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Relaxation Time for Bulk Viscosity of
Soft-Sphere and Lennard-Jones Fluids
M. Vahedpour1, S. Alavi2, B. Naja  and E. Keshavarzi1
The density and temperature dependence of bulk relaxation time is studied for soft-sphere and
Lennard-Jones uids. For soft-sphere uid, the bulk relaxation time is determined by numerical
solution of the Zwanzig-Mountain equation, using the data of Hansen and Weis for the radial
distribution function. The bulk relaxation time for soft sphere uids decreases monotonically
with density and increases with temperature. The bulk relaxation times of Lennard-Jones uids
are determined by numerical integration of the Zwanzig-Mountain equation with the MatteoliMansoori radial distribution function. For isotherms up to T  < 2:1, the density dependence
of the relaxation time of Lennard-Jones uids goes through a minimum at a reduced density of
approximately 0.85.

INTRODUCTION
Bulk viscosity is related to the irreversible resistance
to change in the volume of a uid upon compression
and arises from the unequal partition of energy among
translational and internal modes in non-equilibrium
states [1]. This transport property has been the object
of study in the eld of uid physics and recently in
such diverse elds as polymer science, quantum eld
theory and even medicine [2]. Unfortunately, there
is only a single indirect method for measuring bulk
viscosity, which is based on acoustic adsorption, and
the technique has experimental errors ranging up to
25% [3]. The comparison of theoretical calculations
with experimental data is not always possible, since
bulk viscosity data are generally scarce.
Stokes [4] realized the existence of bulk viscosity
in the context of the propagation of ultrasonic waves
through a uid. He believed the measurement of the
density variations required to determine bulk viscosity
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would be dicult and did not further pursue the
characterization of this property. Tisza [5] used a
formal theory for a complex bulk viscosity coecient,
which is expressed in terms of the relaxation time
and applied ultrasonic wave frequency. His analysis
explains the excess ultrasonic absorption and dispersion of sound waves in uids [5]. Excess ultrasonic
absorption is de ned in relation to classical absorption,
which is due to shear viscosity and thermal conductivity [6].
Bulk viscosity is related to the irreversible resistance to change in volume of a uid under strain. The
resistance to volume change in a nonequilibrium system
is above that given by the isentropic bulk modulus of
a uid under hydrostatic pressure.
A study of the bulk modulus can reveal microscopic aspects of intermolecular attractive forces,
acoustic phenomena and the dynamical structure factor
in uids. In dilute monoatomic gases and incompressible uids, the e ects of bulk viscosity are small and
are usually ignored. In dense uids undergoing strong
compression, bulk viscosity plays an important role in
determining shock-wave behavior [7]. For polyatomic
uids, bulk viscosity is associated with the relaxation
of intramolecular rotations and vibrations. Intramolecular relaxation is a thermal process, which must be
considered, in addition to the structural relaxation
in polyatomic liquids. It is dicult to isolate and
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evaluate the exact role of intrinsic bulk viscosity during
an irreversible expansion or compression process, in a
manner similar to the shear viscosity, which is linked
to a shearing process. This is why the study of
monoatomic uids, which have no internal structure, is
particularly interesting in determining the magnitude
of the factors a ecting bulk viscosity. It was initially
thought that monoatomic uids would not show the
type of relaxation associated with bulk viscosity, however, theoretical studies for hard sphere liquids with
Enskog's theory [8] and computer simulations [7,9-11]
and also recent experimental studies [12-15] con rm
the existence of bulk viscosity for monatomic systems.
Theoretically, di erent approaches, based on statistical methods or molecular simulation schemes, can
be used to calculate bulk viscosity [3]. The Enskog
theory for hard-spheres overestimates bulk viscosity
by a factor of two. Borgelt et al. [16] use a kinetic theory approach for Lennard{Jones systems to
calculate bulk viscosity, but, their value is at least
60% higher than exact MD simulation values. The
time correlation function formalism, in conjunction
with Molecular Dynamics (MD) simulations, is a
more common approach to studying the transport
and dynamics of uids [10,11,16]. Meier, Laesecke
and Kabelac [11] have recently performed extensive
molecular dynamics simulations and determined the
bulk viscosity for subcritical and supercritical LennardJones uids. The time correlation function required for
the calculation of bulk viscosity can also be calculated
by introducing a memory function [17]. The advantage
of this approach is that one can introduce an approximate form of the memory function and still preserve
a number of useful properties of the time correlation
function [18].
At thermal equilibrium, molecular velocities are
distributed according to the Maxwell distribution.
In non-equilibrium states, the velocity distribution
deviates from the Maxwell distribution, which leads
to irreversible transport processes. The H-theorem
guarantees that an isolated, many particle system will
eventually approach equilibrium, irrespective of its
initial state. The typical time-scale for this process
is called the relaxation time, which depends on the
detailed nature of the interparticle interactions.
In this paper, the density and temperature behavior of the in nite-frequency bulk modulus and bulk
relaxation times for Soft-Sphere (SS) and LennardJones (LJ) uids are investigated. The fundamental
ideas are those of Mountain and Zwanzig [19,20] who
de ned bulk relaxation time as follows:

 = K bulkK ;
1

0

(1)

where K0 and K1 are the zero- and in nite-frequency

bulk modulus, respectively and  is the bulk relaxation
time. In the authors' previous work [21,22], it was
observed that the variation of the shear relaxation time
with density for LJ uid passes through a minimum,
which indicates a change in behavior from uid-like to
viscoelastic in the supercritical region [21,22]. A similar
behavior is observed in the bulk relaxation time, in
particular, the bulk relaxation time - density plot shows
a minimum of about 0.85. The physical origins of these
behaviors are di erent.
When a mechanical perturbation is suddenly applied to a uid, the uid responds elastically at rst,
as if it were a solid body. The initial response is
determined by the in nite-frequency shear modulus
(instantaneous rigidity modulus), G1 , and the in nitefrequency bulk modulus (compression modulus), K1 .
The in nite-frequency shear modulus is related to
the diagonal components of the stress tensor and the
in nite-frequency bulk modulus is related to both the
diagonal and o -diagonal components of the stress
tensor. Zwanzig and Mountain nd that G1 is very
sensitive to the repulsive part of the potential for a LJ
uid [19,20].
In the next section of this paper, the density and
temperature dependence of the in nite-frequency bulk
modulus for the soft sphere potential are obtained.
This is used in Equation 1 to obtain the bulk relaxation time for the soft sphere uid. In the following
sections, rst, a similar derivation is carried out for the
Lennard-Jones uid, then, the density and temperature
dependence of the bulk viscosity relaxation time for
both potentials are discussed.

RELAXATION TIME FOR SOFT-SPHERE
FLUIDS
Zwanzig and Mountain derived the relation between
the in nite-frequency bulk modulus, K1 , and the
radial distribution function (RDF) for uids with
spherically symmetric potentials [20]:
1





Z
K1 = 23 kT + p + 29 2 g(r)r3 drd r ddr dr; (2)
0

where g(r), (r), p and  are the radial distribution
function, intermolecular pair potential, pressure and
density, respectively and kT has its usual meaning.
Pressure is also related to the RDF and intermolecular
potential through the standard expression;
Z

2
2
(3)
p = kT 3  g(r)r3 ddr dr:
To calculate K1 for any thermodynamic state of a
simple uid, an appropriate mathematical form for
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g(r), from molecular dynamics simulations or experimental values of g(r) from neutron di raction, is
required.
The soft potential (SS) is written as:
 n
 = 4" r ;

(4)

where  is the e ective radius, " the energy factor and n
the power of the potential. Substituting the derivative
of , with respect to r, in Equation 2, gives:
1

