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Research Note

On the Poincaré Index of Isolated Invariant Sets

M.R. Razvan! and M. Fotouhi'*

In this paper, the Conley index theory is used to examine the Poincaré index of an isolated
invariant set. Some limiting conditions on a critical point of a planar vector field are obtained
to be an isolated invariant set. As a result, the existence of infinitely many homoclinic orbits for
a critical point with the Poincaré index greater than one is shown.
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INTRODUCTION

The Conley index has proved to be a useful tool in the
investigation of the qualitative properties of dynamical
systems. It has generalized the Morse theory for an
isolated invariant set of a continuous flow on a locally
compact metric space [1,2]. In the Conley index theory,
we deal with a pair of closed sets, namely (N,L),
called an index pair, for an isolated invariant set, I.
The homotopy type of (N/L,[L]) is independent of the
index pair chosen, which is called the Conley index
of I and denoted by h(I). It is a topological index,
which uses the dynamics around an isolated invariant
set and gives information about the dynamics within
the invariant set.

A well-known topological index in dynamical
systems is the Poicaré index, which is defined for
isolated critical points of a smooth vector field on a
manifold. When the vector field does not vanish on the
boundary of the manifold, then, by using the Poincaré-
Hopf theorem, the values of the vector filed on the
boundary give some information about critical points
in the interior of the manifold.

This paper mainly deals with the relation between
the Conley index theory and the Poincaré-Hopf theo-
rem [3]. The Poincaré index of an isolated invariant set
1, is defined as x(h(I)). This definition coincides with
the classical Poincaré index when the invariant set is a
single point. Some topological properties of the Conley
index are used to obtain restrictions on the Poincaré
index of isolated invariant sets in dimension two. It
is well-known that, on a two-dimension manifold, M,
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the Poincaré index of an isolated critical point of a
gradient vector field is not greater than one [4]. Here,
it is shown that a critical point, z, with the Poincaré
index greater than one, cannot be an isolated invariant
set. This concludes the existence of infinitely many
homoclinic orbits for such a critical point.

CONLEY INDEX

Let ¢! be a C'-flow on a smooth manifold, M. A
subset, I C M, is called an isolated invariant set,
if it is the maximal invariant set in some compact
neighborhood of itself. Such a neighborhood is called
an isolating neighborhood.

Definition 1

A closed pair (N, L) is called an index pair for I if:
1. N — L is an isolating neighborhood for I,

2. L is positively invariant relative to N, i.e.;if z € L,
t >0, p%(z) C N, then ¢®(z) C L,

3. L is the exit set of N, ie.,if + € N, t € Rt and
©'(x) ¢ N, then there is a t' € [0,¢], such that
o' (z) € L.

In [1,2,5] it has been shown that every isolated
invariant set, I, admits an index pair, (N, L), and
the homotopy type of (N/L,[L]) is independent of the
index pair chosen. The homotopy type of (N/L,[L])
is denoted by h(I) and called the Conley index of
I. The homology Conley index of I is defined by
H,(h(I)) = H.(N/L, [L]).

Example 1
Let z € M be a nondegenerate critical point for

f M < R Then, {z} is an isolated invariant
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set for —Vf and by Morse Lemma [6], it is easy to
show that h({p}) is a pointed k-sphere, where k is the
number of positive eigenvalues of Hessian matrix f at
p. Therefore, the Conley index can be considered as a
generalization of the Morse index.

In general, It is not true that H.(N,L) =
H.(N/L,|L]) for every index pair (N,L). In [5],
Salamon introduced a class of index pairs for which
the above isomorphism holds.

Definition 2

An index pair, (N, L), is called regular if the exit time
map:

T+ : N — [0, +o¢],

sup{tl®U(z) cN-L} ifze N-1L,
(7)) = .
0 ifx e L,
is continuous (see [5] for more details about regular
index pairs). For every regular index pair, (N, L), the
induced semi-flow on N is defined by:

@E:NXR+—>N,

SOE (I) — Saxllill{t,7+(as)}(x).

Proposition 1

If (N, L) be a regular index pair for a continuous flow
@', then L is a neighborhood deformation retract in N.
In particular, the natural map 7 : N — N/L induces
an isomorphism, H,.(N,L) = H,(N/L,[L]).

Proof

Consider the induced semi-flow, ¢; on N, and the
neighborhood, U := 7;1 [0,1], of L. Now, wylux [0,1]
gives the desired deformation retraction.]

In [7], Robbin and Salamon proved that every
isolated invariant set admits a regular index pair,
which is stable under perturbation. They first showed
the existence of a smooth Liapunov function on a
neighborhood of the isolated invariant set.

