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Recently, a new potential model has been proposed for the intermolecular interactions of model
pure uids and it was shown that the derived Equation Of State (EOS), based on this potential,
can properly predict the thermodynamic properties of these uids. In addition to simplicity and,
to some extent, the realistic form, this potential has a parameter (�) which controls the range
of the attraction tail. In the �rst part of this study, the proposed potential and derived EOS are
extended to binary mixtures of model uids. In a similar manner to that of the pure uids, the
results obtained are consistent with the data available from simulation studies. In the second
part, after modi�cation of the model potential through �nding a general temperature dependency
for �, the modi�ed potential is used to calculate some equilibrium thermodynamic properties of
real pure uids and their binary mixtures. Again, it was found that the modi�ed potential can
suitably predict the thermodynamic properties for pure, as well as binary, mixtures of real uids.

INTRODUCTION

Understanding the true nature of intermolecular and
interatomic forces and their origin, as well as their
behavior, is a tedious task. Also, the quantum
mechanical calculations for obtaining even a rough
representation of the pair potential function is time
consuming and inevitably requires the assistance of
suitable high-performance computers, capable of un-
dertaking the necessary calculations at a reasonable
rate. Therefore, from a practical point of view, in
order to calculate the properties of uids, use is made
of various model potential functions. Although it is
desirable that a potential model be able to represent
the intermolecular forces for various kinds of uids
as accurately as possible, it must still be simple
from a mathematical point of view, so that one is
able to deduce the thermodynamic properties of the
system without engaging in complicated mathematics.
However, having these desirable factors simultaneously
seems to be impossible.

Reliable models for accurate correlation and pre-
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diction of the thermodynamic properties of pure uids
and their mixtures are much in demand for pro-
cess design and material handling. In chemical and
petroleum industries, much e�ort has been put into
the development of simple analytical equations of state
to meet such a demand.

Recently, a new analytical EOS was developed
to predict the properties of hard-core model pure
uids [1]. The approach is based on the Barker-
Henderson (BH) perturbation theory, along with a
new pair potential function [2]. Even though their
proposed potential function is as simple as the square
well (SW) potential, it is more exible than the SW,
Hard-Core Lennard-Jones (HCLJ) and Lennard-Jones
(LJ) potentials.

In the current study, the aim is to extend the
proposed potential function, �rst, to model binary
mixtures, then, modifying it in such a way that it can
be used for predicting the equilibrium thermodynamic
properties of real uids, as well as their binary mix-
tures.

POTENTIAL FUNCTION

The proposed model pair potential function is a new
extended SW potential function and, in fact, is a com-
promise between simplicity, reality and exibility [1].
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The mathematical form of the new pair potential
function, is as follows:
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where, x = r=� is the intermolecular distance in
units of hard-sphere diameter, �. The quantity, ",
represents the potential well depth (minimum potential
energy), � is the reduced well width and � is an addi-
tional parameter responsible for the further exibility
of the potential, through changing the steepness of
the potential tail, i.e. controlling the range of the
attraction tail. The cut-o� of the potential for x > 3
is reasonable, because, according to the well known
Lennard-Jones potential (which is theoretically valid
at least for the spherically symmetric molecules), the
attraction decreases with x; as 1

x6
. It means that the

attraction energy for x > 3 is less than 0.14 percent of
that at x = 1.

Using the above illustrated potential function,
along with the perturbation theory of BH, a new EOS
for the hard-core model uids was derived showing a
good agreement with available simulation data for the
compressibility factor (Z) of the model pure uids [1].
The derived EOS, represented in full detail in [1], is, as
follows:
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in which:
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where Z denotes the compressibility factor and y =
�
6 ��

3 (where � = N
V

is the number density) stands

for the so-called packing fraction. It must be noted
that one can regard � as an adjustable parameter,
as is the case in dealing with, for example, the SW
model; but, for the model to become more simple and in
order to reduce the mathematical work required, such
as reported in other cases [3], a constant value was
assigned for �, chosen here to be 1.4, i.e., throughout
the work � = 1:4. This chosen value for � is solely
based on similar studies on the SW uid properties.

