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A New Analytical Method for
Evaluation of Energy Release Rate of a
Fiber /Matrix Interfacial in Pull-Out Test

G. Karami* and P. Malekzadeh!

In this paper, a new model to obtain the Energy Release Rate (ERR) for pull-out test specimens,
based on a variational approach, is introduced. To include radial dependency, due to axial
deformations of a matrix, in an efficient and accurate way,.a continuous displacement function
is introduced which satisfies the required geometrical as well as kinetical boundary conditions.
The displacement function includes the shear deformation. While obtaining the parameters
of displacement function from the principle of total potential energy, two distinct solutions
are recognized which have different physical interpretations. One solution demonstrates shear
deformation and radial dependency, whereas the other solution represents a constant normal

strain.

Employing the proposed modeling, the effects of various geometrical and material

parameters on ERR were studied. Numerical results are presented to show the accuracy and
efficiency of this model in comparison with other such modelings.

INTRODUCTION

Different types of damage can occur in composite
materials. Delamination, in particular, is very critical
to laminated composites that have a low resistance
to this failure mode, due to the inherent weakness
of their interfaces. Initiation of a delamination has
different sources such as: a) Low velocity impact [1],
b) Structure free-edge effects [2-5] and c¢) Fabrication
defects. Once the damage occurs, subsequent in-service
loading may increase the delamination area, resulting
in a stiffness decrease and an early failure of the part.
Delamination may also cause a substantial loss in the
load-carrying capacity of the structures [6,7].

The bonding between a fiber and the matrix is
very important for the mechanicalbehavior of compos-
ites. It is shown that the quality of interface between
the fiber/matrix plays the most important role in the
development of different types of damage in composite
fibrous materials [8,9]. By use of an axisymetric,
cylindrical single fiber/matrix composite model, the
fiber pull-out test is one of the four most commonly
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used methods for characterizing interfacial properties
(10]. The debonding of matrix and fiber is a well-known
fracture mechanics problem. Based on a continuum
analysis of the deformation fields in cracked bodies,
a singularity of some order will appear in the stress
and strain tensor at the crack tip. Using a continuum
mechanics approach, one can employ the theory of
elasticity to evaluate the deformation field accurately.
The fracture mechanics fundamentals are based on
the change in the energy caused by incremental crack
propagation. The energy change for an incremental
growth in the crack, due to stress distribution in
the singular region, is not considerable in comparison
with the energy change in the regular region of the
body. The strain energy of the regular region will
not change considerably if the stresses are evaluated
using the classical theory of mechanics of materials.
Therefore, most of the research work being carried out
to predict the fracture toughness in a pull-out test
is, generally, based on the evaluation of the energy
release rate using the classical approach (in which the
singularity of the deformation field near the debonding
region would not be considered). Some have employed
the local form of equilibrium equations, which lead
to a classical form of analysis based on the measured
strains in the regions near to the crack tip of the
cracked bodies (e.g. [11,12]). This approach also makes
the base for the delamination phenomenon employed
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by many researchers in laminated composite material
analysis (e.g. [13,14]).

Among the many notable researchers, Chua and
Piggot [15], Zhou et al. [11] and Piggot [16] have
studied the fiber pull-out test and have predicted the
stress distribution. Zhang [12] has used the stress
function given by Kelly [17] and has derived a model
for the strain energy release rate. In his analysis he has
used the axial strain energy for both matrix and fiber,
together with the shear strain energy for the matrix.

In conjunction with singular elements at the
debonding or crack tip, finite elements (e.g. [18]) or
boundary elements (e.g. [19,20]) elasticity analysis
may also be employed with good accuracy for such
problems.

In this paper, a new model to obtain the energy
release rate in terms of the external applied stress is
introduced. The principle of the total potential energy
is used with good accuracy, in conjunction with an
introduction of a new displacement function represent-
ing the deformation of both matrix and fiber. The
displacement function includes, approximately, both
the radial as well as the axial coordinate dependency
of the deformation field. The effects of the various
geometrical parameters on the strain energy release
rate are studied. The results are compared with those
of theoretical as well as experimental methods reported
in [11,12,15,16].