Theorem 1

Let N be an isolating neighborhood of I. Then, there
is a neighborhood U of N and a smooth function f :
U—R satistying:

(1) f(x)=01forall zel,

(i) “L]iof(¥!(z)) <Oforallz € N—1I. (f decreases
along orbits in U — I.)
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Then, they used this Liapunov function to con-
struct a triple (N,L™, L"), such that (N,L%) is a
regular index pair for I, with respect to the forward
flow, and (N,L7) is a regular index pair for I, with
respect to the reverse flow. Furthermore, L1 and
L~ can be chosen to be (n — 1)-manifolds with a
boundary, so that N is a manifold with corners, which
are contained in L~ N Lt and N = L~ UL*. Such a
triple is called (N, L=, Lt) as a reqular index triple for
I'in M. The Conley indices of I related to the forward
and reverse flows are represented by A*(I) and h™ (1),
respectively. If M is orientable in a neighborhood of I,
then, by the Poincaré-Lefschetz duality, H,(N,LT) ~
H™ *(N,L™), where m = dimM (see [8,9,10]). Thus,
the indices for the forward and reverse flows are
related by H*(h* (1)) = H—.(h~(I)). If we consider
the homology with coefficients in Z,, the Poincaré-
Lefschetz duality is valid without the assumption of
orientability.

Definition 3

A C M is called an attractor set if it is the w-limit set
of a compact neighborhood of itself. A repeller set is
an attractor set for the reverse flow.

Proposition 2

I is an attractor set for ¢! if, and only if, there is an
index pair (N, L), for I which L = @.

Proof

Let I be an attractor and V' be a compact neighborhood
of I, such that w(V) = I. Then, there is a T > 0,
such that o T°)(V) c int(V). If we set N :=
No<s<r@*(V), it is not difficult to show that N
is a positively invariant isolating neighborhood for I
(see [11]). Therefore, (N, @) is an index pair for I. Now,
assume that (N, @) is an index pair for I. According
to the property (iii) of the definition of the index
pair, it is implied that N is positively invariant, hence,
w(N) C N. Since N is an isolating neighborhood for
I, it follows that w(N) C I. Since I is an invariant set,
we conclude that w(N) =1T.

Theorem 2

Suppose that I C M is a connected isolated invariant
set.

(i) If I is not an attractor, then Ho(h™(I)) =0,

(ii) If T is not a repeller, then H,,(h*(I);Zy) = 0.
Moreover, if M is orientable in a neighborhood of
I, then H,,(h* (1)) =0 (m = dim M).
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Proof

Consider a regular index triple (N, L+, L™) for I. One
may assume that N is connected (otherwise replace
N Dby the connected component of N that contains
I). Since I is not an attractor set, LT # @ by
Proposition 2. Thus:

Ho(h*(I)) = Ho(N, L") = 0.

Similarly we have L~ # @ and H°(h—(I)) = 0.
Now, by the Poincaré-Lefschetz duality H,,(h*(I)) =~
H°(h—(I)) = 0.

POINCARE INDEX

The Poincaré index is defined for isolated critical points
of a smooth vector field. Here, the Conley index is used
to extend its definition for any isolated set.

Definition 4

The Poincaré index of an isolated invariant set, I, is
defined as being the Euler characteristic of the Conley
index of I, i.e. ind,(I) := x(h(I)).

Suppose that the flow, ¢!, is associated with a
vector field, X on M. If {z} is a critical point of X and
an isolated invariant set for ', then, ind,(z) coincides
with the classical definition of the Poincaré index of
z (up to a sign). This is a special case of the results
of [3], in which McCord developed the Poincaré-Hopf
theorem and showed that ind,(I) = (=1)™ > ind(x),
where the sum is taken over all critical points in 7,
1nd(x) is the Poincaré index of x relative to vector field
X and m = divmM.

Theorem 3

Let I be an isolated invariant set. Then;

ind,(I) = (-1)™ Z ind(x).

zel

In particular, if ind,(I) # 0, then there exists a critical
point in 1.

The following proposition examines the Poincaré
index of attractor and repeller sets.

Proposition 3

Suppose that I C M is an NDR (Neighborhood
Deformation Retract) isolated invariant set. Then;
(i) If Iis an attractor, then ind,(I) = x(I)

(it) IfIisarepeller, then ind,(I) = (-1)"x(I). (m =
dim M .)
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Proof

When T is an attractor, there is an index pair (N, @) for
I by Proposition 2. Since I is an NDR, there exists a
neighborhood, U C N, such that I is the deformation
retract of U. By the definition of an index pair, N
is positively invariant and w(N) = I. So there is a
T > 0 such that ¢"(N) C U. Therefore N can be
deformed to I and H,;(N, @) = H;(I) for every i. Thus
x(h(I)) = x(I) which proves (i). Notice that for a finite
CW-complex, the Euler characteristic does not depend
on the coefficients field. Since I is assumed to be an
NDR, it has the homotopy type of a finite CW-complex.
If we consider the homology with coefficients in Zs,
we obtain y(hT(I)) = (=1)™x(h=(I)) by the duality
theorem. So if I is an NDR repeller, then ind,(I) =
(=1)™x(I). O

APPLICATIONS

In this section, a smooth vector field is considered
on a surface, M, with an isolated critical point, x.
It is desired to show that if ind(z) > 1, then, z
is accumulated by infinitely many homoclinic orbits.
Since isolated invariant sets have been defined to be
compact, one may assume that the vector fields are
complete. This is achieved by multiplying the vector
field by a smooth compact support function.

