system of equations that
incorporate the sti ness and force terms of regular
continuum elements representing the intact materials.

NUMERICAL EXAMPLES
Cantilever Layered Strip Plate Subjected to a
Transverse Shear Force
This example concerns a layered strip plate subjected
to a 1 MPa transverse shear traction applied to the

Figure 3. Geometry of an interface element; interface can
be assumed to be with or without lling materials.

Figure 5. Distribution of shear stress 13 , 31 and
micromoment 21 in a layered strip plate (ks = 0,
 = 10 KPa).
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equilibrated by the gradient of the micromoment along
the axis of the beam.
Figure 8 shows the vertical displacement at the
tip of the beam vs. log (ks ). Over the entire range of
ks , the results were compared to the results predicted
by the FEM explicit joint model using the Phase2 FEM
package [39]. For the case where the shear sti ness of
the joints is equal to zero, the extruded beam reduces
to 4 non-interacting beams, while for very large values
of ks , the model reduces to a homogeneous thick beam
with a depth of 0.25 m. For these two limit cases, where
ks ! 0 and ks ! 1, the solution is compared to the
analytical solution for the de ection of a beam [40]:
4s l3
(1  2 ):
(29)
Eh2
It should be noted that in the Cosserat solution,
layer thickness is an input parameter for the material.
Therefore, depending on the geometry of a given
structure, partial layers may develop, which may not
be physically meaningful.
u3 (l ) =

Figure 6. Distribution of shear stress 13 , 31 and
micromoment 21 in a layered strip plate
(ks = 100 MPa/m,  = 10 KPa).

Column of Jointed Material Subjected to a
Uniaxial Compressive Traction on Top
This example concerns a layered column with a width
of 1 m and a height of 2 m (Figure 9). Both horizontal
and vertical displacements are xed at the bottom
of the sample. In the Cosserat model, the Cosserat
rotational degrees of freedom are also constrained at
the bottom. A constant uniform traction of 5 MPa
is applied at the top of the column. The intact rock
is assumed to be isotropic with a Young's modulus of
10 GPa and a Poisson ratio of 0.25.
In order to compare the nite element Cosserat
solution with the explicit joint model, four di erent

Figure 7. Distribution of shear stress components 13 ,
31 and micromoment 21 in a layered strip plate
(ks = 1,  = 10 KPa).

of the beam, i.e. 13 , develops proportional to the
magnitude of the applied force. As ks increases, the
di erence in the conjugate components of shear stresses
reduces and, in the case where ks ! 1, the shear
stresses become symmetric. In each case, the di erence
between the conjugate shear stress components is

Figure 8. E ect of the interaction of the layers on the
vertical displacement of the layered strip plate
(h = 0:0625 m,  = 200 KPa).
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Figure 9. Boundary conditions and joint spacing of the
column of layered rock subjected to a uniform axial
pressure.

problems, with a constant equivalent shear modulus
but varying values of h, are considered. The equivalent
shear modulus is obtained from Geq = (1=G+1=hks ) 1 .
In all samples, the product of hks used in relations of
Equation 23 was constant and equal to 194 MPa, but
di erent values of h and ks were assigned to the layer
thickness and interface shear sti ness, respectively. In
all cases, a relatively large value is chosen for hkn .
_
_
Thus, in the local coordinates of the layers, E 11 = E 22 .
Figure 9a shows a case in which the joint spacing
is so close that the e ect of layer thickness (bending
rigidity) is insigni cant. Therefore, instead of utilizing
interface elements, a conventional anisotropic material
with a shear modulus of Geq is used for the analysis. In
the Cosserat solution, this case was solved by assigning
a zero value to B , while hks was constant and equal to
194 MPa.
Figures 9b to 9d show the geometry and joint
spacing used for the nite element explicit interface
solution. In the explicit interface models, layers are
simulated using joint (interface) elements with the
value of ks assigned to joints, shown in Figure 9.
In the equivalent Cosserat model of Figures 9b to
9d, joints are not explicitly de ned, but values of
h and ks are de ned as material input parameters,
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and are introduced into the formulation through the
constitutive rotations of Equations 22 to 24.
Figure 10 shows the values of the maximum
displacement of the column predicted by the FEM
Cosserat solution and the FEM explicit joint model.
It is emphasized that for model 9a in the Cosserat formulation, the value of bending sti ness (Equation 24)
is set to zero and, in the classical FEM formulation, instead of using explicit interface elements, a transversely
isotropic material is used.
From Figure 10, it is clear that the Cosserat
formulation is as accurate as the explicit interface
model in predicting the deformation response of this
problem.
Figures 11 and 12 demonstrate the e ect of layer
thickness on the pattern of deformation of the layered
sample predicted by the Cosserat solution and the FEM
explicit joint solution, respectively. Figures 11 and 12
indicate that the Cosserat model can correctly capture
the e ect of layer thickness, and therefore predicts a
similar displacement eld, compared to the explicit
interface model. The deformed shapes also show the
smeared nature of the Cosserat solution. In other
words, the jumps or discontinuities that are present
in results captured by the explicit interface model are
not present in the Cosserat solution, which predicts a
continuous displacement eld. However, the results are
consistent, in terms of both the values and the pattern
of the displacements.
Finally, by using the Cosserat formulation with a
zero value of bending coecient, it is shown that the
classical theory of transversely isotropic materials is a
limit case of the Cosserat theory of layered materials, in
which the bending sti ness of the layers is disregarded.

