
Scientia Iranica, Vol. 11, No. 4, pp 351{360

c Sharif University of Technology, October 2004

Dynamic Response of a Moored

Semisubmersible in Short-Crested Wave Fields

A. Homayoun Heidari1, S.M. Borghei� and M. Sohrabpour2

Wind generated sea states are more accurately modeled by short-crested wave �elds. Whether

or not these short-crested waves can induce larger response amplitudes in oating o�shore

structures is of great concern to o�shore engineers. In this paper, the hydrodynamics of a moored

semisubmersible in short-crested wave �elds is investigated. Morison-based motion equations

with nonlinear damping terms are used to analyze the dynamic behavior of the structure. A

generalized three-parameter short-crested wave �eld is introduced as the incident wave. The

e�ect of transverse phase lag, wave propagation angle and di�erent ratios of in-line and transverse

wave numbers are studied on the force and response amplitudes of the oating structure. Finally,

the results are compared to that of the long-crested wave �elds and critical cases are speci�ed.

INTRODUCTION

In the investigation of the behavior of oating o�shore
platforms, one of the main factors is the hydrodynamic
force exerted by the incident wave �eld, which is the
major contributive source to the total force experienced
by the structure. In most of the research and engineer-
ing works in this regard, the wave �elds are usually
considered long-crested, which means that the waves
are in�nitely extended in a lateral direction. This
is, however, a simpli�cation of the properties and the
behavior of the natural wind-generated wave �elds.

Generally, a realistic wind-generated sea state is
more accurately modeled by three-dimensional wave
�elds. These wave �elds are developed by the inter-
action of multiple wave components propagating in
di�erent directions. Similar to long-crested waves,
these wave �elds can be considered either irregular
or regular. A regular three-dimensional wave �eld,
containing two components propagating at an oblique
angle to each other, is called a short-crested sea [1].

The complicated behavior of short-crested waves
has received considerable attention from uid dynamics
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researchers. Je�reys [2] presented the properties of
nonlinear short-crested wave �elds. A second-order
solution was obtained by Fuchs [3] and Chappelear [4]
calculated a third-order expansion in dimensional form.
Hsu et al. [5] presented the formulation of a non-
linear short-crested wave �eld up to the third-order
using a di�erent perturbation parameter and a non-
dimensional form. Roberts [1] studied the speci�ca-
tions of highly nonlinear, i.e. very steep, short-crested
waves.

The estimation of forces due to short-crested
wave �elds has been investigated by a few researchers.
Zhu [6] presented an analytical study of di�raction of
short-crested waves and the resultant wave forces on a
vertical circular cylinder. A numerical extension to this
study was performed by Zhu and Moule [7], obtaining
the results for rectangular and elliptical cross sections
as well. Also, the forces on a large surface piercing
circular cylinder have been studied by Huntington and
Thompson [8]. Recently the forces exerted by second-
order short-crested wave �elds on a circular cylinder
have also been investigated by Zhu and Satravaha [9].

As far as a complex oating o�shore structure
(such as a semisubmersible) is concerned, a number
of researchers have considered the e�ect of directional
seas, with a probabilistic approach, on the response of
o�shore structures. Di�erent types of structure have
been considered, such as a large freely oating box [10]
and a TLP [11].

Other authors have also studied the e�ect of
short-crested wave �elds on on-shore structures, such
as a seawall and a jetty [12,13].
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However, to the authors' knowledge, So far no
one has studied the response of a moored compound
o�shore structure to a deterministic short-crested wave
�eld. In this research work, the behavior of a moored
semisubmersible in short-crested wave �elds is investi-
gated. A generalized model for a linear deterministic
short-crested wave �eld is introduced, which depends
on three parameters. These parameters, for which
the parameter study is performed here, are the ratio
of wave numbers in in-line and transverse directions,
the transverse phase lag and the wave incidence angle,
which form the most general de�nition of regular short-
crested wave �elds.

The dynamics of the structure is solved in the
frequency-domain, considering the nonlinearity of the
viscous damping term. The equation of motion is
solved in three-dimensions, considering all the six
possible degrees of freedom for the structure.

Using the developed computer program based on
the strip theory, the e�ect of the variation of the
transverse phase lag on the hydrodynamic forces and
the response amplitude of the structure is studied
for di�erent wave number ratios. Also, the e�ect of
wave incidence angle on the forces and responses is
investigated.