EXTENSION OF THE EOS TO MODEL

BINARY MIXTURES

In order to investigate both binary and multi-
component mixtures of uids, customarily, a total un-
derstanding of thermodynamic properties is obtained,
based on corresponding ones for each component in
its pure state. In other words, a relationship is set
between the thermodynamic properties of pure uids
and their mixtures using the so-called mixing rules as
a bridge [4]. For binary, as well as ternary, mixtures
of real and model uids, extensive and detailed mixing
rules were proposed and investigated in [5]. Using one
pair of the simplest mixing rules, i.e., Lorentz-Berthelot
approximation [6], the position was reached to test the
applicability of the proposed new potential model and
deduced EOS in predicting the compressibility factor
of the model binary mixtures of hard-core uids for
which Monte Carlo simulation data are available [7].
According to Berthelot-Lorentz mixing rules, the unlike
diameter, �ij , and unlike potential well, "ij , may be
expressed in terms of those of the like parameters as:

�ij =
�i + �j

2
; "ij = ("i"j)

1

2 : (7)

The variable of the packing fraction for a mixture was
de�ned as:
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Equation 8, for a binary mixture, takes the form, as
below:
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where, x1 and x2 indicate the molar fraction of the
components 1 and 2, respectively.

Based on assumptions made in Equations 7 and 9,
to the �rst order of the BH perturbation theory, one can
obtain the following EOS for model binary mixtures:
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Figure 1. Compressibility factor of the model binary
mixture with �1 = �2,

kT

"11
= 2 and x1 = 0:5.

in which,

yij =
�

6
��3ij : (11)

Using Equation 10, the compressibility factor of model
binary mixtures of hard-core uids was calculated.
Figure 1 shows the results, along with data produced
by the Monte Carlo simulation technique [7]. As can be
seen from this �gure, overall agreement is fairly good,
i.e., the proposed model is capable of reproducing Z
for the model binary mixtures as accurately as that for
the model pure uids [1].

EXTENSION OF THE EOS TO REAL PURE

FLUIDS

The derived EOS (Equation 2) may be expanded in a
Taylor series, in order to obtain a virial type EOS for
which the second virial coe�cient is, as follows:
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where, b0 is the second virial coe�cient of the hard-
sphere model [6].

After using the dimensionless reduced parameters
of T � = kT

"
and B�(T �) = B(T �)=b0, Equation 12 can

be rewritten as:
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The �rst derivative of Equation 13 with respect to T �

is as below:
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Due to the fact that dB�

dT�
> 0, the graph of B� versus

T � does not exhibit any maximum as do other hard-
core potentials [6]. However, this is not the case with

real uids for which, at a high temperature (so-called
inversion temperature), the second virial coe�cient
passes through a maximum. Therefore, it is reasonable
to suppose that �, which is responsible for the range of
the attraction tail of the pair potential, is not in fact a
constant, but a function of the temperature, i.e.:

� = �(T �): (15)

It must also be noted that some studies have dealt
with the e�ect of temperature on pair potential param-
eters [8]. In fact, only when this interaction is regarded
as being e�ective, i.e. only when one considers an
e�ective pair potential, does the e�ect of temperature
and state of the system on potential parameters become
physically meaningful [9]. This reasoning has its roots
in the fact that temperature makes no physical sense
in a system consisting of only two interacting particles.

However, the logic behind assigning a tempera-
ture dependency for the parameter � is rather di�erent
from the above mentioned reasoning. Due to the fact
that molecules are not perfectly rigid but to some
extent can be regarded as possessing a hard core
surrounded by a rather penetrable outer shell, at high
temperatures, especially near the above introduced
inversion temperature, molecules have a signi�cant
kinetic energy. So, molecules at such temperatures can
penetrate each other to a further or lesser extent at
the instant of collision, resulting in a pair potential
interaction model, in which the diameter (�) of each
molecule is explicitly temperature dependent. But, the
model in hand (Equation 1) is a hard-core one. The
term hard-core means that the molecules behave as
totally rigid spheres with, necessarily, a �xed value
for their diameter. Therefore, the above mentioned
penetrability is no longer possible. On the other hand,
hard-core potentials are well-developed in literature,
with many bene�cial aspects [10]. Because hard-
core potential models are of great importance in uid
theories, due to the following facts, one should make
use of the new pair potential, (Equation 1):

(i) Fluid properties may be expressed analytically,

(ii) They are used as a reference state in the perturba-
tion theory of simple liquids,

(iii) The behavior of all simple liquids approaches that
of the hard-core uids at high density and temper-
ature.

However, in order to mimic the behavior of real
uids, especially at high temperatures, a more exible
attraction may be assumed in this range, by assigning
a temperature dependency for �.