Circular Excavation in Layered Media with
in-Plane Layers
In this example, the elastic response of a series of
underground excavations in layered rock is studied

Figure 10. Maximum displacements of the jointed
column vs. layer thickness.
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Figure 11. Total displacement predicted by the Cosserat

model for a column of layered rock subjected to a uniform
axial pressure. (a) h = 0; (b) 0:088; (c) 0:177; (d) 0:354 m.

Figure 12. Total displacement predicted by the explicit

joint model for a column of layered rock subjected to a
uniform axial pressure. (a) h = 0; (b) 0:088; (c) 0:177; (d)
0:354 m.
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using the FEM Cosserat solution and the FEM explicit
interface model. This example shows that the FEM
Cosserat solution can con dently be applied to large
scale engineering problems as an alternative to the
FEM explicit interface model.
The geometry, boundary conditions and mesh
discretization of the FEM Cosserat solution are shown
in Figure 13. The joint orientations and information
regarding the mesh discretization of the Phase2 explicit
joint model are presented in Figure 14. The top
boundary is subjected to a uniform pressure with a
magnitude of 100 MPa, while all other boundaries
are xed. In order to compare the results to Phase2 ,
(which is a 2-D application code), in the 3-D Cosserat
model, the displacements associated with the out-ofplane direction, uy , and the Cosserat rotation around
the x axis, x , are constrained. As a result, the full 3-D
model behaves similarly to a 2-D plane strain problem,
and it is justi ed to use one element in the out-of-plane
direction.
The intact rock is modeled as an isotropic elastic
material with a Young's modulus of 17.8 GPa and a
Poisson ratio of 0.25. The joints are spaced 2.5 m apart.
The elastic response of the model is investigated for two
cases:

Figure 13. Geometry, mesh discretization, and boundary
conditions for the FEM Cosserat solution of a
2-D-extruded tunnel excavated in layered rock.
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Figure 15. Total elastic displacement at the center of the
tunnel roof for joints with kn = 20000 MPa/m and
ks = 200 MPa/m.

Figure 14. Geometry, mesh speci cations, and joint
orientations for the FEM explicit joint model of a
2-D-extruded tunnel excavated in layered rock.

i) kn = 20 GPa/m and ks = 200 MPa/m,
ii) kn =E = 1e10 and ks = 200 MPa/m.

Figure 16. Total elastic displacement at the center of the

The Cosserat solution is compared to the Phase2
explicit joint model for values of B > 0, and to the
classical transversely isotropic model for the case where
B = 0. The latter is a limit case of the Cosserat model
in which joint spacing is small compared to the external
dimensions of the problem, and therefore the bending
rigidity of layers can be disregarded.
Figure 15 shows values of the total elastic displacement at the center of the tunnel roof for case (i).
In this case, all models predict similar values for the
total displacement at the top of the tunnel. Figure 16
shows values of the total elastic displacement at the
center of the tunnel roof for case (ii). In case (ii), kn
is relatively large. Therefore, the e ect of the bending
sti ness of the layers can be observed in the results.
Due to the bending mechanism that resists the load,
the displacements of the model with horizontal layers
are approximately 20% less than cases where joints are
oriented vertically. However, the classical transversely
isotropic model yields similar results for both cases