Finally, the results are compared to dynamic
responses induced by a long-crested wave �eld with the
same total wave number, to investigate the possibility
of larger responses in short-crested wave �elds.

WAVE FIELD FORMULATION

A short-crested wave system, as is produced by two
progressive waves propagating at an oblique angle to
each other, is considered here. Hsu et al. [5] presented
the formulation of a short-crested wave �eld up to
third-order by the perturbation method. The �eld
presented by Hsu is de�ned by the angle between the
propagation direction of two regular waves, which form
the short-crested wave �eld by interacting.

A system of Cartesian coordinates with x and y
being on a still water level and z pointing upward is
considered. Assuming that the resultant wave �eld is
propagating along the x axis, the interaction angle of
two progressive waves divides the total wave number
between the in-line and transverse direction as:

�x = � cos�; and �y = � sin�; (1)

where �x is the in-line wave number (along x axis), �y
is the transverse wave number (along y axis), � is the
total wave number, which is de�ned by �2 = �2x + �2y
and � is the interaction half-angle of two progressive
waves, as presented in Figure 1.

The �rst-order potential function for this short-

Figure 1. De�nition sketch for short-crested wave
propagating on x axis. L is the wave length of each
component.

crested wave �eld can be written as [6]:

�(x; y; z; t)=
gH

2!

cosh (�(z+h))

cosh(�h)
sin(�xx�!t) cos(�yy);

(2)

where g is the acceleration of gravity, H is the wave
height, h is the water depth, ! is the wave angular
frequency and t denotes time. Here, the wave angular
frequency is de�ned by the total wave number using
the dispersion relation:

!2 = g� tanh(�h): (3)

In addition to the parameters that are needed to
describe a regular long-crested wave �eld, the above-
mentioned short-crested wave inherently depends on an
additional parameter, which is the interaction angle, �.

Moreover, by the de�nition in Equation 2, the
lateral crest is forced to be on the x axis, i.e., y = 0.
Since the location of this lateral crest can a�ect the
kinematics of the wave �eld around the structure, the
transverse phase lag is introduced, by which, one will
be able to set the position of the lateral crest on the y
axis.

The generalized short-crested wave �eld can now
be introduced by considering the transverse phase lag
and the wave incidence angle as:

�(x; y; z; t)=
�igH
2!

cosh (�(z+h))

cosh(�h)
expfi(�nnx+�nty)g

cos(��tnx+ �tty + �)e�i!t; (4)

where � is the transverse phase lag, i =
p�1 and the

components of wave numbers are de�ned as:(
�nn = �n cos�

�nt = �n sin�
and

(
�tt = �t cos�

�tn = �t sin�
; (5)

where � is the wave propagation angle relative to
x axis, �n is the in-line wave number (along the
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propagation direction) and �t is the transverse wave
number. Note that the n � t axis has an angle of �
with the x� y axis de�ned above.

The above short-crested wave �eld can now be
de�ned by three independent parameters, namely the
ratio of wave numbers of in-line and transverse direc-
tions, the wave propagation angle and the transverse
phase lag. The wave number ratio, which is de�ned as:

� =
�t
�n

; (6)

can vary from zero, which is the case of a long-crested
wave �eld with �n being the total wave number and
�t = 0 up to very large numbers, which present very
short-crested wave �elds.

The kinematics of the short-crested wave �eld can
now be de�ned in a matrix form as:8<
:
u
v
w

9=
; =

gH

2!

cosh (�(z + h))

cosh(�h)
ei(�nnx+�nty)

2
4 �nn �i�tn

�nt i�tt
�i� tanh (�(z + h)) 0

3
5�cos�

sin�

�
e�i!t;

(7)

and:8<
:

_u
_v
_w

9=
; =

gH

2

cosh (�(z + h))

cosh(�h)
ei(�nnx+�nty)

2
4 �i�nn ��tn

�i�nt �tt
�� tanh (�(z + h)) 0

3
5�cos�

sin�

�
e�i!t;

(8)

where u; v; w are the particle velocities in x; y and z
directions, respectively, _u; _v and _w are the particle
accelerations in x; y and z directions, respectively and
� is the transverse phase expressed as:

� = ��tnx+ �tty + �: (9)

Based on the above model, the �rst-order dynamic
wave pressure due to the short-crested wave system can
be de�ned by the following equation:

pd(x; y; z; t) =
��gH

2

cosh (�(z + h))

cosh(�h)

expfi(�nnx+ �nty)g cos(�)e�i!t; (10)

where � is the density of the sea water.