Lemma 1

Let I C M be a connected NDR isolated invariant set,
such that ind,(I) > 0. Then, I is either an attractor
or a repeller and ind,(I) = x(I).

Proof

Suppose that I is neither an attractor nor a repeller.
By Theorem 2, Ho(h(I);Z2) ~ Ho(h(I);Z2) = 0. Now
we conclude that;

indp(I) = x(h(I)) = rank(Hx(h(I)); Z»)
—rank(H(h(I)); Z2) + rank(Ho(h(I)); Z2)

= —rank(H1(h(I));Z2) < 0.

Since m = 2, the proof is complete by Proposition 3.

Theorem 4

Let x be a critical point for a vector field on surface
M. If ind(z) > 1, then there exists a homoclinic orbit
in any neighborhood of z.

Proof

It is first shown that {z} cannot be an isolated invariant
set. Suppose the contrary, then according to Theorem 3
and the above lemma, ind(z) = x({z}) = 1 which



Poincaré Index of Isolated Invariant Sets

is a contradiction. Consider a closed neighborhood
V of x with no critical points rather than z. Let
I(V) be the maximal invariant set in V. The above
argument says that there is a point, y # x in I(V),
hence, w(y) C I(V). Notice that there cannot be
any cycle in V. To see this, suppose that + is a
cycle in V. Then, the Poincaré index of v must
be one [12], thus, there exists a critical point inside
~. Since the only critical point in V is z, we get
ind(x) = 1, which is a contradiction. Now, accord-
ing to the Poincaré-Bendixon theorem [12,13], w(y)
and a(y) are critical points or homoclinic orbits. If
neither of w(y) and a(y) are homoclinic orbits, then,
w(y) = ay) = z. So, there exists a homoclinic orbit
in V.

Proposition 4

Let v be a homoclinic orbit with no critical point inside
of it. Then, all the orbits inside v are homoclinic.

Proof

Let 2 := w(y) = a(z) and Q be the region surrounded
by . Similar to the above argument, there is no
cycles in  and the limit sets of any orbit in Q are
either {z} or homoclinic orbits. Since x is the only
critical point in 2, it belongs to all limit sets. On
the other hand, it is known that, if one of the limit
sets is not a critical point, then, the limit sets are
disjoint [12,13]. Therefore, the limit sets of any orbit
in 2 must be {z}.

Remark 1

It is well-known that, if = is a critical point of a gradient
vector field, then, ind(x) < 1. The above theorem
clearly shows why this result is true.

577

REFERENCES

1. Conley, C. “Isolated invariant set and the Morse index”,

CBMS Notes, 38, AMS Providence (1978).

2. Conley, C. and Zehnder, E. “Morse-type index the-
ory for flows and periodic solutions for Hamiltonian
equations”, Comm. Pure Appl. Math., 37, pp. 207-253
(1984).

3. McCord, K. “On the Hopf index and the Conley index”,
Trans. Amer. Math. Soc., 313, pp. 853-860 (1989).

4. Prishlyak, A.O. “Vector fields with a given set of
singular points”, Ukrainian Math. J., 49, pp. 1373-1384
(1997)

5. Salamon, D. “Connected simple systems and the conley
index for isolated invariant sets”, Trans. Amer. Math.
Soc., 291, pp. 1-41 (1985)

6. Milnor, J. “Morse theory”, Annals of Mathematics
Studies, 51, Princeton University Press, Princeton, NJ
(1963).

7. Robbin, J. and Salamon, D. “Dynamical systems, shape
theory and the Conley index”, Ergodic Theory Dynam-
1cal Systems, 8%, pp. 375-393 (1988).

8. McCord, K. “Poincaré-Lefschetz duality for the homol-
ogy Conley index”, Trans. Amer. Math. Soc., 329, pp.
233-252 (1992).

9. Mrozek, M. and Srzednicki, R. “On time-duality of the
Conley index”, Results Math., 24, pp. 161-167 (1993).

10. Spanier, E., Algebraic Topology, McGraw-Hill, New
York (1966).

11. Robinson, C. “Dynamical systems, stability, symbolic
dynamics, and chaos”, CRC Press, Boca Raton, FL,
(1999).

12. Perko, L., Differential Equations and Dynamical Sys-
tems, Springer-Verlag, New York Inc. (1991).

13. Palis, J. and deMelo, W., Geometric Theory of Dy-

namacal Systems, an Introduction, Springer-Verlag, New
York, Heidelberg, Berlin (1982).