Z
 n 2
5
2 2 2
K1 = 2 kT + 4n(n + 3)"  9 g(r) r
dr:
(5)
0
Heyes and Aston [23] demonstrate that the integral in
Equation 5 and, therefore, K1 , is in nite for a hardsphere potential, where n ! 1. However, this integral
is nite for soft-sphere repulsive potential with n = 12
and can be solved numerically.
For a r n potential, Hansen [24] and, also, Cape
and Woodcock [25] showed that the con gurational
part of all thermodynamic quantities depends on temperature and density only through a dimensionless
combination of these variables in the form of x =
3 ("=kT )3=n. Thus, the values of a thermodynamic
property computed along a single isotherm or isochor
are sucient to determine all thermodynamic states.
Hansen and Weis [26] tabulated g(r) for soft-sphere
uids (n = 12) as a function of x. One uses these
values of g(r) to calculate the con gurational part
 =
of Equation 5. Using the reduced variables, K1

3

3
K1  =",  =  and T = kT=", one de nes;

K  5  T 
z  1 22
:

(6)

Using the de nition of z from Equation 6 in Equation 5
gives.
1

Z
 n 2  r 
z = 4n(n + 3) 215 g(r) r
d  :

(7)

0

The quantity z scales with x for all the thermodynamic
states with no distinction made between gas and liquid
phases.
K1 is determined from numerical integration of
Equation 5 for several thermodynamic states, using the
SS potential with n = 12 and g(r) from [26]. Figure 1
 as a function of density for several isotherms.
shows K1
The di erent isotherms are summarized in a single
curve by plotting the same data in the form of z as
a function of x, see Figure 2. The dependence of z on
x can be expressed in the functional form;
z = 25:9039 31:361x + 266:898x2 237:46x3
+ 150:874x4;

(8)

Figure 1. Calculated in nite-frequency reduced bulk

modulus K1 , for three isotherms using soft-sphere n = 12
potential and the radial distribution function of [26].

from Equation 6 plotted as a
Figure 2. The z variable
3=n
3

function of x =  ("=kT ) for all thermodynamic
states and compared with molecular dynamics simulations
() of Heyes [28] for this variable.

which is valid in the range of 0:253 < x < 0:854, since
the data for g(r) of [26] are given for this range. The
maximum error in this correlation is 0.85% and the
 can
mean error 0.36%. With this functional form, K1


be calculated for di erent values of  and T .
To calculate the bulk relaxation time from Equation 1, the adiabatic (zero-frequency) bulk modulus,
K0 , is required. This quantity is de ned as:




@p = 
K0 =  @
s





@p ;
@ T

(9)

where = Cp =Cv is the heat capacity ratio. The adiabatic bulk modulus is determined from the equation of
state of the SS uid, which has been reported in [27]
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RELAXATION TIME FOR
LENNARD-JONES FLUIDS

as a function of x;

P  = 1 + 3:62959x + 2:08883x2 + 0:7575x3
 T 
+ 0:17676x4:

(10)

The heat capacity ratio can be determined from the
thermodynamic relation:

@p 2
@T
= 1 + CT2  @p   ;
v
@ T


(11)

where Cv is the constant volume heat capacity obtained
from Equation 17 of [27] which is reproduced in
Appendix A. Using Equations 10 and 11, K0 can be
calculated from Equation 9.

Using numerical integration of Equation 5 for K1
and Equation 9 for K0 , along with the Hoover - Ladd
- Hickman and Holian [7] expression for the reduced
 , of a soft sphere uid, which is
bulk viscosity, bulk
reproduced in Appendix A (Equation 13 of [7] ), the
 , de ned as:
bulk relaxation time, bulk
 = bulk ;
bulk
(m=")1=2

(12)

is determined. Several calculated reduced bulk relaxation times for a SS uid are shown in Figure 3.
Over the temperature range given in this gure, the
relaxation time isotherms for the purely repulsive softsphere potential decrease monotonically with density
after passing a maximum that is caused by the bulk
viscosity value.

 , for a
Figure 3. The reduced bulk relaxation time, bulk

SS uid as a function of the reduced density,  , for
several isotherms.