DYNAMIC ANALYSIS

The dynamic response equation for the rigid body
motion of the semisubmersible in six degrees of freedom

is written based on the Morison loading model. The
elongated members of the structure are discretized into
small elements to account for the variation of water
particle velocities and accelerations.

The general response equation of the moored
semisubmersible may be expressed in the following
matrix form:

M �X =
X
j

Mj
a(
�� � �X) +

X
j

F
j

FK

+
X
j

Bj j _� � _Xj( _� � _X)� (Kh +Km(X))X;
(11)

where M is the physical mass matrix of the structure
(6 � 6); j is the element index, Mj

a and Bj are the
added mass and nonlinear damping matrices for the
jth element, respectively (6 � 6);X; _X and �X are the
vectors of displacement, velocity and acceleration of
the center of gravity of the structure, respectively
(6 � 1);Kh is the hydrostatic sti�ness matrix (6 �
6);Km(X) is the nonlinear sti�ness matrix of the moor-
ing system calculated by the instantaneous structural
motion (6 � 6); _� and �� are the particle velocity and
acceleration vectors, respectively (6 � 1) and FjFK is
the Froude-Krylov force vector on the jth element
(6 � 1). It should be noted that since the ow �eld
is assumed to be irrotational, the particle velocity and
acceleration vectors have only three non-zero elements
corresponding to the translational degrees, which are
de�ned in Equations 7 and 8.

In order to decouple the motion of the structure
and the velocity vector in a nonlinear damping term,
Matsushima et al. [14] presented an approximated
formulation, which lead to the following restructured
motion equation:

(M+Mt
a)�X+Btj _Xj _X+ (Kh +Km(X))X = F(t);

(12)

in which Mt
a is the total added mass matrix of the

structure, Bt is the total nonlinear damping matrix
of the structure and F(t) is the time-dependent force
vector, expressed as:

F(t) =
X
j

Mj
a
�� +
X
j

F
j

FK +
X
j

Bj j _�j _�: (13)

The above equation can be solved using time-domain
techniques but in the frequency-domain, which is the
interest of the present research, the nonlinear damp-
ing terms should be linearized. The work-equivalent
method can be used for the linearization of the damp-
ing terms [15], which results in the following motion
equation:

(M+Mt
a)�X+Bt

ej _X0j _X+ (Kh +Km(X))X = F(t);
(14)
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where Bt
e is the linearized damping matrix and is

de�ned as Bt
e = 8Bt=3� and _X0 and _�0 are the

amplitude vectors of velocity of the structure and water
particles, respectively. Furthermore, the force vector
F(t) can be rewritten as:

F(t) =
X
j

Mj
a
�� +
X
j

F
j

FK +
X
j

Bj
ej _�0j _�; (15)

in terms of linearized damping.
The motion Equation 14 may now be transformed

into the frequency-domain by considering the oscilla-
tory nature of both the motion of the structure and
the loading term as:(

X = X0(!)e
�i!t

F = F0(!)e
�i!t

; (16)

where X0(!) and F0(!) are the amplitudes of motion
and force, respectively. The equation can now be
solved by an iterative technique, to account for the
nonlinearity in damping terms. Based on Equation 16,
the motion equation will be reduced to the following
form:


(!):X0(!) = F0(!); (17)

where 
(!) is the frequency-dependent coe�cient ma-
trix and F0(!) is the vector of force amplitude, which
are de�ned as:


(!)=

[�!2(M+Mt
a) + (Kh +Km(X)) � i!Bt

ej _Xp
0j]6�6;

(18)

F0(!)=

2
4X

j

Mj
a
��0+
X
j

(FjFK)0+
X
j

Bj
ej _�0j _�0

3
5
6�1

:
(19)

respectively. In the above equations, ��0 is the ampli-
tude vector of water particle acceleration, (F j

FK)0 is the
amplitude vector of the Froude-Krylov hydrodynamics
force on the jth element and Xp

0 denotes the velocity
amplitude of the structural motion calculated at the
previous iteration step.

Here, the mooring system sti�ness matrix is cal-
culated based on the actual excursion of the structure
from the equilibrium position at each iteration step.
Therefore, the nonlinear behavior of the mooring lines
during large motions would be taken into account.

