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Research Note

Formulation and Numerical Solution of Robot
Manipulators in Point-to-Point Motion
with Maximum Load Carrying Capacity

M.H. Korayem1;� and A. Nikoobin1

Abstract. In this paper, a formulation is developed for obtaining the optimal trajectory of robot
manipulators to maximize the load carrying capacity for a given point-to-point task. The presented method
is based on open loop optimal control. The indirect approach is employed to derive optimality conditions
based on Pontryagin's Minimum Principle. The obtained necessary conditions for optimality lead to a
two-point boundary-value problem solved via a multiple shooting method with the BVP4C command in
MATLAB r
. Since the carrying payload is one of the system parameters, a computational algorithm is
developed, which provides the capability of calculating the maximum payload for a point-to-point task. The
main advantage of this method is obtaining various optimal trajectories with di�erent maximum payloads
and path characteristics by changing the penalty matrices values. To demonstrate the e�ciency of the
proposed method and algorithm in obtaining the maximum payload trajectory, simulation is performed on
a two-link manipulator.
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INTRODUCTION

In order to increase the productivity and economic
usage of manipulators, �nding the full load motion
for a given point-to-point task has received increasing
attention over the two last decades. The Maximum Al-
lowable Load (MAL) of a manipulator is often de�ned
as the maximum payload that the manipulator can
repeatedly lift in its fully extended con�guration [1].
Another de�nition of maximum payload is the maxi-
mum value of the load that a robot manipulator is able
to carry on a desired trajectory, which is based on the
consideration of inertia e�ects on this desired path [2].
Finding the maximum payload that a manipulator
can carry between given initial and �nal positions of
the end-e�ector is yet another way of obtaining the
MAL. In this case, the joint trajectory and applied
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torque in each motor should be found, so that the
maximum load can be carried between two points
and which is formulated as a trajectory optimization
problem.

Much of the previous work on determining maxi-
mum payload trajectory is based on Iterative Linear
Programming (ILP). The �rst formulation of this
method for a simple robot manipulator was presented
by Wang and Ravani [3]. Korayem and Ghariblu
used the ILP method for the MAL calculation of a
rigid mobile manipulator [4]. For a 
exible mobile
manipulator, a computational algorithm, to determine
the maximum payload trajectory via linearizing the
dynamic equation and constraints, is also presented on
the basis of the ILP approach [5,6]. The linearizing
procedure in the ILP method and its convergence is
a challenging issue, especially when nonlinear terms
are large and 
uctuating, e.g. in problems with a
consideration of 
exibility in the joints or links, gravity
acceleration or high speed motion. Wang et al. have
used another approach to determine the maximum
payload, based on a solution of the optimal control
problem with a direct method [7]. The basic idea of
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this work is to parameterize the joint trajectories by the
use of B-Spline functions and by tuning the parameters
in a nonlinear optimization until a local minimum that
satis�es the constraints is achieved. This method is
weak, due to limiting the solution to a �xed-order
polynomial, as well as having complexity issues that
arise in di�erentiating torques, with respect to joint
parameters and payload, due to their constraints and
discontinuity.

The open loop optimal control method is a suit-
able approach in cases where the system has a large
number of degrees of freedom or where optimization
of the various objectives is targeted. On the other
hand, because of the o�-line nature of the open loop
optimal control problem, many di�culties, like system
nonlinearities and all types of constraint, may be
catered for and implemented easily. This method is
widely used as a powerful and e�cient tool in analyzing
the nonlinear system, such as the path planning of the
di�erent types of manipulator [8-12]. The approaches
used to solve the open loop optimal control problems
are broadly classi�ed as either indirect or direct meth-
ods. Direct methods are based on conversion of the
optimal control problem into a parameter optimization
problem [13], while the indirect ones explicitly solve the
optimality condition stated in terms of the maximum
principle, the co-state equation and suitable boundary
conditions [14].

