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A Two-Class M/M/1 System with Preemptive
Non Real-Time Jobs and Prioritized Real-Time
Jobs under Earliest-Deadline-First Policy
M. Kargahi and A. Movaghar1
This paper introduces an analytical method for approximating the performance of a two-class
priority M=M=1 system. The prioritized class-1 jobs are real-time, served either with the
preemptive or non-preemptive Earliest-Deadline-First (EDF) policy and can preempt the non
real-time class-2 jobs. The preempted service of the class-2 job is resumed from the time in
instances where no class-1 job is in the system. The service discipline of class-2 jobs is FCFS.
The required mean service times may depend on the class of the jobs. The real-time jobs have
exponentially distributed relative deadlines until the end of service. The system is approximated
by a Markovian model in the long run, which can be solved numerically, using standard Markovian
solution techniques. The performance measures of the system are the loss probability of the
class-1 jobs and the mean sojourn (waiting) time of the class-2 jobs. Comparing numerical and
simulation results, it is found that the existing errors are relatively small.

INTRODUCTION
Multi-priority demand for computation and communication are required in many applications of newly
developed systems, such as wireless sensor networks or
high speed packet switching networks (e.g., a Di Serv
Router), which are usually referred to as `multi-class
trac'. This is particularly evident in the era of
growing real-time, multimedia and telecommunication
systems, with both real-time and non real-time classes
of trac, in which the Quality of Service (QoS) of
the applications is to be guaranteed. While certain
timing constraints exist for real-time incoming demand,
where violating them beyond certain thresholds is
unacceptable, the average trac delay of the non realtime applications is also an important performance
metric to be considered. A real-time job has a deadline,
before which it is available for service and after which
it must leave the system. (This is the property of Firm
Real-Time (FRT) systems [1], which are considered in
this paper, while in Soft Real-Time (SRT) systems,
a late job that has missed its deadline, continues to
*. Corresponding Author, School of Computer and Electrical Engineering, Faculty of Engineering, University of
Tehran, Tehran, I.R. Iran.
1. Department of Computer Engineering, Sharif University
of Technology, Tehran, I.R. Iran.

get service until completion.) Two models of job
behavior are usually considered: Deadlines until the
Beginning of Service (DBS) and Deadlines until the
End of Service (DES). In the former model, a job
keeps its deadline only until the beginning of service.
Accordingly, jobs remain in the system while being
served until they complete their service requirements.
In the latter model, a job retains its deadline until the
end of service. Accordingly, jobs may discontinue their
service because they have missed their deadlines. For
the class of real-time jobs, the loss probability, which
is the fraction of jobs missing their deadlines, is an
important performance measure. On the other hand,
the interdependency between the trac of di erent
classes may a ect the performance of non real-time, as
well as real-time demands, and is central to both the
design and analysis of such systems. For the class of
non real-time jobs, some performance measures, such
as average sojourn time (the interval of time between
the arrival and departure of a job) and waiting time
(the interval of time between the arrival of a job and
the rst instant of getting service of that job) are
of high importance. Beside the respective priority of
the classes, the scheduling policy within each class
of jobs, which assigns priorities to the jobs in the
same class and constitutes the scheduling decisions,
also strongly in uences the overall performance of the
system. The scheduling policies can be classi ed into
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two broad categories: Preemptive and non-preemptive.
In preemptive scheduling, processing of the currently
running job can be interrupted by a higher priority job,
whereas, in non-preemptive scheduling, an arriving job
can be scheduled only when the running job has been
nished. Though preemptive scheduling can guarantee
better system utilization and is usually more desirable, there are scenarios where the properties of some
hardware or software devices make preemption either
impossible or prohibitively expensive. For example,
in high speed packet switching networks, preemption
requires the retransmission of the preempted packet.
Scheduling over a shared media, such as LAN, WLAN
and eld buses [2] (such as CAN bus [3,4]) is inherently
non-preemptive. This is due to the fact that each
node in the network has to ensure that the shared
channel is free before it can begin transmission. Besides its extensive use in communication systems, nonpreemptive processor scheduling is also used in lightweight multi-tasking kernels and is bene cial in multimedia applications [5]. Non-preemptive scheduling
for real-time embedded systems has also some bene ts,
such as ease of implementation, reduced run-time
overhead and guaranteed exclusive access to shared
resources and data, which eliminates both the need for
synchronization and its associated overhead.
According to the above discussion, the scheduling
policy used within each class of jobs in a real-time
system strongly in uences the performance of the
system. Among such policies, the Earliest-DeadlineFirst (EDF) policy [6], which schedules jobs in the
ascending order of their deadlines, is known to be an
optimal scheduling policy within the class of non-idling
service-time-independent scheduling policies [7,8] and,
also, stochastically minimizes the fraction of lost jobs
in the same class of policies [9,10].
In a more general view, most of the applications
in current computing and communicating systems have
more than one class of trac and the real-time demands in such systems make an important portion of
the multi-class trac. As an example of such a system,
consider a Di Serv supported network, which o ers
service di erentiation for di erent classes of ow at
each network node [11]. In such a system, the trac
is categorized into di erent classes at the ingress edge
nodes (which is implemented by priority queues). As
an example for the applications in such a system, one
can assume voice/video messages, which are useless
unless they are transmitted before their deadlines, and
data messages which should be transmitted with no
limitation on their sojourn times (no loss). To analyze
the performance of such systems with multiple classes
of job, interaction of the jobs in the classes should
be taken into account. More critical examples of the
matter can also be found in the applications of wireless
sensor networks.
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In this paper, an approximation method is presented for the performance analysis of a two-class
M=M=1 system. Class-1 jobs with the higher priority are real-time and have exponentially distributed
relative deadlines (where the relative deadline is the
interval of time between the arrival of a job and its
deadline) and also can preempt the class-2 (non realtime) jobs. This type of relative deadline is more
suitable for approximating the properties of applications with unpredictable input patterns, which are
most common in intermediate nodes in wireless sensor
networks or intermediate routers in high-speed packet
switching networks, as well as military and avionics
related systems. Class-1 jobs in the system have DES
and are served according to EDF, while class-2 jobs
are served according to FCFS. Due to the optimality
of the EDF policy, the performance analysis of the
two-class system with this policy for the scheduling
of class-1 jobs can be very important. Since both
preemptive and non-preemptive models of the EDF
scheduling policy are optimal, either preemptive or
non-preemptive EDF scheduling of real-time jobs are
considered in our analysis. The proposed approximation method to analyze the two-class M=M=1 system
uses a key parameter, namely n , which is the rate
of missing deadlines when there are n class-1 jobs in
the system. This important parameter is estimated
using an upper bound and a lower bound for the
case of preemptive EDF. The resulting formulation is
then generalized into the case of non-preemptive EDF
scheduling policy by partitioning the system into two
virtual subsystems: One with the FCFS policy and
another with the preemptive EDF policy. Such results
are then used in a Markov chain model of the two-class
M=M=1 system. To the best of the authors' knowledge,
no other analytical or approximation method exists
for this problem. Comparison of the analytical and
simulation results shows that the presented method is
relatively accurate.
The rest of this paper is organized as follows.
First, some related works are presented. Then, basic
system model and the proposed analytical method
for modeling the system and extracting the required
performance measures are described. This is followed
by an explanation of a method of estimating the loss
rates of class-1 jobs for both preemptive and nonpreemptive models of the EDF scheduling policy. After
that, some numerical examples and the comparison
of the analytical and simulation results are provided.
Summary, concluding remarks, and future research
grounds are, nally, presented.