RESULTS

A computer program for frequency-domain response
analysis of moored o�shore structures, based on the
above-described method of dynamic analysis and the
generalized short-crested wave �eld model, is devel-
oped. The geometry of the structure is imported into
the program, based on super elements such as columns
or pontoons. The discretization of the elongated
members is performed automatically by the program,
given the degree of accuracy. For the mooring system,
a general spread mooring is considered where the
geometry of the mooring lines and other physical
speci�cations are among the inputs of the program.

The hydrodynamic forces and moments on the
structure and the response amplitude of the semisub-
mersible are calculated within the speci�ed range of
frequencies using a unit wave height. Figure 2 shows

Figure 2. The data ow and solution process diagram of the computer code.
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the data ow and an overview of the solution procedure
in the code.

The results are presented for a semisubmersible
moored to the sea bottom by a symmetrical spread
mooring system containing eight mooring lines. The
geometrical speci�cations of the structure and the
mooring system layout of the semisubmersible are
illustrated in Figure 3.

In the following study, three cases for the wave
number ratio are considered. The �rst one is a unit
wave number ratio (� = 1:0) that generates a similar
pattern of wave crests in both in-line and transverse
directions. The second case is � = 0:6, which is
the case for �t < �n and corresponds to a larger
wavelength along the transverse direction. Finally
� = 1:5 is considered, which is approximately the
opposite situation of the previous case and simulates
a case of �t > �n.

Since the energy of a short-crested wave �eld is
distributed in two horizontal directions, namely in-
line and transverse, a proper way to investigate and
compare the horizontal forces and response of the
structure to the one of the long-crested wave �elds, is to
use the resultant horizontal motion and forces caused
by both surge and sway degrees of freedom, which are
calculated as:

xr =
q
X2

1 +X
2
2 and fr =

q
F2
1 + F

2
2; (20)

where the subscripts 1 and 2 denote the �rst and
second elements of the displacement and force vectors
corresponding to the two horizontal degrees of freedom.

Therefore in the following graphs, the horizontal
resultant degree is used as a substitute for two transla-
tional horizontal degrees, namely surge and sway, both
for forces and for responses. However, to illustrate the
activation of transverse motion, the response of the
sway mode is also included on the graphs.

E�ect of Transverse Phase Lag

Here, the e�ect of transverse phase lag in each of the
above mentioned cases for � is investigated. Three
values for transverse phase lag is considered, namely
� = 0�, 45� and 90�.

Figures 4 and 5 show the hydrodynamic forces
and moments in di�erent directions and the response
amplitude operators for di�erent modes of motion for
the case of � = 0:6. The graphs show that the forces
and responses in the horizontal resultant component
are both greater for � = 0� and the peak frequencies
only slightly di�er for various phase lags. This is also
true for heave force and response, except for � = 90�

Figure 3. The geometrical speci�cations and mooring system layout of the semisubmersible.
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Figure 4. The hydrodynamic forces and moments for di�erent values of transverse phase lag, � = 0:6 and � = 0�.

Figure 5. The response amplitude operators for di�erent values of transverse phase lag, � = 0:6 and � = 0�.

where heave motion no longer exists. In fact, in the case
of � = 90�, the vertical forces in positive and negative
sides of the x axis cancel each other but, on the other
hand, the roll moment reaches its maximum value over
the whole range of frequency. The roll is not activated
at � = 0�. The pitch moment and response follow the
same pattern as the heave mode. The behavior of the

yaw degree of freedom is the same as the roll as it
reaches its maximum at � = 90� and it is dormant at
� = 0�.

Figure 6 shows the response amplitude of the
structure in the case of unit wave number ratio, � =
1:0. As can be immediately concluded from the graphs,
the horizontal motion is not sensitive to the transverse
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Figure 6. The response amplitude operators for di�erent values of transverse phase lag, � = 0:1 and � = 0�. The yaw
response is absent due to symmetry of wave pattern around the structure.

Figure 7. The response amplitude operators for di�erent values of transverse phase lag, � = 1:5 and � = 0�.

phase lag, which is expected. The heave, roll and pitch
motions show the same pattern as the previous case of
� < 1. The yaw motion is at rest in this case, even for
� > 0, due to the symmetry of the wave pattern.

The last case, � = 1:5, is illustrated in Figure 7.