DISPLACEMENT FUNCTION

In a single-fiber pull-out experiment, the matrix is kept
fixed at one end (z = 0) and a tensile stress, o, is
applied at the other end (z = L+ L') of the embedded
fiber (see Figure 1). The strain energy of this system
is composed of two parts: One part is due to debonded
fiber (L < z < L+ L') and the other part is due to
the embedded fiber and the matrix (0 €< x < L). The
strain energy of the free fiber may be evaluated by the
classical theory of the strength of the materials. The
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Figure 1. Geometry of the pull-out test specimen.
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strain energy of the second part may be considered as
the strain energy of fixed-ended embedded fiber and
matrix minus the energy needed to keep the embedded
fiber fixed (at z = 0). The energy to be evaluated is a
function of the end displacement of the free fiber end
(at z = 0) and also the stress distribution on the fixed
fiber end (at z = 0). Due to the assumed continuity of
the displacement at the interface, the displacement of
the particles of the fiber at 7 = ry on the section z =0
becomes zero. Considering this and also due to the fact
that 7y is relatively small, the end displacement of the
fiber is relatively small (see Figure 2). The work needed
to keep the fiber end fixed at z = 0 is approximately:

W, = % /Uf(T,O)O'f(T,O)dAf, (1)
Ag

where o is the axial stress of the fiber, uy is the axial
displacement of the fiber, A is the cross sectional area
of the fiber and W, is the external work. A good
approximate value for the normal stress at the fixed
end is its mean value. Thus, Equation 1 becomes:

~ P
We = m /Uf(T,O)dAf, (2)

Ag

where A,, and A; are the cross sectional areas of
matrix and fiber, P is the axial load and W, is the
external work. The effects of the residual stresses may
be superimposed to the other stresses. In order to
evaluate the strain energy of the fixed embedded fiber
and the matrix, a continuous displacement function,
based on the following assumptions, is employed for
the matrix and fiber. The assumptions are:

1. Due to applied stress in the axial direction (both
shear and normal components), the strain energies
are the dominants; thus, the strain energies, due to
the hoop and radial components of the stress, may
be neglected. This is because of the fact that the
hoop and radial components of the stress are due to
the Poisson effect. Moreover, for the problem un-
der consideration, because of the loading condition
(axial loading only) and geometry (relatively long
specimens), the global effects on the strain energy
are negligible. Also, it should be noted that the
effect of radial displacement on axial shear strain

X -

>

/ — Ly //’/,,«‘/, gy o
Ve 7 el
Z/;#/L’ Matrix /,/,[LA;/LL//,’,/ | &
777 Piber 7777777
.77, Fiber / TR
‘%’/,.// o //,,/// /%

Figure 2. The deformed shape of the pull-out test
specimen (the debonded matrix are not shown).
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is insignificant. This is a common assumption that
has been employed in [11,12,15]. In a mathematical
sense, this assumption means that:

v

— =90, 3
where v is the radial component of the displacement
and z is the axial coordinate variable.

2. Since the fiber radius is very small in comparison
with the fiber length, the radial dependency of its
axial displacement is neglected.

A continuous displacement function, that includes
the radial dependency of the matrix axial displacement,
is assumed for the whole body as:

u(z,r)=X(z)+H()R(C)X (), with (:%—1.()
4

Here, u is the axial displacement, H(¢) is the heavi-
sides unit step function, X (z) is an unknown function
of the axial coordinate and R(() represents the radial
dependency of the displacement of the matrix. The
function R(() should satisfy some geometrical and
kinetical requirements.

Geometrical Conditions

The displacement function must be such that the
continuity of displacements, in axial direction, at the
interface between the fiber and matrix, is satisfied.
This means that:

u(z,77) = u(z,rt). (5)

Kinetical Conditions

a) The shear stress at the outer surface of the matrix
must be zero, whereas at the interface of the matrix
and fiber it is nonzero. These requirements, in the
mathematical form, can be stated as:

o

Gm 8—1':)l(=(m =0, (6&)
0

Gnlg)| ., #0 (6b)

b) The shear stress must decrease monotonically in a
given section in a radial direction. Thus, to satisfy
the above requirements, the following expression for
function R(¢) has been chosen:

R(Q) = A[C = (1 + Cn)en(1 + ()], (7)

where (, = Z= — 1. A is an unknown parameter
that should be determined. It can easily be shown
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that Equation 7 satisfies all the requirements stated
above. The parameter A and the function X{(x)
would be determined from the principle of the
total potential energy. In the mnext section, the
basic governing equations required to derive the
expression for the total potential energy of the
system are described.

BASIC GOVERNING EQUATIONS

Kinematics

The strain components of both the matrix and fiber
can be derived from the general strain-displacement
relations. The non-zero components, i.e. the compo-
nents that can be derived from the axial displacements
without applying the stresses, are:

1. The axial component:

o dX '
£p= £= o AHH(QR(Q)=X"(1+H(¢)Rqy).