In the proposed method, for determining the
maximum allowable load, an indirect solution of an
optimal control problem is presented, which begins
by forming the Hamiltonian function of the given
objective function. Then, necessary conditions for
optimality are obtained from the Pontryagin minimum
principle. The obtained equations establish a Two
Point Boundary Value Problem (TPBVP) that is
solved by numerical techniques. A general formulation
to �nd the maximum payload at the point-to-point
motion is derived. Then, to obtain the MAL and the
corresponding optimal path, the developed algorithm
is presented. In comparison with other methods, the
open-loop optimal control method does not require
linearization of the equations, use of a �xed-order
polynomial as the solution form or di�erentiation with
respect to payload and joint parameters. Moreover,
various optimal trajectories with di�erent speci�ca-
tions and di�erent maximum payloads can be obtained
via changing the penalty matrices values. Therefore,
the designer is able to select a suitable path through a
set of obtained paths. Finally, a number of simulations
for a two-link manipulator are carried out to investigate
the e�ciency of the presented method. In order to
validate the method, simulation is performed for a
three-link manipulator used in [3]. Comparison shows
reasonable agreement between the results of this study
and reported results in the literature.

PROBLEM FORMULATION

Dynamic Equation

The dynamical model of a manipulator is described in
the Lagrangian formulation as:

D(q)(�q) + C(q; _q) +G(q) = U; (1)

where vector U 2 Rn is the joint torque; D(q) 2 Rn�n
is the inertia matrix; C(q; _q) 2 Rn is the centripetal;
and Coriolis forces and G(q) 2 Rn describes the gravity
e�ects. By de�ning the state vector as:

X =
�
X1 X2

�T =
�
q _q

�T : (2)

Equation 1 can be rewritten in state space form as:

_X = F (X;U); (3)

where F is de�ned in terms of Z 2 Rn�n and N 2 Rn
as follows:

F =
�
F1 F2

�T ; (4)

F1 = X2; F2 = N(X1; X2) + Z(X1)U; (5)

N(X1; X2) = �D�1(X1)[C(X1; X2) +G(X1)];

Z(X1) = D�1(X1): (6)

The optimal control problem is to determine the joint
trajectory, X1(t), and the joint torque, U(t), that
optimize a well-de�ned performance measure when the
model is given in Equation 3.

Statement of the Optimal Control Problem

Let 
 be the set of the admissible control torques.
The optimization problem in the Bolza-form is to �nd
input U�(t) 2 
, so that the manipulator in Equation 3
minimizes:

J0(U;mp) =
1
2
kep(tf )k2Wp

+
1
2
kev(tf )k2Wv

+

tfZ
t0

L(X;U;mp)dt; (7)

where ep(tf ), ev(tf ) and L(X;U;mp) are de�ned as
below:

ep(tf ) = X1(tf )�X1f ;

ev(tf ) = X2(tf )�X2f ; (8)

L(X;U;mp) =
1
2
kX1k2W1

+
1
2
kX2k2W2

+
1
2
kUk2R :

(9)
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t0 and tf are known as the initial and �nal times,
mp is the payload value carried by the manipulator
and the integrand, L(:), is a smooth, di�erentiable
function in the arguments. kXk2K = XTKX is the
generalized squared norm, Wp and We are symmetric,
positive semi-de�nite (n � n) weighting matrices and
W1, W2 and R are symmetric, positive de�nite (n�n)
matrices. X1f and X2f are the desired values of the
angular position and velocity of joints, respectively.
The objective function speci�ed by Equations 7-9, is
minimized over the entire duration of the motion. The
primary goal expressed by the �rst and second terms
in Equation 7 is to minimize the position and angular
velocity error at the �nal time. The �rst to third
terms in Equation 9 represent the overall position,
angular velocity and the total torque consumed during
the motion, respectively. The designer can decide on
the relative importance among the angular position
and velocity, motion errors and control e�ort by the
numerical choice of W1, W2, Wp, Wv and R, which can
also be used to convert the dimensions of the terms to
consistent units. Initial and �nal boundary conditions
can be expressed as:

X1(0) = X10; X2(0) = X20;

X1(tf ) = X1f ; X2(tf ) = X2f ; (10)

which represent the angular position and velocity of
each joint at the initial and �nal time. The permissible
bound of torque for each motor can be expressed as:

U =
�
U� � U � U+	 : (11)

If U be a set of admissible control torque over the time
interval, t 2 �t0 tf

�
, for a speci�ed payload, the opti-

mal control problem is to obtain the U�(t) 2 U in such
a manner that the objective criterion in Equation 7
is minimized, subject to motion equations, boundary
values and torque constraints given by Equations 3, 10
and 11.

NECESSARY CONDITION FOR
OPTIMALITY

The indirect method has been applied here to solve
the optimal control problem. In this method, by intro-
ducing the costate vector,  2 R2n, the Hamiltonian
function of the system can be de�ned as follows:

H(X`; U;  ;mp; t) = L(X;U;mp)

+  T (t)F (X;U;mp): (12)

For the given payload, mp, and the optimal trajec-
tory, X�(t) and U�(t), Pontryagin's minimum principle
states that there exists a nonzero costate vector,  �(t),

such that the following condition along the optimal
solution must be satis�ed:

_X�(t) =
@H(X�; U�;  �; t;mp)

@ 
; (13)

_ �(t) = �@H(X�; U�;  �; t;mp)
@X

; (14)

0 =
@H(X�; U�;  �; t;mp)

@U
; (15)

[ �(t0)]T �X0 +
�
@�(X�f )=@X �  �(tf )

�T �Xf

+
�
H�(tf ) + @�(X�f )=@t

�
�tf = 0; (16)

where the symbol (�) refers to the extremals of X(t),
U(t) and  (t), and � in Equation 16 is:

�(Xf ) =
1
2
kep(tf )k2Wp

+
1
2
kev(tf )k2Wv

: (17)

These optimality conditions are considered for con-
ditions, under which state and control variables are
unconstrained. In order to apply limitation on the
input control variables, the additional condition can
be expressed as:

H(X�; U�;  �; t) � H(X�;  �; U; t)

for all t 2 �t0 tf
�

and U 2 U; (18)

where U denotes the admissible control value. By
de�ning  =

�
 T1  T2

�T , Equations 13-16 can be
rewritten as:

_X(t) =
� _X1

_X2

�
=
�

X2
N(X1; X2)

�
+
�

0
Z(X1)

�
U; (19)

_ (t) = �
264@LT@X1

+ @
@X1

[N(X) + Z(X1)U ]T  2

@LT
@X2

+  1 + @
@X2

[N(X)]T 2

375 ;
(20)

@LT

@U
+ ZT (X1) 2 = 0; (21)

�x0 = �xf = �tf = 0: (22)

Equations 19 and 20 represent necessary conditions
for a local minimum of the objective function. Their
solution provides a candidate for the optimal solution.
Since the control values are limited with upper and
lower bounds, using Equation 21 for all admissible
control values, U 2 U , the torque of each motor can
be expressed as:

U =

8><>:U
+ @H=@U > U+

�R�1Z(X1) 2 U� < @H=@U < U+

U� @H=@U < U�
(23)
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The actuators that are used for medium and small size
manipulators are permanent magnet D.C. motors. The
torque speed characteristic of such D.C. motors may be
represented by the following linear equation [3]:

U+ = K1 �K2X2;

U� = �K1 �K2X2; (24)

where K1 =
�
�s1 �s2 � � � �sn

�T , K2 = dig�
�s1=!m1 � � � �sn=!mn

�
, �s is the stall torque and

!m is the maximum no load speed of the motor. The
�nal and initial states and the traveling time are �xed;
therefore, Equation 16 is reduced to Equation 22.
Hence, the boundary conditions will be expressed as
below:

X1(0) = X10; X2(0) = X20;

X1(tf ) = X1f ; X2(tf ) = X2f : (25)

The essential conditions in Equations 19 to 25 indicate
three relation sets:

(i) The dynamical model (Equations 19 and 20);
(ii) The optimality condition (Equation 23);

(iii) The split boundary condition (Equations 22
or 25). These conditions specify a TPBVP, which
can be solved numerically.