There are only a few semi-empirical and analytical
expressions for the bulk viscosity for LJ uids and also
little data and no unique formula for the prediction
of the relaxation time [28]. To obtain the bulk
relaxation time for the LJ uid, one needs to calculate
in nite- and zero-frequency bulk moduli and the bulk
viscosity.
To determine the in nite frequency bulk modulus,
K1 , the integral in Equation 2 is evaluated numerically
for the LJ potential using a simple expression for the
radial distribution function of pure uids, given by
Matteoli and Mansoori [29]. Their expression is:

g(R) = 1 + R m [g(d) 1 ]
+ [(R 1+ )=R]exp[ (R 1)] cos[ (R 1)];

m  1; R  1;
g(R) = g(d) exp[ (R 1)2 ];

R < 1;

(13)

where R = r=d is a reduced intermolecular distance, d
is the location of the maximum of the rst peak in the
radial distribution function and h = d=, m, , , , 
and g(d) are adjustable parameters. This expression is
valid in the range of 0:3 <  < 0:95 and 0:6 < T  <
 can be calculated
3:7, when m  1 and, therefore, K1
 , obtained
in this region. In Figure 4, the LJ, K1
from numerical solution of Equation 2 is compared
with LJ Molecular Dynamics (MD) results [28] for two
isotherms. The agreement between the two sets is
acceptable.
The adiabatic bulk modulus is calculated from

Figure 4. Comparison of the reduced density dependence


of the reduced in nite-frequency bulk modulus, K1 , using
) and MD
numerical solution of Equation 2 (
results [28] for T  = 3:5 (N) and T  = 1:75 () isotherms.
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Equation 9 and the equation of state of the LJ potential [30], which is reproduced in Appendix B.
Calculation of the bulk relaxation time for LJ
uids requires the bulk viscosity, in addition to the
in nite-frequency bulk modulus and the adiabatic bulk
modulus. The molecular dynamics results of Meier
et al. were used for the bulk viscosity [11]. These
very accurate results were determined in a wide range
of uid states performed at 351 state points along 16
isotherms.
Figure 5 shows that the bulk relaxation time of
six isotherms (T  = 1:35 3:0) have minima at certain
densities. This gure shows a minimum at reduce
density approximately 0.85 after passing a maximum.
The bulk relaxation time isotherms approach zero
at the zero density limit, because the bulk viscosity
isotherms are zero in the ideal gas limit.

DISCUSSION
For soft-spheres, the integral for the in nite frequency
 , in Equation 2 is solved nuof bulk modulus, K1
merically. Using this in nite-frequency bulk modulus, the adiabatic bulk modulus from the equation
of state of Hoover et al. [27], the bulk viscosity
expression of Hoover et al. [7] and the density and
temperature behavior of the bulk relaxation time
was calculated and shown in Figure 3. The softsphere relaxation time decreases monotonically as the
density of the uid is increased. At each density
the isotherms with larger temperatures have greater
relaxation times.
The in nite-frequency bulk modulus can be determined numerically for the LJ potential, using the
Matteoli - Mansoori RDF [29]. The LJ adiabatic (zero-
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frequency) bulk modulus is obtained using LJ equation
of state [30]. Using Equation 2 and the data of Meier
et al. for the bulk viscosity from MD calculations
(Figure 5), the temperature and density dependence
of the bulk viscosity relaxation time of LJ uids were
determined. The isotherms have shallow minima at
reduced densities of approximately 0.85.
The behavior of the bulk relaxation time for
both SS and LJ uids are dominated by the behavior of the bulk viscosity. In both these cases,
the K1 K0 term, in denominator of Equation 1
varies monotonically with the density and temperature
regions of interest. The \critical enhancement" of the
bulk modulus for supercritical isotherms is seen in the
calculations of Meier et al. (Figure 6 of [11]). For
higher temperature isotherms, the magnitude of the
enhancement becomes smaller and e ectively vanishes
for isotherms with T  > 2:1. This leads to the
disappearance of the minima in the bulk relaxation
time for high temperature isotherms with T  > 2:1
(see Figure 5). Thermal conductivity also shows
a critical enhancement in the same region and the
physical origin of both phenomena is related to critical
clustering [31].
The shear viscosity relaxation time isotherms up
to T   2:1 show a minimum at the reduced density of
  0:7 [21,22]. The physical origin of the minimum
in the shear and bulk relaxation times is not directly
related.
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APPENDIX A