RELATED WORK
The performance analysis of systems with a single
class of real-time jobs was well investigated for the
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FCFS scheduling policy in several studies, such as [1221] and the references therein. However, in spite of
the optimality of both preemptive and non-preemptive
EDF policies [9,10], relatively few papers exist on the
probabilistic analysis of EDF. This may be due to the
complexity of such analysis. Some of the work done
in this area, such as [22,23] have concentrated on the
probabilistic analysis of EDF for periodic task arrivals.
For non-periodic arrivals, Hong et al. [24] rst introduced upper and lower bounds for the performance of
an M=M=m=EDF + M queue in a FRT system, where
the last M speci es that the distribution of the relative
deadlines is exponential. The accuracy of their approximation method is very good for small values of relative
input rates, as well as for small mean relative deadlines
of jobs with DBS. The results presented in [24] are only
for relative input rates of up to 1.2. It is mentioned that
the accuracy of the method may decrease for higher
relative input rates and also for preemptive EDF with
DES. These results were later improved in [25] and
also extended to M=M=m=EDF + G queues in [26]
(m = 1 for DES has been assumed in all three studies).
Moreover, an approximation method for the analysis
of an M=M=1=EDF + M queue, in the case of nonpreemptive EDF scheduling of jobs with DES, has been
presented in [27]. On the other hand, Lehoczky and his
colleagues in [28-30] have developed an approximation
method to compute the fraction of late tasks in a
SRT system for a heavy trac case, where the trac
intensity converges to 1 and the system has a high
average utilization. In their model, it is assumed that
all jobs are processed to completion. The method is
called a real-time queuing theory (RTQT), which is an
extension of the traditional queuing theory, where it
takes the timing requirements of tasks into account,
and its performance metric is the fraction of the o ered
load that completes within its deadline. RTQT was
rst introduced by Lehoczky [29] for M=M=1 queues
with the EDF scheduling policy. The single queue case
was also put on a rm mathematical foundation in the
paper by Doytchinov et al. [28] for GI=G=1 queues.
It should be noted that the EDF scheduling policy
considered in [24,25,27] and, also, in the current paper,
di ers from the one analyzed in [28-30]. This is due
to the fact that, unlike the latter works, the former
works never scheduled jobs which were already past
their deadlines (due to the FRT nature of the system).
Furthermore, the latter works have only focused on
heavy trac intensities.
The above studies have been for systems with
a single class of jobs. A number of references have
investigated some systems with priority queues [3137]. Also, few papers exist in the literature on priority
queues with some classes of real-time jobs. Brandt and
Brandt [31] rst considered a two-queue priority system
with multi-servers, where the real-time jobs in the rst
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queue (the class-1 jobs) have priority over the non realtime jobs in the second queue (the class-2 jobs) and,
also, have generally distributed relative deadlines until
the beginning of service. Some approximations for the
performance of class-2 jobs in the system are presented
therein. Such results are later improved in an exact
form for a two-class single server queue in [32]. Similar
results for deterministic relative deadlines and for both
cases of DBS and DES are presented in [33]. In all of
these studies, the scheduling policy of class-1 jobs is
considered to be FCFS in a FRT system. For the EDF
scheduling of multi-class tracs, Kruk et al. in [34] rst
used RTQT [28-30] for the analysis of a SRT system of
K input streams (each with the EDF or FCFS policy)
with a shared processor across the streams. RTQT has
also been extended in [35] to the case of open queueing
networks with multiple independent trac ows, each
with the EDF policy. Both of these latter works also
assume that, due to the SRT nature of the system, all
jobs are processed to completion (even if they are late).
Likewise, they model the system only for heavy trac
intensities, whereas, the work presented in this paper
considers FRT systems and never schedules real-time
(class-1) jobs that are already past their deadlines and,
also, covers almost all of the input rates with which the
system remains stable.

SYSTEM MODEL AND SOLUTION
This section initially describes the general system
model and, then, solves it, with respect to some
performance measures, namely, the loss probability
of real-time (class-1) jobs and the average sojourn
(waiting) time of non real-time (class-2) jobs.