(8)
2. The shear strain in matrix:
ou dR(() 1

Yer = g = XH=20 = XHR(Q) (9)

Kinetics

Constitutive Equations

The relations between the stress and strain components
for an elastic material are:

Er = é[az —v{o, + 0g)],
ey = —l—[ar ~v(o; + gg)]
15 )
1
€9 = —E-[Ug —v(or +0;)],
Ter
Yor = o (10)

These equations may be used for both fiber and matrix.

The Strain Energy

In a general form, the strain energy for an elastic body
is given as [21,22]:

1
U::/ ———(ai+a§+af)+i(rrzg+rf +725)| dv.
2K 2G oo (11)

14

Under the prescribed assumptions, Equation 11 takes

the following form:
2 G
U=Um+Uf:/ [Ems”r_ﬂ d,,+/<§£53)d1,7
2
U hA (12)

2 2
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where U,, and U; are the matrix and fiber strain
energy, respectively. Substituting for the strain compo-
nents from Equations 10, the strain energy of the fiber
and matrix become, respectively:

L
EfAs
Us = / f2 L X' %z, (13)
0
L rm B G
(%://Pﬂ“+3ﬁf%—%ﬂRYPmmm.
2 2r% (14)
0 ry
The total strain energy of the system, then, becomes:
L
U:/MXQ+@WM& (15)
0
where:
EsAy ELA
=L I o0 4 (2 44 A, +2ATY),
2 2
(16a)
6 = 7TA2Gm,8m7 (16b)

Ym, I*, Bm in Equations 16 are given in Appendix A.

Principle of Total Potential Energy

The total potential energy is composed of the strain
energy and the potential energy of the external forces
that are conservative in the problem under study, as:

M=U+V, (17)

where V is the potential energy of the external applied
loads. In the problem under consideration, one has only
the work of the load applied at the end of the embedded
fiber (z = L). Based on the principle of total potential
energy for a conservative system, II must be stationary
in an equilibrium state. Thus:

6T = 6U + 6V = 0, (18)

where, 6V is equal to the virtual work of the external
applied load with an opposite sign; therefore:
8V = —P6X(L). (19)

Using Equations 15, 18 and 19 and carrying out the
integration by part, the following results are obtained:

sx: x"-8x -0 (20)
(87
i 15} as
) g 0 290 _
5A /m'&4+XaAux_q (21)
0
§X(L): X'(L) = 2. (22)
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Figure 3. The variation of the maximum value of the
function R(r) with Xr(= =) (Ef = 1258.6 and E,, = 3.4

T
GPa).

From Equations 16a and 16b, it is obtained that,
respectively:

da .

34" 2A5En(7m + AI") = a, (23a)
B

=2 = = 83y. 23b

The solution of Equation 20 with the associated bound-
ary conditions becomes:

X (z) = Agsinh(Az), (24)

where, A = \/g and Ag = 2—%. To obtain the
solution X (z), it is required to know the value of the
parameter A, which may be obtained from Equation 21.
Substituting for X (z) from Equation 24, Equation 21
takes the following form:

n—1 + sinh(2AL)
n+1 2AL

=0, (25)

with n = %g Now A may be evaluated by solving
Equation 25. Since the second term in Equation 4,
ie. H({)R({)X(z), represents the radial dependency
of the displacement function in the matrix, it should
be always negative. X (z) and H(({) are positive.
In Equation 7, the term multiplied by A is always
negative. Hence, it should be concluded that A must
be always positive. In Figure 3, the variations of A are
plotted versus the zi(= TL) of the specimen for three
different values of zl.
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STRAIN ENERGY RELEASE RATE

One of the well accepted criteria for the crack propaga-
tion phenomenon is the total energy release rate, Gr,
which can be derived from the change of strain energy
of the body, U, with respect to the crack length, a, as
[23-27):

ou

Gr = —.
T~ Ba

(26)
For the problem under consideration, U is composed of
three terms:

P2 L/

2. The strain energy of the embedded fiber and the
matrix (with a fixed-end boundary condition for
both fiber and matrix), which can be evaluated from
Equations 15 and 24 as:

1. The strain energy of the free fiber, U; =

2
Uy = %AT“ sinh(2AL), (27)

3. The third component is due to the end effect at z =
0. As stated previously, since the specimen is fixed
at the fiber end (z = 0}, the strain energy of the
system, due to this end effect, should be recovered.
This effect was proved to be equal to W,. Thus,
Us; = —W, must be added to U,.