For soft-sphere uids, the speci c heat can be estimated from the following equation (Equation 17
of [27]):
 


Cv = 3 + P  V
1 @ (P  V=NkT ) ;
Nk
2 4NkT 16
@ ln 
T

where P = P Pstatic Pideal .
The Enskog theory expression for bulk viscosity
is given in Equation 21 of [27]. For soft sphere
interacting potential, the Hoover, Ladd, Hickman and
Holian [7] expression for the bulk viscosity is obtained
by substituting the following expressions in the bulk
viscosity formula:
 = 1:002by0;
where:
 3   1
" 4;
N
b0  = 2:7222x; x = p
kT
2V
y = 2:722x + 3:791x2 + 2:495x3 1:131x5;
and:
0 = 0:171(m") 21 (kT=") 32 =2 :

APPENDIX B

The equation of state of Mecke et al. [30] for LJ
uid is based on the Helmholtz free energy, F , in
the form of a generalized van der Waals equation,
F = FH + FA , where FH accounts for hard body
interactions and FA for attractive dispersion forces. For
a system of hard spheres with a packing fraction,  , the
residual Helmholtz energy, FH , is given, according to
the Carnahan and Starling expression [30], as:
FH = (4 3 2 ) ;
RT (1  )2
where:
 = 0:1617(=c )[0:689 + 0:311(T =Tc)0:3674 ] 1 ;
where c and Tc are the critical density and temperature, which equal 0.3107 and 1.328, respectively.
For FA , the following equation is suggested by
Mecke et al. [30]:
X
FA =RT = ci (T =Tc)m ( =c )n exp[pi ( =c )q ];
i

i

i

i

where the exponents mi , ni , pi and qi , as well as
coecients ci , are determined by the optimization
procedure of Setzmann and Wagner and are listed in
Table B1.
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Table B1. Coecient ci and powers, mi, ni , pi and qi , for the attractive part residual Helmholtz free energy.
cj
m
n
p
q
0:33619760720  10 5
0:14707220591  101
-0.11972121043
0:11350363539  10 4
0:26778688896  10 4
0:12755936511  10 5
0:40088615477  10 2
0:52305580273  10 5
0:10214454556  10 7
0:14526799362  10 1
0:64975356409  10 1
0:60304755494  10 1
-0.14925537332
0:31664355686  10 3
0:28312781935  10 1
0:13039603845  10 3
0:10121435381  10 1
0:15425936014  10 4
0:61568007279  10 1
0:76001994423  10 2
-0.18906040708
0.33141311846
-0.25229604842
0.13145401812
0:48672350917  10 1
0:14756043863  10 2
0:85996667747  10 2
0:33880247915  10 1
0:69427495094  10 2
0:22271531045  10 7
0:22656880018  10 3
0:24056013779  10 2

-2.0
-1.0
-1.0
-1.0
-0.5
-0.5
0.5
0.5
1.0
-5.0
-4.0
-2.0
-2.0
-2.0
-1.0
-1.0
0.0
0.0
-5.0
-4.0
-3.0
-2.0
-2.0
-2.0
-1.0
-10.0
-6.0
-4.0
0.0
-24.0
-10.0
-2.0

9
1
2
9
8
10
1
7
10
1
1
1
2
8
1
10
4
9
2
5
1
2
3
4
2
3
4
2
2
5
2
10

0
0
0
0
0
0
0
0
0
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
3
3
3
3
4
4
4