In order to obtain a crude insight about the trend
of variation of �(T �) with T �, the reported values of
B2(T ) [11] and the corresponding values of � and "
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for the Lennard-Jones potential [12] for the �ve gases
He, N2, O2, CO and NO, have been used in order to
reduce the temperature and reported values of B2(T ).
Then, by solving Equation 13 for �(T �) the following
is obtained:

� = �18:4T �+ 0:06135

�
p
130750T �2�40750B�(T �)T ��71068T ��35534:

(16)

It should be noted that the reported values for B2(T )
at high temperatures are not, in fact, direct experi-
mentally obtained values, but derived from high energy
molecular beam scattering investigations, along with
an accurate correlation, based on the principle of
corresponding states [11].

Using Equation 16, the trend of � versus T � can
now be presented. The general trend of the variation
of � with T � for the two uids N2 and O2 is shown
in Figure 2. After some trials, along with making
use of the statistical software, Table Curve, through
�tting with various functional forms, the best general
function for �(T �), simultaneously applicable to all
studied uids, was found to be:

�(T �) = 0:34 + 0:4T � + 0:46T � lnT �: (17)

The criteria for selecting this function are threefold,
namely:

a) Seeking a general function relying on the validity
of the principle of corresponding states, due to the
structural simplicity of the studied uids;

b) Good reproduction of the reported second virial
coe�cient within the whole temperature range
involved and, �nally;

c) Reasonable prediction of the inversion temperature.

Substituting this general function for �(T �) into
Equation 13 gives a general expression for the second
virial coe�cient of the real uid in a reduced form, as

Figure 2. Variation of � with T
� for O2 and N2.

follows:
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The reported values of B2(T ) for all studied gases have
been well �tted into the �nal expression, as shown
in Figure 3. Parameters of the modi�ed potential,
obtained on the basis of second virial coe�cient data,
are given in Table 1.

In order to calculate the value of the inversion
temperature, the �rst derivative of Equation 18, with
respect to the reduced temperature, was set equal to
zero and, via numerical solution, it was found that the
inversion temperature at which Equation 18 has its
maximum, corresponds to a value of T � = 14:06�0:02.
In the case of the Lennard-Jones model, use was made
of the tabulated values of B�(T ) versus T � to get the
inversion temperature at T � = 35:25� 0:01 [12].

Figure 3. The second virial coe�cient of a) N2 and b)
CO as predicted by the modi�ed model, Equation 18b.
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Table 1. Modi�ed potential parameters obtained from
the second virial coe�cient data.

Fluid "=k (K) � (
�

A) b0 (mL/mol)

He 10.1 2.70 25.0

CO 143.4 3.70 64.3

NO 172.5 3.55 56.5

O2 162.4 3.48 53.4

N2 134.4 3.69 63.6

Table 2 gives the inversion temperature as pre-
dicted by the modi�ed as well as Lennard-Jones (6-
12) potentials along with the reported values [11].
It can be seen that the modi�ed model (i.e., when
assigning a temperature dependency to the parame-
ter, �, according to Equation 17) can reproduce the
inversion temperature accurately, whilst the Lennard-
Jones (6-12) potential gives very high values for this
temperature.

Also, to obtain an expression for the second virial
coe�cient, Equation 18 was used to calculate the Joule-
Thomson coe�cient (�JT ) at zero pressure, via the
following well-known thermodynamic relation:

�JT =

�
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�
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� V

�
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or, equivalently, by using its relation with the second
virial coe�cient in its reduced form [12]:

�JT =
b0
C0
P

�
T �

dB�

dT �
�B�

�
; (20)

where, C0
p is the constant pressure heat capacity at

zero-pressure limit, whose values were taken from [13].
Results are shown in Figure 4. As can be seen from
this �gure, overall agreement in the case of �JT is
reasonable.

One may use the obtained value of ", along with
Equation 17 for � to calculate the compressibility
factor and internal energy (U) of any real uid as

Figure 4. The zero-pressure Joule-Thomson coe�cient of
a) N2 and b) O2 as a function of temperature.

a function of the packing fraction (or, equivalently,
pressure) via:
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For two uids, the results are shown in Figures 5 and 6.
Experimental values are taken from [13].

Table 2. The inversion temperature of the studied uids (reported values for Ti are calculated using the data of [11]).

Fluid
Ti (K)

Reported

Ti (K)

Predicted

Ti (K)

LJ(6-12)

% Error of the

Modi�ed Model

He 170 � 10 162 � 15 378� 25 �4:7

N2 2150 � 130 2160 � 150 2533 � 110 0.46

O2 2650 � 150 2610 � 120 4356 � 150 �1:5

CO 2230 � 130 2304 � 125 3707 � 120 3:3

NO 2750 � 140 2772 � 155 4847 � 180 0:8
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Figure 5. The compressibility factor of a) He at 500 K
and b) CO at 700 K versus packing fraction.