System Model
A two-class M=M=1 system is considered, i.e., a single
server with an in nite-capacity queue. Two Poisson
streams (classes) of jobs with positive intensity, i , i 2
f1; 2g, arrive to the system, which require exponential
service times with mean 1=i , i 2 f1; 2g, respectively.
Class-1 jobs are served with a preemptive priority
discipline over class-2 jobs. More precisely, if a class-1
job arrives before the service completion of a class-2
job, the service will be interrupted, as long as there
are still class-1 jobs in the system. The preempted
service of the class-2 job is resumed from the time
instant that no class-1 jobs are present in the system.
Furthermore, a relative deadline is associated with each
class-1 job. It is assumed that the relative deadlines are
random variables of an exponential distribution with
rate  (i.e.,  = 1= is the mean value of relative
deadlines). Since deadlines are until the end of service,
a job is thrown away if it cannot complete execution
before its deadline. This can occur while the job waits
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in the queue or while it is in service. If the job is
waiting in the queue at the time when the deadline is
reached, the job is thrown out. If a job is in service
when it reaches its deadline, it is aborted and then
thrown out. In either case, the job that is thrown
away is considered `lost'. Class-1 and class-2 jobs are
served according to the Earliest-Deadline-First (EDF)
and First-Come-First-Served (FCFS) scheduling policies, respectively. As speci ed in the de nition of
the EDF policy, the job closest to its deadline is to
be served. Two models of class-1 job behavior are
considered: Preemptive and non-preemptive. Whereas,
in the former model, an arriving job with an earlier
deadline than the serving job preempts it, in the
latter model, no job can preempt the serving job. It
is proved in [9,10] that the EDF scheduling policy
stochastically maximizes the fraction of jobs meeting
their deadlines for DES, within the classes of nonidling service-time-independent preemptive and nonpreemptive scheduling policies.
According to the relation between the two classes
of jobs, the behavior and performance of class-1 jobs
are not a ected by the class-2 ones and, hence, correspond to those of an M=M=1=EDF + M system. In
contrast, the behavior and performance of class-2 jobs
are extremely in uenced by the class-1 jobs. In order
to model the system, the state of the two-class system
is represented by n = (n1 ; n2 ), where n1 is the current
number of class-1 jobs and n2 is the number of existing
class-2 jobs in there.
The approach presented in this paper is based
on using a state-dependent loss rate function, n1 , for
class-1 jobs to be de ned below. Let, N be the set
of natural numbers and R+ the set of positive real
numbers. For t, " 2 R+ and n1 2 N, let n1 (t; ")  the
probability that a class-1 job misses its deadline during
[t; t + "), given there are n1 real-time (class-1) jobs in
the system at time t.
De ne:
n1 (t; ")
:
(1)
n1 (t) = "lim
!0
"
Assuming statistical equilibrium, let:
n1

= tlim
!1

n1 (t);

(2)

where n1 is the (steady-state) rate of missing deadlines
when there are n1 class-1 jobs in the system (including
the one being served). Accordingly, the resulting
Markov chain model of the two-class system, M, may
partially be shown as in Figure 1. Assuming that the
system is in state n = (n1 ; n2 ), the state of the system
can be changed to (n1 +1; n2 ) or (n1 ; n2 +1), with rates
1 or 2 , respectively. When n1 > 0, the state can be
changed to (n1 1; n2 ), because of either completing
the service requirements of a class-1 job (with rate 1 )

Figure 1. Partial state-transition-rate diagram for
Markov chain M.
or missing a real-time job's deadline (with rate n1 ).
On the other hand, when n1 = 0 and n2 > 0, the state
of the system can be changed to (n1 ; n2 1) because
of completing the service requirements of a class-2 job
(with rate 2 ).
Barrer [13] was the rst to introduce the idea
of n for deterministic relative deadlines of real-time
jobs in a single-class system. The idea was extended
in [16-19] to a larger class of models when relative
deadlines have a general distribution and jobs arrive
according to a state-dependent Poisson process. These
latter results assume the FCFS policy and show that
n is independent of the input rate and only depends
on the number of jobs in the system. In [16,18], the
description of how to calculate n for DBS is given.
The calculation of n for the case of DES is presented
in [19]. Moreover, a method for estimating n of
an M=M=m=EDF + G system, with non-preemptive
services for DBS and preemptive services for DES (with
m = 1), is presented in [26] and, also, a method for
estimating that of an M=M=1=EDF + M queue, with
non-preemptive services for DES, is proposed in [27].

Model Solution
In the following, the required equations for solving the
system model M are presented and the equilibrium
state probabilities will be obtained. Using such information, the target performance measures, namely, the
loss probability of class-1 jobs and the average sojourn

256

M. Kargahi and A. Movaghar

(waiting) time of class-2 jobs, will be calculated. Let:
p(n1 ; n2 )  the (steady-state) probability that the

system is in state n = (n1 ; n2 ):

(3)

The balance equations for the system, in equilibrium,
can be written as:
0 = (1 + 2 )p(0; 0) + (1 + 1 )p(1; 0) + 2 p(0; 1);
if n1 = n2 = 0;
0 = 2 p(0; n2

1) (1 + 2 + 2 )p(0; n2 )

+ (1 +

(1 + 2 + 1 +
+ (1 +

(9)

n1 )p(n1 ; 0)

1)

n1 )p(n1 + n2 )

n1 =0 n2 =0

n1 +1 )p(n1 + 1; n2 );

if n1 ; n2 > 0:

(10)

where p1 (0) can simply be obtained by using Equation 6, assuming 2 = 0 in the Markov chain M
and solving it using the standard Markovian solution
techniques.
Assuming a stable system, the desired performance measures can be calculated. The loss probability
of class-1 jobs in the system may be obtained as follows:
1 P
1
P
p(n1 ; n2 ) n1
n1 =1 n2 =0
d= P
1 P
1
p(n1 ; n2 )1

if n1 > 0; n2 = 0;
1; n2 ) + 2 p(n1 ; n2

or, equivalently,

2 =2 < p1 (0);

n1 +1 )p(n1 + 1; 0);

0 = 1 p(n1

(8)

Hence, the process of class-2 jobs is stable, i p(0; 0) in
Equation 9 is positive, i.e., i :

if n1 = 0; n2 > 0;
1; 0) (1 + 2 + 1 +

1 p1 (0) + 2 =2 = 1 p(0; 0);
p(0; 0) = p1 (0) = 2 =2 :

+ (1 + 1 )p(1; n2 ) + 2 p(0; n2 + 1);
0 = 1 p(n1

1 p1 (0) would be the time fraction for serving the
class-1 jobs. Further, the process of class-2 jobs in the
server is stable, i all class-2 jobs are served, i.e., since
2 =2 is the time fraction where class-2 jobs are served
by the server and 1 p(0; 0) is the time fraction where
the server is busy with serving class-1 or class-2 jobs,
in the case of a stable system, it follows that:

(4)

1
P

n1 =1 n2 =0

p(n1 ; n2 )

n1

Solving the equilibrium in Equations 4 and using
Equation 5, one nds the state probabilities of the
system, namely, p(n1 ; n2 ); n1 ; n2 2 f0; 1; 2;    g. Let:
1
X
p1 (k) =
p(k; n2 );
(6)

;
(11)
1
which is the average rate of missing deadlines divided
by the average rate of class-1 job arrivals. Whereas,
for class-1 jobs, identifying the loss probability is quite
valuable, for the class-2 jobs, the average sojourn
(waiting) time is of high importance. Assume that
Ni ; i 2 f1; 2g is the average number of class-i jobs in
the system. Then, one has:
1
X
kpi (k):
(12)
Ni =

and:

Using Little's formula, one obtains:

The normalizing condition is, also, as follows:
1 X
1
X
p(n1 ; n2 ) = 1:
n1 =0 n2 =0

(5)

n2 =0

p2 (k) =

1
X
n1 =0

p(n1 ; k);

(7)

be the probabilities of having k class-1 and k class2 jobs in the system, respectively. It is necessary
to nd the maximum permitted input rate of class-2
jobs at which the system still remains stable, noting
that class-2 jobs have no in uence on the behavior
and performance of class-1 jobs. Since p1 (0) is the
probability of having no class-1 jobs in the system,

=

1
P

k=0

V2 = N2 =2 ;

(13)

where V2 is the average sojourn time of class-2 jobs.
The bandwidth of the server for class-2 jobs is the
fraction of the total bandwidth (2 ), in which there
are no class-1 jobs in the system, namely, 2 p1 (0).
Therefore, the average waiting time of class-2 jobs can
be derived as follows:
1
1
1
= N
;
(14)
W2 = V2
2 p1 (0) 2 2 2 p1 (0)
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wherein 2 p1 (0) is the average bandwidth (i.e., the
actual service rate) of the class-2 jobs and, hence,
1=2 p1 (0) is the average time between the rst instant
of providing service to them and the completion of their
service (considering the preemptions occur due to class1 job arrivals).
To analyze the system with the EDF policy
for class-1 jobs, one needs to have a formulation of
n1 (for EDF), as de ned in Equation 2. Next, a
method for estimating n1 (of EDF), for an in nitecapacity system, with two cases of preemptive and
non-preemptive services of class-1 (real-time) jobs is
reviewed.

DETERMINATION OF LOSS RATES
In this section, two methods for estimating nEDF
1
are presented, in the cases of preemptive and nonpreemptive EDF policies and DES. To do so, some
bounds for nEDF
in the preemptive case are de ned.
1
A combination of these bounds will result in an estimation of the loss rates of EDF for the preemptive
case, namely, nP1 EDF . Then, a di erent view of the
system is used with the non-preemptive EDF policy,
in which the system is split into two subsystems: One
with the FCFS policy and another with the preemptive
EDF policy. In this regard, the loss rates of the nonEDF , will also be
preemptive EDF policy, namely, nNP
1
estimated.
det  P EDF  FCFS exp
The ordering nFCFS
n1
n1
1
is assumed for the loss rate of each state of the Markov
chain, M, for the preemptive EDF policy, which is
obtained from properties of the FCFS and preemptive
EDF policies, for deterministic and exponential relative
det ( FCFS for
deadline distributions. Thus, nFCFS
n1
1
deterministic relative deadlines) is taken as the lower
exp ( FCFS for exponential relative
bound and nFCFS
n1
1
deadlines) as the upper bound of nP1 EDF . Since
the exact values of nFCFS
are known for the general
1
distribution of relative deadlines until the end of service
(DES) [19], it is tried to exploit this information to
come up with some estimation for nP1 EDF . Thus,
the above two bounds are linearly combined, using
a multiplier, to obtain an appropriate estimation of
P EDF . (If the exact values of P EDF were to
n1
n1
be known, then, solving M would result in an exact
analysis of the system with preemptive EDF). More
explanation of the above approach for an in nitecapacity queue is given below.
As indicated in [19], for a xed value of mean
relative deadline () in a FCFS system, deterministic
relative deadlines generate the minimum loss probability among all other relative deadline distributions.
Similarly, it is assumed that such a property is also
valid for the EDF scheduling policy. Since, for the
deterministic relative deadlines, EDF is the same as
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FCFS, the loss probability of the FCFS policy for
deterministic relative deadlines can be assumed as
a lower bound of the loss probability of the EDF
scheduling policy for exponential relative deadlines. On
the other hand, owing to the optimality property of
the preemptive EDF policy for DES [9,10], the loss
probability is minimized by the policy (with respect to
all other non-idling service-time-independent scheduling policies). Therefore, one will have:
FCFS det
d