An iterative algorithm for computing a solution to
Equations 19 to 25 can be constructed by satisfying any
two of the three foregoing conditions in each iteration.
Then, the algorithm will be repeated on the third
condition awaiting the desired degree of accuracy. The
algorithm used in this paper iterates over the boundary
values, while conditions (i) and (ii) are satis�ed in
each iteration. By replacing Equations 23 and 24 in
Equations 19 and 20, a set of 4n ordinary di�erential
equations is established, which besides the 4n boundary
value condition given from Equation 25, forms a two
point boundary value problem. The algorithm iterates
on the initial values of the co-state until the �nal error
obtained from Equatoins 8 and 17 must be less than
the desired accuracy, ". To put it another way, the
following relation must be satis�ed in the solution of
TPBVP:

1
2
kX1(tf )�X1fk2Wp

+
1
2
kX2(tf )�X2fk2Wv

� ":
(26)

Xf are the desired boundary condition at t = tf and
X(tf ) are calculated states values at t = tf , per the
co-state initial values obtained in the TPBVP solution.
The relative importance of position and velocity errors
of each joint can be speci�ed, via choosing the com-
ponents of Wp and Wv. Extremum values of motor

capacity, U+ and U�, are used for the maximum
payload, so that, by exceeding the payload of its own
maximum, mp > mpmax, an excessive torque, which is
more than its permissible bounds, is required. But, the
torque constraints are satis�ed by Equations 23 and 24
in each iteration and, as a result, the �nal error turns
into a very large number. A criterion can be de�ned
to determine the maximum payload by considering this
fact.

OPTIMAL PATH FOR MAXIMUM
PAYLOAD

In this section, the manner of calculating the maximum
payload and its corresponding optimal trajectory at
a point-to-point motion for the robot manipulators is
presented. The maximum payload algorithm has been
shown in Figure 1. e is the accuracy at the maximum
payload calculation and s is the iterations number.
With the aid of this algorithm, the maximum payload
for the supposed penalty matrices can be found. The
solution method is based on increasing the payload
from its minimum value, mpmin, until the maximum
payload value can be found. The presented solution
algorithm has two loops. The loop index, (i), increases
the payload at each iteration while the other one, (k),

Figure 1. Maximum payload algorithm.
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adjusts the jump interval. Therefore, the accuracy
in payload calculation is guaranteed, as well as the
approaching rate to the �nal answer.

A TPBVP solution for mp � mpmax desired
accuracy in the TPBVP solution is achievable, thus,
Equation 26 is satis�ed. While, for mp > mpmax, the
obtained error becomes considerably larger than ". For
mpmax, the �nal error will be less than " and motors
work on their maximum capacity. Under this condition,
carrying the payload more than mpmax is required,
in order to apply torque to more than their limit,
but, this is impossible, because the torque constraints
are satis�ed at each iteration in the TPBVP solution.
Consequently, the error value becomes signi�cantly
large. Using this fact, a criterion for maximum payload
calculation is employed in the presented algorithm.

SIMULATION

In this section, simulations are performed for a two-link
and a three-link manipulator. Simulation for the two-
link manipulator is carried out for two cases. In the
�rst case, the maximum payload and its corresponding
optimal trajectory is determined for de�ned penalty
matrices. The second case is determination of the
maximum payloads for the di�erent values of penalty
matrices and obtaining a set of optimal paths. Simula-
tion for the three-link manipulator is performed for an
articulated robot used in [3], and the obtained results
are compared with existing results. By comparison of
the simulation results, the e�ciency of the proposed
method will be investigated and the superiority of this
method over the ILP method will be illustrated.