The total strain energy of the system, Ur, is,
therefore, the sum of U;,Us and Uz. The total
strain energy release rate can, then, be derived using
Equations 26 and 27 as:

1 dUr

"= 2nr, dL (28)
Thus:
1 d r P’L' P2 aw,
Gr= b-_ — 2 sech? _a%e
T 2y L’(QAfEf 4aSQCh (/\L)) dL’] (29)

Note that, %L); = —%(-LZ. For a detailed differentiation of
U,, see Appendix B. W, depends on the displacement
and stresses at the end z = 0. us(0,7) and o(0,7)
become independent of the length, L, when L is
relatively long in comparison with ry. This does not
mean that the effects of the boundary condition at
z = 0 on the body, at a distance far from the end, may
be neglected, it rather means that these effects are,
approximately, independent of a small change in the
length, L, for a long L. Therefore, the change of W,
with respect to change of length, L, is very small and,
in comparison with the other terms in Equation 29,
may be neglected. By neglecting the third term in
Equation 29 and by using the relation between the

applied stress and load P, the NERR (Normalized
Energy Release Rate) becomes:

— . 8 rtanh(AL)
Gr=1- EZ[ @ ]
-1 tanh(AL) = & [tanh(x\L)
- (AL)a oLl (AL)a ]
_, _tanh(AL)
=1 Ola Lg, (30)
where
a=1+ (}—EE—’E)(Q(m + (2 + 4Aym + 2A%T),
f
_ 8 rtanh(AL)
9= 6_L[ L) ]

Gt is normalized according to [14]:

— G,

~ (o%rs/4Ef)

The third term in Equation 30 has no considerable
effect when the embedded length is large in comparison
with the matrix radius, since the variation of parameter
A, with respect to L is very small (see Figure 3).
However, in current analysis, this effect has been
accounted for. The variation of (‘—ai;'l[‘&l), with respect
to L, is small, since the term AL is small. The

differentiation to evaluate g is shown in Appendix B.

NUMERICAL RESULTS

The effects of geometrical parameters ({,, and zl =
L/r,,) and material parameters (e = E,,/Ey) are stud-
ied on the Normalized Energy Release Rate (NERR).
To start the analysis, one should first solve Equation 25
to obtain the values of parameter A for a given
situation. There are two values for parameter A,
irrespective of the geometrical and material parame-
ters. One solution is A = A; = 0, which causes the
displacement function u(z,r) to become independent
of radial coordinate r. The physical interpretation of
such a solution is that one can solve the problem with
constant strain throughout the embedded length. In
this solution, the end effects are not important since
the strains are constant. The NERR obtained from this
solution is exactly equal to those obtained by Zhou et
al. [11]. To check this point, when a approaches zero,
Equation 30 becomes:

— 1 e
:]_— = R
Gr 1+e(2m+¢2) X +e

(31)

2
with X = Tzr—irf Equation 31 is identical to Equa-
mTy
tion 25 of [12]. This value of NERR is dependent on the
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embedded length. It is easily seen from this equation
that the limiting (maximum) value of G approaches 1.
The solution of Equation 25 depends on both the
geometrical and material properties of the specimen.
Here, the other solution of Equation 25 is referred to
as As. This value causes R(r) to become nonzero and,
therefore, the radial dependencies are present in the
deformation pattern. In Figure 4, the variation of
the maximum value of function R(r) is plotted. The
value of parameter A decreases as (,, increases but R,,
increases with an increase in (,,. The NERR obtained
from this value of A, i.e. A contains the effects of
the radial dependency of the deformation fields. In
Figures 5a to 5h, the variation of Gr are plotted as
a function of Xr(Xr = r,,/ry), for different values of
the embedded length and for different materials for the
fiber and matrix. The results are compared with those
of Kim et al. [28] and Zhou et al. [11]. The NERR
given by Kim et al. or Zhou et. al is presented by:
(1 — 2kvy)? o?rg

Cr = (1= 2kvy) + X(1 - 2kvy)] 4E; (32)

: _ euf+Xum . .
with £ = A=) H e T2x Equation 32 contains

the effects of the radial and hoop stresses in the
regular region. The results of this modeling indicate
that these effects are negligible, since the results for
Ay = 0 and A, are in close agreement with the
results given by Equation 32. In Equations 31 and
32, the effect of length is not a parameter to be
considered. However, the results show that only when
the embedded length is large enough in comparison
with 7,,, one can conclude that NERR is independent
of the length. This conclusion may be made from
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Figure 4. The variation of parameter A, with z! and Xr.
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(zl =2, Ef = 150.6 and F,, = 3.95 Gpa).