P EDF
d



FCFS exp ;
d

(15)

where dFCFS det , dP EDF and dFCFS exp represent
the loss probabilities of the system, with deterministic
relative deadlines for the FCFS policy, exponential
relative deadlines for the preemptive EDF policy and
exponential relative deadlines for the FCFS policy,
respectively. It is also assumed that such ordering is
valid for loss rates in the FCFS and EDF policies. Such
validity is strongly con rmed by the simulation results.
Therefore, one will have:
FCFS det
n1



P EDF
n1



FCFS exp ;
n1

(16)

where the functions describing the above two bounds
of nP1 EDF are given in [19].
Contrary to the FCFS policy, the authors' simulation results strongly indicate that the state-dependent
loss rates depend on the input rate of real-time jobs
(1 ) for the EDF policy. Therefore, one can take
advantage of some properties of EDF and some simulation results to make a multiplier that linearly combines
the bounds de ned previously to get an estimation of
P EDF . The multiplier must be adjusted to a function
n1
of 1 to get a more accurate estimation of nP1 EDF as
discussed in the following. Thereafter, an estimation
EDF will also be presented in the subsequent
of nNP
1
sections.

Preemptive Real-Time Jobs
In the following, a method for estimating nEDF
for
1
preemptive EDF is presented, namely, nP1 EDF , in the
case of DES [26]. To do so, the above two bounds
are linearly combined, using a multiplier to obtain
an appropriate estimation of nP1 EDF . As discussed
previously, it has been shown that, for the FCFS policy,
the loss rate is independent of the input trac intensity
and depends on the number of jobs in the system [19].
Therefore, the above two bounds of nP1 EDF can be
calculated as follows [19]:
(

FCFS exp
n1

=

0;

n1 ;


n1 = 0
nl  1

(17)
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and:
FCFS det
n1

=

Non-Preemptive Real-Time Jobs

8
<0;
:1

F

En1 1 ()
FEn1 ()

n1 = 0
1 ; nl  1


(18)

where:
FEn1 () = 1 e

1 

nX
1 1
j =0

(1 )j
;
j!

(19)

for exponential and deterministic relative deadlines
until the end of service, respectively.
Unlike the FCFS policy, the authors' simulation
results strongly indicate that the state-dependent loss
rates depend on the input rate for the EDF policy.
Therefore, a multiplier should be made as a function of
1 , which combines the bounds de ned previously to
get an appropriate estimation of nP1 EDF . In order to
have a simpler combination, a multiplier has been used
that linearly combines the bounds as follows:
P EDF
n1

exp + FCFS det 
 (:) nFCFS
n1
1
=
:
 (:) + 1

(20)

The multiplier  (:), which de nes the e ective ratio of
each of the bounds on nP1 EDF in Equation 20, can
be found as a function of three parameters, namely
n1 , 1 , and 1 = 1 =1 [26]. In the function, n1
is the number of class-1 jobs in the queue, 1  is
the normalized mean relative deadline with respect to
the mean service time 1=1 and 1 is the normalized
arrival rate of class-1 jobs (normalized 1 with respect
to 1 ). However, the function describing the behavior
of  (:) with respect to the above three parameters i.e.,
 (n1 ; 1 , 1 ), is as follows: (more explanation on the
method of extracting the actual values of the required
information from simulation can be found in [26]):
 (n1 ; 1 ; 1 ) =

1
p : 6:7 :
(n1 + 1) 1  11:25

(21)

Substituting  (:) (obtained from Equation 21) in Equation 20 one can nd nP1 EDF . Furthermore, for large
values of 1 , where n1 becomes very large (i.e., n1 !
+1), the numerical calculation of the lower bound
det becomes relatively hard.
of nP1 EDF , i.e., nFCFS
1
More precisely, since FEn1 1 () and FEn1 () (as in
Equation 19) converge to very small values, as n1 !
+1, the numerical calculation of their ratio (in order
det ) is not so easy. However, using a
to obtain nFCFS
1
similar method for DBS as in [16], a limit value for the
ratio for DES can be calculated. Accordingly, when
det converges to n =.
n1 ! +1, the value of nFCFS
1
1
Next, such recent formulations of nP1 EDF are
used to estimate nEDF
for the non-preemptive EDF
1
scheduling of class-1 jobs.

Here, a method is presented for estimating the loss
rates of the two-class M=M=1 system, with the nonpreemptive EDF scheduling of class-1 jobs, namely,
NP EDF . Contrary to the preemptive EDF policy,
n1
even if the deadline of an arriving job is earlier than
that of the serving job, the job in the server will not
be preempted and continues to get service when the
non-preemptive EDF scheduling policy is used. It has
been proven in [9,10] that the loss probability of the
non-preemptive EDF scheduling policy ( dNP EDF ) is
also stochastically minimized among all the policies
in the class of non-idling service-time-independent
non-preemptive scheduling policies. In spite of its
optimality, to the best of the authors' knowledge,
no other analytical or approximation method for the
probabilistic analysis of this policy exists (other than
the one proposed in [27] by the same authors). In
the following, a method is presented for estimating
EDF
NP EDF ,
n1 , for the non-preemptive EDF, namely, n1
which results in the approximation of the performance
of the non-preemptive EDF scheduling policy. To do
so, another view of the system is proposed with purely
class-1 jobs (2 = 0), as in the following paragraphs
(noting that preemptive class-2 jobs have no in uence
on class-1 jobs, even if 2 > 0).
Due to the fact that the serving class-1 job is
non-preemptive, after the starting service, the behavior
of the system, with respect to this job, is similar to
that of a system with the FCFS scheduling policy.
On the other hand, the remaining n1 1 class-1
job(s) in the system (assuming n1 > 0) follow the
EDF scheduling policy. Therefore, the system can be
broken into two subsystems: the rst one containing
the non-preemptive server with rate 1 , which can
be considered as a FCFS queue with capacity 1 (no
waiting room) and the second one, which can virtually be assumed as a preemptive EDF queue for the
waiting class-1 jobs with a virtual server with rate
01 (see Figure 2). Accordingly, the job with the
highest priority in the virtual subsystem is entered
into the FCFS subsystem, if it has no job to process.
Since the serving class-1 job leaves the FCFS
subsystem, due to its service completion with rate 1
or deadline miss with rate 1FCFS exp , it is considered
that the job leaves the server with rate 1 + 1FCFS exp .
It is assumed that this departure rate is equal to the
service rate of the virtual server (01 ) in the preemptive
EDF subsystem, at which the waiting class-1 jobs are
entered to the actual server. Therefore, one has 01 =
1 + 1FCFS exp . Such a view of the class-1 jobs will
0
result in a loss rate of nP1 EDF
in the preemptive EDF
1
subsystem, which can be calculated from Equations 17
to 21 by replacing 1 with 01 and 1 with 01 = 1 =01 .
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Figure 2. The modi ed view of a system with the
non-preemptive EDF scheduling policy.