Simulation for a Two-Link Manipulator

A two link-manipulator at a vertical plan is considered
as shown in Figure 2.

All required parameters of the robot manipulator
are given in Table 1.

The initial position of the end-e�ector in the XZ
plan at t = 0 is p0 = (1; 0) and the �nal position at
t = 1 s is pf = (0; 1:73). The initial and �nal velocity
is zero. Using Equation 2, the state vectors can be
de�ned as follows:

Table 1. Simulation parameters.

Parameter Value Unit

Length of links L1 = L2 = 1 M

Mass m1 = 2, m2 = 2 kg

Moment of inertia I1 = I2 = 0:166 kg.m2

Max. no load speed !s1 = !s2 = 5:6 Rad/s

Actuator stall torque �s1 = �s2 = 104 N.m

Figure 2. Schematic of robot and the optimal path.

X1 =
�
q1(t)
q2(t)

�
=
�
x1(t)
x3(t)

�
;

X2 =
�

_q1(t)
_q2(t)

�
=
�
x2(t)
x4(t)

�
;

U =
�
u1(t)
u2(t)

�
; (27)

where q1 and q2 are angular positions, _q1 and _q2 are
angular velocity of �rst and second link and u1 and
u2 are the �rst and second motor torques. From the
inverse kinematic equations, the boundary condition
can be expressed as:

x10 = 60�; x30 = �120�;

x1f = 120�; x3f = �60�;

x20 = 0; x40 = 0; x2f = 0; x4f = 0: (28)

Using Equation 19, the state-space form of the dynamic
equations is changed to be:

_X1 = X2; _X2 = N(X1; X2) + Z(X1)U: (29)

The objective function is expressed in the following
form:

L(X;U;mp)=
1
2
XT

1 W1X1+
1
2
XT

2 W2X2+
1
2
UTRU;

(30)

and the co-state functions are considered as:

 1 =
�
x5(t)
x7(t)

�
;  2 =

�
x6(t)
x8(t)

�
: (31)
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Four equations concerned with co-state function are
obtained from Equation 20 as follows:

_ 1 = �W1X1 � @
X1

[N(X) + ZU ]T  2;

_ 2 = �W2X2 �  1 � @
X2

[N(X)]T  2: (32)

The control values from Equations 21 and 23 can be
written as:

U =

8><>:U
+ �R�1Z(X1) 2 > U+

�R�1Z(X1) 2 U�<�R�1Z(X1) 2<U+

U� �R�1Z(X1) 2 < U� (33)

U+ and U� are substituted from Equation 24 into this
equation, so that the control value, U , is calculated
in terms of the states, co-states and penalty matrices
values. By substituting Equation 33 into Equations 29
and 32, eight nonlinear ordinary di�erential equations
will be obtained. For the sake of massive calculation,
deriving the equations in details are not presented.
Eight equations given in Equations 29 and 32, with
eight boundary conditions given in Equation 28, con-
struct a TPBVP. This problem can be solved using the
BVP4C command in MATLAB r
.

Simulation for Maximum Payload Trajectory

The accuracy matrices and penalty matrices are con-
sidered to be Wp = Wv = diag(1) and W1 = W2 = [0],
R = diag(1e�5). The desired accuracy in the TPBVP
solution and payload calculation is considered as: " =
0:001 and e = 0:01. Using the obtained equations from
the previous section and on the basis of the presented
algorithm in Figure 1, mp increases from mpmin to
mpmax. A simulation for the range of mp, given in
Table 2, is performed. The maximum payload for these
values of penalty matrices is found to be 5.53 kg.