(provided that the ratio of kn =E is relatively large),
since the shear modulus of the equivalent material is
equal in the conjugate directions. It is clear that by
disregarding the bending rigidity of the layers, the
FEM solution, using a transversely isotropic material,
can signi cantly overestimate the elastic displacements.
The induced anisotropy in uenced the magnitude
and location of the maximum displacement on the
boundary of the excavation. Figures 17 and 18 show
the contours of the total displacement predicted by the
FEM Cosserat model and the explicit joint model for
two di erent layer orientations.
It is clear that by using a relatively coarse
mesh that is totally independent of layer orientation
and layer spacing, the nite element Cosserat model
predicts the displacement response of these examples
within a good accuracy, compared to the nite element
model, which utilizes explicit interface elements.

tunnel roof for joints with kn =E = 1e10 and
ks = 200 MPa/m.
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Figure 18. Contours of total elastic displacement

Figure 17. Contours of total elastic displacement

predicted by (a) FEM explicit joint model and (b) FEM
Cosserat model for joints oriented at 60 with respect to a
horizontal plane.

CONCLUSION

surface between two layers. The e ect of properties of interfaces is incorporated into the constitutive
equations of joint (interface) elements, and due to the
explicit simulation of layers, the e ect of layer thickness
is naturally captured in the model.
In this paper, the deformed shape and displacement eld predicted by the aforementioned solutions
are compared in a number of benchmark examples
with various boundary conditions, interaction conditions between the layers, layer thicknesses and layer
orientations. It was shown that the FEM Cosserat
formulation demonstrates a high level of consistency
with models that explicitly simulate the interfaces.
From a computational aspect, the degree of complexity of the solution depends on the total degrees of
freedom of the problem. If layers are to be modeled
explicitly, the analysis of highly jointed media becomes
impractical, except for small scale problems. The
Cosserat formulation provides a suitable technique for
such analysis, since the internal length is implicit in
the governing equations of the system, and the FEM
mesh is independent of the orientation and spacing of
the joints.

predicted by (a) FEM explicit joint model and (b) FEM
Cosserat model for joints oriented vertically.

This paper focuses on a comparison of the nite element Cosserat solution and the nite element solution,
which applies an interface technology to the analysis of
layered media. The fundamental assumption, formulation and solution of both approaches are investigated
and compared.
It is discussed that in the Cosserat theory, the
e ect of reduced shear and normal properties at the
interface and the existing microstructure of the material, or layer thickness, are all incorporated into
the constitutive equations. The reduced shear and
normal properties at the interface are re ected in
the elastic coecients that relate stress to its work
conjugate strain measure, while the layer thickness
is re ected in the constitutive relations that relate
Cosserat micromoments to their work conjugate pair,
i.e. curvatures.
In the FEM solution, based on a classical continuum theory, interfaces between the layers are explicitly
simulated by utilizing specially devised elements that
relax the continuity assumption at an in nitely thin
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D = Dn _0 ;
0 Ds
0

Dn = @
0

1=E
=E
=E

=E
1=E
=E

^1 6= 0;

^2 6= 0;

^3 = 0:

(A2)

A direct consequence of the assumptions expressed by
Equation A2 is that all curvature measures corresponding to ^3 can be neglected:
^ 31 = ^ 32 = ^ 33 = 0:

(A3)

In plate theory, in addition to the bending moments,
twisting moments need to be accounted for [34]. The
curvature changes to the de ected middle surface of a
plate are expressed by:
kx =

=

For the derivation of the components of the elasticity
tensor, an equivalent continuum concept is applied, in
which it is assumed that the intact material comprising
the layers and interfaces interacts similar to a number
of springs in series [36]. Using a characteristic volume
that is suciently large compared to the internal
characteristic length (the layer thickness), the elasticity
matrix of the classical equivalent continuum of Figure 2d is obtained as follows:
_

volume of a Cosserat layered material and the non-zero
stress and couple stress measures acting on it. The
mechanical response of each layer of the material is
similar _
to a plate. A single thin plate, with a normal
vector, e 3 , is shown in Figure 2e.
The mechanical behavior of a plate can be represented by the following assumptions:

@2w
;
@x2

ky =

@2w
;
@y2

and:

APPENDIX
Derivation of Constitutive Equations

_
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1

=E
1=E A ;
1=E
1

1=G + 1=hks
0
0
0
1=G + 1=hks 0 A : (A1)
Ds = @
0
0
1=G
In the Cosserat continuum, shear stresses are not
symmetric. Also, in addition to the true stress tensor,
a couple-stress tensor is assumed to exist at each point
of the material.
In order to derive the additional Cosserat parameters of a layered medium with a sequential microstructure, the mechanical model of a stack of interacting
plates is considered. Figure 2d shows the characteristic

@2w
;
@x@y

(A4)

where w is the de ection and  represents the warping
of the plate, and is equal to zero if the twisting
mechanism is neglected. In the Cosserat formulation
of materials with plate-like microstructures, the curvature measures due to the twisting of the section are
_
represented by  i;i , while the curvature measures due
_
to the bending are represented by  i;j .
Considering the mechanics of a plate depicted
in Figure 2e, it can be interpreted that part of each
shear stress_component across the thickness of the
layer, e.g.  13 , is in equilibrium
with its conjugate
_
shear component, i.e.  31 , and is related to the
corresponding strain components through the shear
coecient of the equivalent continuum, G11 , expressed
by:
_

_

_

_

_

_

 31 = G11 ( 13 + 31 );

 32 = G11 ( 23 + 32 );

with:
G11 = 1=



(A5)



1
1
Ghks
+
=
;
G hks
G + hks

where h is the layer thickness, kn and ks are the
normal and shear sti ness of the interface, and G is
the shear modulus of the intact material. However, the
stress occurring across the thickness of the layer has a
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contribution
from the bending of the layers, which is
_
related to 13 through the shear modulus of the intact
material comprising the individual layers, i.e. G. Thus,
the stress component in the direction of the layers can
then be expressed as:
_

_

_

_

_

_

_

_

 13 = G11 ( 13 + 31 ) + G 13 ;
 23 = G11 ( 23 + 32 ) + G 23 :

(A6)

In the Cosserat theory, the couple-stress measures or
micromoments also need to be de ned with respect to
their work conjugate curvature measures. Using the
mechanics of a single plate element, it can be concluded
that the non-zero couple stress measures_in a layered
_
medium, represented in Figure 2d, are  21 and  12 ,
_
which are due to the bending mechanism, and  11 and
_
 22 , which are due to the twisting mechanism. The
_
_
non-zero bending couple stresses,  21 and  12 , can
be related to the curvature of the system through the
bending sti ness of the interacting layers as follows:
_

_

_

_

_

 12 = B (  12 +   21 );

(A7)

and:
_

 21 = B (  21 +   12 );

with:
B=

Eh2
G G11
(
);
12(1 2 ) G + G11

where  is the Poisson ratio of the intact material
comprising the layers and re ects the Poisson e ect on
the bending moments. The curvature measures, ^ 11
and ^ 22 , are analogous with the curvature measure,
, in plate theory. Thus, the twisting couple stresses
are related to their corresponding curvature measures
through:

_

11 = (1  )B (  11 );

(A8)

and:
_

22 = (1  )B (  22 ):

Using the above arguments and assuming isotropic
_
_
behavior for the individual plate, D1 and D2 are
expressed by Equations 21-24. It should be noted
that coecients of Aij and G11 are similar to those
in a classical transversely isotropic material expressed
by Equation A1, while the additional Cosserat parameters are G22 and B , which incorporate the e ect
of non-symmetrical stresses and the bending sti ness
of the layers. Two limit cases are of special interest: rst, if plates are non-interacting, then kn !
1 and ks ! 0, and the bending sti ness of the
system is equal to the sum of the bending sti ness
of the individual layers; second, in the case where
ks ! 1, the second parenthesis of B , expressed by
Equation A7, will approach zero, and the e ect of
bending sti ness vanishes. In this case, the Cosserat
formulation reduces to the classical continuum formulation.
_
Finally, the local constitutive matrices, D1 and
_
D2 , should be expressed in the global coordinate
system using the transformation rules of fourth-rank
tensors. It should be noted that in a 2-D analysis, the
local coordinates of the Cosserat rotation always coincide with the out-of-plane axis of the global coordinate
system. However, in a 3-D analysis of an arbitrarilyorientated plate or beam, in spite of the simpli cations
involved in the 3-D formulation of Cosserat rotations in
the local coordinate system, generally the projection of
the rotation vector on the global coordinates results
in 3 components. Consequently, for an arbitrarilyoriented plate or beam, all 9 components of the
curvature tensor should be preserved in the FEM
formulation.