Finally, one obtains (assuming n1 > 0):
NP EDF
n1

=

0 P EDF
+ 1FCFS exp :
n1 1

(22)

EDF for
Substituting nP1 EDF or nNP
n1 in M and
1
solving the resulting Markov chain, using the method
presented previously, one nds the performance measures of the two-class system with the preemptive or
non-preemptive EDF scheduling policies, respectively.

NUMERICAL EXAMPLES
In this section, examples are studied to verify the
presented ideas and to illustrate the accuracy of the
proposed approximation method. Both preemptive
and non-preemptive EDF policies are considered for
two system con gurations: One with purely class-1
jobs, denoted as SYS1 and another with both class1 and class-2 jobs, referred to as SYS2. The examples
for SYS1 have been studied for three values of mean
relative deadline , namely, 2, 4 and 8, denoted as type
I, II and III, respectively. Moreover, the examples for
SYS2 have been studied for  = 4 (a type II system).
For all the examples,  is normalized with respect to
1=1 . Furthermore, a broad range of normalized class1 input rates (1 = 1 =1 ) for SYS1 is considered,
while the normalized class-2 input rates for SYS2 (2 =
2 =2 ) are given some values from almost no trac up
to p1 (0). In other words, 2 < p1 (0) should be held to
maintain the stability of the system (or equivalently the
normalized class-2 input rate for saturation, namely,
sat
2 , is equal to p1 (0)).
In order to nd the accuracy of the analytical
results, the above systems have also been simulated
through an event-driven simulator, written in C++.
Two job generators are considered: One that generates
the real-time jobs with the speci cation indicated
above and another that generates the non real-time
jobs. The simulator supports both preemptive and

non-preemptive EDF scheduling algorithms for realtime jobs. Other details of the system are as indicated
above. The length of the waiting queue in the simulator
changes dynamically up to the available memory of
the system (to approximate the unlimited capacity of
the desired system with a good estimation). All the
experiments (for each data point) have been done 10
times for at least 5 million customers in each run and
within a 99.5% con dence level.
First, the loss probability of a system with purely
class-1 jobs is investigated, namely, SYS1 (i.e., 2 =0).
Since the performance of class-1 jobs is not in uenced
by the class-2 ones, these results are also valid for
the loss probability of class-1 jobs in a SYS2 (noting
that, due to having no concern about the instability
of a SYS1, they can be shown for a broad range of
input rates in here). These results are obtained from
analytical modeling and simulation of a wide range
of normalized class-1 input rates (1 ) from almost
no trac to very heavy trac intensity, i.e., for the
interval (0, 3]. In analytical modeling, the capacity
of the system is taken to be large enough to be
approximated as in nite. The experiments have been
done for both preemptive and non-preemptive models
of the EDF policy. The loss probabilities obtained
from the analytical modeling, as well as simulation
and their respective errors, are presented in Tables 1
and 2 for the preemptive and non-preemptive EDF
policies, respectively. At the bottom of each table,
the maximum relative error, average relative error and
Root Mean Square Error (RMSE; to calculate RMSE,
the square root of the mean value of the squares of
relative errors is calculated) are also presented for the
respective group of data. Figure 3 illustrates the same
information graphically, showing that the analytical
and simulation results for both preemptive and nonpreemptive models of the EDF policy almost overlap
in all cases.
As can be seen in Table 1, the worst relative error
of the analytical and simulation results for a preemptive
system is about 2.23%, which happens when  = 8 and
 is about 0.7. The maximum error of the results in [24]
for DES is about 15%. Moreover, the approximation
results in [24] are poorer when  increases. In the
method presented here, however, the approximation
results will improve. As can be observed in Table 2,
the worst relative error of the analytical and simulation
results for a non-preemptive model of the EDF policy
is about 1.42%, which happens when  = 8 and  is
about 0.9. As can be observed, the analytical results
are closer to the simulation results for smaller values of
a mean relative deadline, namely, , i.e., the maximum
relative error is lower for smaller values of . Since the
relative errors may cancel each other out, RMSEs have
also been shown in the tables.
Second, a type II system ( = 4) is investigated
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Table 1. Loss probabilities obtained from the analytical method and simulation and their respective errors for a SYS1
with preemptive EDF.