In Figures 3 to 5, 1-6 labels denote six existing
cases of Table 2. Figure 3 shows the end-e�ector
trajectories in the XZ plan for di�erent values of
payload. The sixth trajectory is the optimal path with
the maximum payload capacity. The torque curves
of the �rst and second joints are shown in Figure 4a
and 4b, repectively. As shown in these graphs, by
increasing the payload, the required torque becomes
more and torque curves lay on their own limits, until
the payload reaches its maximum value. For the
sixth case, the highest possible values of the torque

Table 2. The values of mp used in the simulation.

i 1 2 3 4 5 6

mpmax 0.1 2 4 5 5.3 5.53

Figure 3. End-e�ector trajectories in XZ plan.

Figure 4a. Torques of joints 1.

Figure 4b. Torques of joints 2.
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Figure 5a. Angular velocities of joints 1.

Figure 5b. Angular velocities of joints 2.

are applied and an increase in the payload of more
than 5.53 kg is required to apply the torque beyond
the limits. The angular velocities of the �rst and
second joints for di�erent values of payload are given
in Figures 5. It can be seen that increasing the payload
leads to more velocity in the joints.

mpmax = 5:53 kg is the maximum payload for
the given penalty matrices, while, by considering the
other penalty matrices, some new optimal trajectories
with di�erent speci�cations can be obtained. To
illustrate this aspect, some simulations are done for
the di�erent values of W2 given in Table 3. The

Table 3. The values of mp used to simulation.

i 1 2 3 4

W2 0 0.005 0.05 0.25

mpmax (kg) 5.53 5.7 5.96 5.75

other penalty matrices remain the same as the previous
values. In this table, the diagonal component of W2
and the calculated maximum payload for each case are
indicated.

Figure 6 shows the di�erent maximum payload
trajectories and Figure 7 illustrates the angular ve-
locities of the �rst and second joints. As expected,
by increasing W2, the velocity values decrease and
various optimal paths have been attained. By changing
W2 from 0.0 to 0.05, the maximum payload increases
from 5.53 kg to 5.96 and, by further growing in W2,
the maximum payload reduces. The torques and the
torque limits for di�erent values of mpmax are shown
in Figure 8. It can be seen that, in each case, the
torque curves have been laid on their limits. All of
these trajectories are the maximum payload paths,

Figure 6. Max. payload trajectories.

Figure 7a. Angular velocities of joint 1.



108 M.H. Korayem and A. Nikoobin

Figure 7b. Angular velocities of joint 2.

Figure 8a. Torques of joint 1.

Figure 8b. Torques of joint 2.

while they travel di�erent paths in work space and have
di�erent velocities and torque curves.

CONCLUSION

In this paper, a new method, based on the optimal
control approach, is proposed to �nd the maximum
payload trajectory. In this method, the complete
form of the obtained nonlinear equation is used and,
unlike previous works, linearization of the equations,
di�erentiation, with respect to payload and joint pa-
rameters, or the use of a �xed-order polynomial as
the solution form, is not required. In the presented
method, the problem of determining the maximum
payload trajectory converts to the standard form of
a two-point boundary value problem, the solution
for which has numerous commands, using di�erent
software, such as MATLAB, C++ or FORTRAN. The
BVP4C command in MATLAB was used to solve the
problem. Simulations are undertaken for two types of
manipulator. For the two-link manipulator, the maxi-
mum payload for a given penalty matrix is determined.
After that, the di�erent maximum payloads for a range
of penalty matrices are obtained. It is illustrated
that, by changing the penalty matrices values, various
optimal trajectories with di�erent maximum payloads
and path speci�cations are obtained. Therefore, the
designer is able to select a suitable path through a set
of obtained paths.

In [3], the maximum payload of a three-link
manipulator is calculated using iterative linear pro-
gramming. In order to verify the proposed method,
simulation is performed for this case study and reason-
able agreement is observed between the two di�erent
methods. It is found that the obtained results from the
proposed method have some superiority over the ILP
method used, generally, in previous works. The ILP
method leads to a single solution, whereas the optimal
control method attains various optimal trajectories.
So, the ILP answer is one of the optimal control results.
The ILP method has a convergence problem, wherein
the initial path must be very close to the optimal path,
while, in the proposed method, an initial guess is not
required.
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