EXTENSION OF THE EOS TO REAL

BINARY MIXTURES

In this section, the extended EOS in virial form, i.e.
Equation 18, along with the simple mixing rules of
Lorentz-Berthelot, were used to predict the second
virial coe�cient of equimolar mixtures of N2+O2,
N2+NO and N2+CO. The second virial coe�cient for
a binary mixture, assuming a random distribution of
species, can be written as [6]:

Bmix(T ) = x21B1(T ) + 2x1x2B12(T ) + x22B2(T ); (23)

where, Bij stands for the second virial coe�cient of
the pair, i and j.

In order to calculate the cross second virial coef-
�cient, B12(T ), one may again use the simple mixing
rules of Lorentz-Berthelot i.e.:

"12 =
p
"1"2; �12 =

�1 + �2
2

;

b0(12) =
2

3
�NA�

3
12: (24)

A sample result is shown in Figure 7. Again, the
agreement with reported values [14] is good. In Table 3,
the reported values of the inversion temperature, as

Figure 6. Internal energy of a) O2 at 250 K and b) CO
at 200 K versus packing fraction.

Figure 7. The same as Figure 3 but for an equimolar
binary mixture of N2+O2.

well as those predicted by the modi�ed model and
LJ (6-12) potentials, were depicted. As in the case
with pure uids, the modi�ed model represents a
much better prediction than those of the LJ (6-12)
potential. Also, the predicted value of Ti for some
other binary mixtures for which no reported values are
available, is given in the same table. Even though
it is believed that the second virial coe�cient is not
sensitive enough to di�erentiate between unrealistic
model potentials [6], this is true only for a small
temperature range. In fact, it has recently been shown
that, if the temperature range is very large, in such a
way that covers the inversion temperature, the second
virial coe�cient may be considered useful criterion for
the model potential [15].
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Table 3. The inversion temperature of binary mixtures (reported values for Ti are calculated using the data of [11]).

Mixture
Ti (K)

Reported

Ti (K)

Predicted

Ti (K)

LJ (6-12)

N2+NO 2200 � 110 2273� 115 4150 � 210

N2+O2 2160� 113 2260� 115 3920 � 180

N2+CO 2270 � 114 2273� 117 3620 � 150

He+N2 |{ 1850 � 95 2670 � 160

He+O2 |{ 1900 � 95 2700 � 140

He+CO |{ 1900 � 95 2670 � 135

He+NO |{ 1850 � 90 2750 � 135

O2+CO |{ 2150� 110 3970 � 190

O2+NO |{ 2273� 115 4100 � 210

CO+NO |{ 2200� 110 4150 � 210

CONCLUSION

Due to the simplicity of the mathematical form and, to
some extent, the reality and exibility of the proposed
pair potential and the derived EOS, on the basis of the
BH perturbation theory and its capability to predict
the thermodynamic properties of model and real pure
uids, as well as their binary mixtures, the modi�ed
potential can be used whenever thermodynamic data
are not available. For simplicity of calculation, the
authors wished to use this hard-core model, but, in
such a way that it can predict the observed behav-
ior of the second virial coe�cient and the inversion
temperature. Therefore, in this study, parameter �
is considered to be temperature dependent, so that, at
higher temperatures, the contribution of the attraction
tail in the potential increases. As mentioned earlier, the
inversion temperature corresponds to a temperature
at which, due to high kinetic energy, molecules can
penetrate each other to some extent. A larger value
for this inversion temperature can be considered as the
larger kinetic energy required by molecules to penetrate
into the repulsive branch of the pair potential, so, it
can be stated that, according to Table 2, the Lennard-
Jones (6-12) potential expresses a sharper or steeper
repulsion branch compared with the real potential.
The inappropriateness of such a well known potential,
suitable mainly for spherically symmetric molecules
(at least qualitatively), has been pointed out by some
recent studies [16-19].

As can be seen in Figures 1, 5 and 6, the
calculated values for Z and U are in good agreement
with experimental data at low and moderate densities.
However, the agreement is poor at high densities.
Such behavior is expected, because of the fact that
the unperturbed state is chosen at � ! 0. When �

increases, the contributions of the higher order terms,
which are neglected throughout this work, become
signi�cant.
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