1
0.1
0.3
0.5
0.7
0.9
1.1
1.3
1.5
1.7
1.9
2.1
2.6
3.0

P EDF
d

 = 2 (Type I)

 = 4 (Type II)

 = 8 (Type III)

0.3390
0.3410
0.5938
0.3520
0.3546
0.7469
0.3670
0.3692
0.6033
0.3844
0.3861
0.4503
0.4049
0.4050
0.2625
0.4275
0.4288
0.2945
0.4528
0.4541
0.2962
0.4800
0.4814
0.2952
0.5077
0.5097
0.4002
0.5367
0.5382
0.2823
0.5648
0.5661
0.2300
0.6289
0.6298
0.1417
0.6719
0.6727
0.1134
Max relative error= 0.7469%
Average relative error= 0.3321%
RMSE= 0.3719%

0.2038
0.2059
1.0407
0.2126
0.2150
1.1411
0.2243
0.2257
0.6384
0.2411
0.2416
0.1908
0.2639
0.2653
0.5491
0.2961
0.2987
0.8700
0.3374
0.3409
1.0282
0.3856
0.3889
0.8488
0.4362
0.4385
0.5232
0.4848
0.4860
0.2552
0.5291
0.5294
0.0478
0.6156
0.6161
0.0775
0.6662
0.6668
0.0887
Max relative error= 1.1411%
Average relative error= 0.4554%
RMSE= 0.6023%

0.1127
0.1144
1.5484
0.1166
0.1176
0.8456
0.1224
0.1209
-1.1895
0.1322
0.1293
-2.2300
0.1518
0.1505
-0.8386
0.1930
0.1951
1.0871
0.2612
0.2639
1.0325
0.3398
0.3419
0.6109
0.4129
0.4137
0.1870
0.4733
0.4741
0.1642
0.5236
0.5239
0.0548
0.6158
0.6154
-0.0672
0.6668
0.6667
-0.0200
Max relative error= -2.2300 %
Average relative error= 0.0353%
RMSE= 0.8709%

Simulation Analytic Err.% Simulation Analytic Err.% Simulation Analytic

Err.%

Table 2. Loss probabilities obtained from the analytical method and simulation and their respective errors for a SYS1
with non-preemptive EDF.

1
0.1
0.3
0.5
0.7
0.9
1.1
1.3
1.5
1.7
1.9
2.1
2.6
3.0

 = 2 (Type I)

Simulation Analytic

NP EDF
d

Err.%

0.3445
0.3445
-0.0058
0.3663
0.3666
0.0846
0.3887
0.3885
-0.0594
0.4110
0.4102
-0.2090
0.4338
0.4320
-0.4062
0.4563
0.4542
-0.4451
0.4794
0.4771
-0.4912
0.5035
0.5006
-0.5647
0.5278
0.5248
-0.5529
0.5519
0.5494
-0.4640
0.5762
0.5739
-0.3897
0.6337
0.6323
-0.2192
0.6738
0.6735
-0.0497
Max relative error= -0.5647%
Average relative error= -0.2881%
RMSE=0.3515%

 = 4 (Type II)

Simulation Analytic

Err.%

0.2107
0.2108
0.0456
0.2321
0.2326
0.1818
0.2548
0.2544
-0.1425
0.2784
0.2771
-0.4408
0.3038
0.3020
-0.5840
0.3328
0.3307
-0.6321
0.3667
0.3647
-0.5288
0.4051
0.4040
-0.2785
0.4472
0.4467
-0.1181
0.4904
0.4900
-0.0830
0.5307
0.5310
0.0535
0.6162
0.6162
0.0006
0.6671
0.6668
-0.0498
Max relative error= -0.6321%
Average relative error= -0.1701%
RMSE=0.2956%

 = 8 (Type III)

Simulation Analytic

Err.%

0.1192
0.1192
-0.0386
0.1355
0.1353
-0.1439
0.1519
0.1514
-0.3627
0.1707
0.1684
-1.3199
0.1929
0.1901
-1.4145
0.2253
0.2240
-0.5894
0.2771
0.2776
0.1844
0.3453
0.3461
0.2271
0.4146
0.4146
0.0019
0.4747
0.4742
-0.1032
0.5237
0.5239
0.0338
0.6150
0.6154
0.0579
0.6662
0.6667
0.0700
Max relative error= -1.4145%
Average relative error= -0.2044%
RMSE=0.5072%
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Figure 3. Loss probability ( d ) for a SYS1 with (a) Preemptive EDF policy and (b) Non-preemptive EDF policy.

Figure 4. Average sojourn time of class-2 jobs (V2 ) for a type II SYS2 with preemptive EDF, 1 = 22 = 1.
with both class-1 and class-2 jobs (1 ; 2 6= 0), namely,
a SYS2. The experiments have been done for the
trac intensities which do not violate the stability
conditions of the system. As in the rst example,
a system is considered with the preemptive model of
EDF and two xed values of 1 , namely, 0.7 and 0.3
for 1 = 22 = 1. Using the solution technique
described, previously, and the loss rates described by
Equations 20 and 21, it can be seen that 2 should
be below p1 (0) = 0:46(sat
2 = 0:46) for 1 = 0:7 and
below p1 (0) = 0:765(sat
2 = 0:765) for 1 = 0:3, to
maintain the stability of the system. The analytical
and simulation results of the average sojourn time of
class-2 jobs for 2 < p1 (0) and the two values of 1 ,
namely, 0.7 and 0.3, have been shown graphically in
Figure 4. As can be observed, the analytical and
simulation results almost overlap in all cases. (The
analytical results for the class-2 input rates close to
sat
2 have not been calculated. The reason is that, for
such values of input rate, solving a Markov chain that
approximates an in nite-capacity queue becomes very

hard to compute numerically, due to the large capacity
of the respective queues). As another example, a
system is considered with a xed value of 2 = 0:3 and
1 = 2 = 1. For such a system, the loss probability of
class-1 jobs and the average sojourn time of class-2 jobs
for di erent values of 1 (with which the system still
remains stable) have been shown in Figure 5, where the
respective analytical and simulation results also almost
overlap in all cases. Similar results for a SYS2 with
the non-preemptive EDF policy have been presented
in Figure 6 for two values of 1 , namely, 0.7 and 0.3
(1 = 22 = 1) and, also, in Figure 7 for a xed value
of 2 = 0:7(1 = 2 = 1). As can be observed, the
accuracies of the results are similar to the respective
ones of the preemptive EDF policy.
To illustrate the accuracy of the approximation
method, with respect to the class-2 job performance
measures, the simulation and analytical results of
Figures 4 and 6 for the corresponding normalized
input rates are compared with each other in Tables 3
and 4. As can be observed, all the relative errors
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Figure 5. The behavior of a type II SYS2 with preemptive EDF, 1 = 2 = 1 and 2 = 0:3 for di erent values of 1 .