Figures 6a to 6¢. In Figure 6a, the values of NERR are
compared for three different intermediate embedded
lengths. From these figures it is also clear that in
addition to length independency, the radial effects are
also negligible when z! becomes large. In Figures 7a
and 7b the values for the parameter A are plotted.
Although one can see that A takes different values
for different lengths, NERR becomes approximately
independent of the length, which means that the shear
effect is negligible when z! becomes large, irrespective
of {,,. Another important observation which may be
made is the effects of the end condition at x = 0.
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Figure 5d. Change of NERR with Xr(= lrrfl)
(2l =8,Ef = 2586 and E,, = 3.4 Gpa).

From the results obtained, one can see that NERR
is less sensitive to the end effect. This does not
mean that the end effect has no contribution on the
deformation pattern, but that, its effect due to a
small change in the embedded length is negligible.
The mechanism of the fracture would be changed
with an increase in (,,, i.e., for small values of (,,
mode II of the fracture is the dominant mode. As
(m increases, mode I becomes the dominant mode
tending to the situation of plain strain condition
which, subsequently, causes an increase in G; and,
hence, in total energy release rate. By considering
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Figure 5e. Change of NERR with Xr(= %)
(zl =10, Fy = 258.6 and E., = 3.4 Gpa).
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Figure 5f. Change of NERR with Xr(= %)
(zl =10, Ef = 150.6 and E., = 3.4 Gpa).

the shear effect, NERR tends to increase. This is
because an increase in the total strain energy of the
system occurs and the energy required for an infinites-
imal increase in the crack length can be obtained
with no changes in the deformation pattern of the
body.

In Table 1, the results for NERR are compared
with those obtained for the identical problem presented
by other researchers. It seems that the modeling
presented in this work yields more accurate results
(especially when considering A» solutions) than those
results given by Zhang [12] and Chua and Piggot [15].
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Comparative calculations have been conducted for the
material parameters pertinent to carbon/epoxy: Ef =
258.6 GPa, E,, = 3.4 GPa, vy = 0.25 and v,,, = 0.35,

L =130 mm, ry = 4.5 mm, 7,, = 16.2 mm.

CONCLUSIONS

A new modeling for the debonding and fiber pull-
out interfacial fracture energy was presented. In the
modeling, a displacement function is introduced and
the principle of total potential energy is employed
to determine the energy release rate. The solution
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includes the radial dependency of the deformation
pattern. The analysis shows that the radial and
hoop stresses under the applied load have negligible
effects on NERR. The effect -of shear deformation
becomes small for two cases: When the radius of
matrix is not larger than the radius of fiber and
when the embedded length becomes very large in
comparison with the matrix radius. The effects of
the geometrical and material properties were stud-
ied on NERR. The results have shown that since,
in a pull-out test, the embedded length is usually
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Figure 6c. Comparisons of normalized energy release Figure 7b. The variation of parameter 4, with respect to
rate versus Xr for three large z! (Ef = 150.6 and zl and Xr(Fy = 150.6 and E,, = 3.95 GPa).
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APPENDIX A

Cm
‘= /[<2+(1+<m>21n2(1+<>
0

—2¢(1 4 ¢m) In(1 + N1 + ¢)dC

= %,l sy (14 ¢m)? AL = 2(1 4+ (m)A:

+ 2(1 + Cm)Ag,

where:

Cm
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+0.5) - 0.25,
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The 3,, is given by:

(1+(m)?

Trc %

(m
m=/[<—2<m—1
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Cm(l+ T)

The parameter « is given as:

Cm
=& / (1+ QR(O)dC

Cm
=& /[c C (14 G In(1 + O)(1+ Q)
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_ (ZAAf )[4(3<3n +203) + 6(C2 + 2Cm)(1 + ()
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APPENDIX B

To evaluate g in Equation 31 it is required to obtain -‘;—‘ﬂ

From Equation 25 one has, after taking the logarithm
of each sides of the equation,

on 2 _ Oz 1, Oz
_ﬁ(l = yf) = EZ(COt anh(z) — ;) ALY

(B1)

where, x = 2AL. Also, from Equation 25, it is noted
that n = ‘—;%’g Therefore:

5}
52 = Ml0m + 241")/(ym A + A2I")

0A

o 0A
— de(ym + AI )/a]ﬁ =12 57 (B2)

Also, from Equation 24, the following is obtained:

oA 1 o 0A
5z ~Alg — 2elm + A /a] 5
0A
= = B
An3 £Y7 (B3)
Using Equations B1 to B3, g—’z is determined as:
0A —771)\
g LA B4
OL  (m2 +mmns)L (B4)
From Equation 25, the following is obtained:
_ i[tanh()\L)
S T AN OVAY:
_[fChPAD) 10, %) &) _yjtanh(Al),
" “tanh(AL) ‘20L A a (AL)a *
(B5)

Using Equations Bl to B4, g can be obtained from
Equation BS5.