Figure 6. Average sojourn time of class-2 jobs (V2 ) for a type II SYS2 with non-preemptive EDF, 1 = 22 = 1.

Figure 7. The behavior of a type II SYS2 with non-preemptive EDF, 1 = 2 = 1 and 2 = 0:7 for di erent values of 1 .
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Table 3. Average sojourn time obtained from the analytical method and simulation and their respective errors for a
type II SYS2 with 1 = 0:7 and 1 = 22 = 1 (see Figures 4a and 6a).

2
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45

Average Sojourn Time (V2 )
Preemptive EDF (sat
=
0:46)
Non-Preemptive EDF (sat
2
2 = 0:494)
Simulation
Analytic
Error (%)
Simulation
Analytic
Error (%)
6.4805
6.3032
-2.7359
7.362
7.1569
-2.7859
8.5452
8.2783
-3.1234
10.1433
9.8161
-3.2258
12.3987
12.0559
-2.7648
16.1341
15.6196
-3.1889
22.7938
22.1743
-2.7178
39.3862
38.2078
-2.9919
142.5242
137.9149
-3.2341
Average relative error = -2.9743%
RMSE = 2.9818%

5.8162
5.7875
-0.49345
6.5211
6.5219
0.012268
7.5092
7.4698
-0.52469
8.7743
8.7401
-0.38977
10.4849
10.531
0.43968
13.2026
13.245
0.321149
17.6924
17.8435
0.854039
27.18
27.274
0.345843
58.8463
58.3019
-0.92512
Average relative error = -0.0400%
RMSE = 0.5449%

Table 4. Average sojourn time obtained from the analytical method and simulation and their respective errors for a
type II SYS2 with 1 = 0:3 and 1 = 22 = 1 (see Figures 4b and 6b).

2
0.1
0.2
0.3
0.4
0.5
0.6
0.7

Average Sojourn Time (V2 )
Preemptive EDF (sat
=
0:765)
Non-Preemptive EDF (sat
2
2 = 0:770)
Simulation
Analytic
Error (%)
Simulation
Analytic
Error (%)
3.3681
3.3432
-0.7383
3.9619
3.9355
-0.6672
4.8125
4.7827
-0.6196
6.1223
6.0947
-0.4500
8.4701
8.3989
-0.8411
13.635
13.5012
-0.9813
35.3398
34.4100
-2.6310
Average relative error = -0.9898%
RMSE = 1.2053%

for preemptive EDF in Table 3 are negative (i.e.,
the values of the analytical results are less than the
respective simulation ones). The main reason for such
errors is that all the approximated (analytical) values
of dP EDF for a type II system are more than the
corresponding simulation values and the corresponding
relative errors are positive, as can be observed in
Table 1. As also indicated above, due to the complexity of approximating an in nite-capacity queue,
the relative errors for the average sojourn times may
increase when the class-2 input rate approaches to
sat
2 = 0:46. However, the average relative error and
RMSE for the presented data points have been shown
at the bottom of Tables 3 and 4. As can also be
seen in the tables, while the accuracies of the results
are in the acceptable range for most applications,

3.3052
3.3003
-0.1483
3.8682
3.8794
0.2895
4.7101
4.7053
-0.1019
6.0010
5.9778
-0.3866
8.1833
8.1937
0.1271
13.0832
13.0182
-0.4968
31.4836
31.2030
-0.8913
Average relative error = -0.2297%
RMSE = 0.4347%

they are more accurate for the non-preemptive EDF
policy.

CONCLUDING REMARKS AND FUTURE
WORK
In this paper, a method for approximating the performance of a two-class M=M=1 system has been
presented. The prioritized class-1 jobs are considered
to be real-time and served according to the EarliestDeadline-First (EDF) scheduling policy, and the non
real-time class-2 jobs are served according to the FCFS
policy. An arriving prioritized class-1 job immediately
preempts the serving class-2 job, where the preempted
job can resume its service when the system becomes
empty of class-1 jobs. The system has been solved for
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real-time jobs with deadlines until the end of service
and two preemptive and non-preemptive models of
the EDF policy. The performance measure of class1 jobs is the loss probability and that of the class-2
jobs is the average sojourn (waiting) time. Moreover,
the stability conditions of the system are considered.
The importance of the problem arises from the fact
that EDF is an optimal policy, which minimizes the
fraction of lost real-time (class-1) jobs. The analysis
is done by estimating an important parameter called
the loss rate of real-time jobs. To the best of the
authors' knowledge, in spite of its importance, there
has been no exact analytical solution for the analysis
of EDF, even for a system with purely real-time jobs.
An approximation method for a two-class system has
been proposed, which, it is believed, is quite accurate
and, at the same time, very simple. The proposed
method can, also, simply be extended to real-time jobs
with deadlines until the beginning of service, using the
respective loss rates presented in [26].
Some future work to continue this study includes
extending the presented approach to other patterns of
input trac, multi-server systems and more general
distribution of relative deadlines. Likewise, the authors
intend to use the introduced method in the design
of some embedded real-time systems with multi-class
tracs.
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