The horizontal resultant shows an exactly opposite
behavior to that of � < 1, having its maximum
response in � = 90�. Other degrees of freedom show
the same trend of change with �, as in other values of
the wave number ratio.
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E�ect of Wave Incidence Angle

Using the obtained trend about the sensitivity of forces
and motions to the transverse phase lag value, the
study of the e�ect of the wave incidence angle is limited
to those cases of � in which the corresponding response
amplitude operator is maximized. The e�ect of the
wave incidence angle is investigated based on three
values, namely: � = 0�, 30� and 60�. For each value
of the wave number ratio, the results of di�erent wave
incidence angles are presented. For the sake of brevity,
only the motion response amplitudes are presented.

Figure 8 shows the e�ect of wave incidence angle
in case of � < 1. The horizontal resultant motion
response for both 30� and 60� are the same and are
mostly larger than that of head sea, except in a small
range of frequencies around ! �= 1:4 rad/sec. The roll
and pitch degrees have greater response amplitude for
head sea in most of the frequency range, compared to
those of an oblique incidence of waves. The transverse
phase lag is declared at each graph.

The case of � = 1:0 is illustrated in Figure 9.
It is obvious that due to the symmetry of the wave
pattern in this case, both oblique seas have the same
response curve for horizontal resultant motion. Both
angles of incidence exert, approximately, the same peak
response compared to that of head sea, except that the
peak frequency is shifted to a lower value. The roll
and pitch motions have their maximum response curve
in head sea, just like the case of � < 1:0. The yaw
moment, which was at rest in � = 1:0 for head sea,
shows a notable response for oblique seas.

The case of � = 1:5 is shown in Figure 10, where
horizontal motion has its maximum response peak in
the case of oblique waves and a lower peak frequency
than that of head sea. The roll and pitch again show
the same behavior by having their maximum response

Figure 8. The response amplitude operators for di�erent
values of wave incidence angle, � = 0:6.

Figure 9. The response amplitude operators for di�erent
values of wave incidence angle, � = 1:0.

Figure 10. The response amplitude operators for
di�erent values of wave incidence angle, � = 1:5.

in head sea over the whole range of frequency. Finally,
the yaw moment has its maximum response curve in
head sea and an equal behavior for both oblique angles
of wave incidence.

In none of the above cases, a considerable sensi-
tivity of heave response to wave incidence angle has
been observed, as expected.

Comparison with Long-Crested Wave Field

According to the previously described results on the
e�ect of transverse phase lag, comparisons will be made
between the response of the semisubmersible in long-
and short-crested wave �elds for both cases of � = 0�

and 90�.
The �rst case, illustrated in Figure 11, shows the
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response curves for di�erent values of the wave number
ratio, in case of no transverse phase lag, i.e., � = 0�.
Only four selected graphs, which show considerable
deviation between long- and short-crested results, are
shown in this �gure.

It can be concluded from the graphs that the
response to the short-crested wave �eld is considerably
higher than that of the long-crested, in case of a 30�

incidence angle in the mid-frequencies range. There is
also a small range of frequency, in which the response is
higher for a short-crested wave in a head sea. However,
in other regions, the horizontal resultant motion is
mostly higher for a long-crested incident wave.

The pitch response in a short-crested sea is no-
tably higher for the mid-frequency range in the head
sea, but still lower in low frequencies.

Finally, the yaw moment for a short-crested �eld
in � = 0� and � = 30�, is nearly equal to that of the
long-crested waves, but, in the high frequencies, i.e.
around ! = 1:5 rad/sec, it is almost doubled.

Figure 12 shows another set of graphs which
illustrate the case of � = 90�. The same situation
governs the horizontal resultant motion degree, where
the response to the short-crested wave �eld is higher
for an oblique sea around the mid-frequency range and
lower for most of the other regions. The roll motion is
illustrated for head sea. This mode, which is dormant
in cases of long-crested wave �elds, is activated in short-
crested wave �elds. The same goes for the yaw motion
degree, where it is activated and notably high for the
short-crested �eld and dormant for long-crested waves.

CONCLUSION

In the present paper, the response of a moored semisub-
mersible to a short-crested wave �eld is analyzed. The

Figure 11. Response of the structure in long- and
short-crested wave �elds, � = 0�.

Figure 12. Response of the structure in long- and
short-crested wave �elds, � = 90�.

e�ect of the transverse phase lag and the wave incidence
angle of a short-crested sea on the response of the vessel
in di�erent wave number ratios are studied. Finally the
critical cases are designated and compared with the
response of the vessel in a long-crested wave �eld.

In a symmetric loading, the values of the trans-
verse phase lag a�ect the activation and response
amplitude of some degrees of freedom that are at rest
in a long-crested wave �eld loading.

The response of the vessel in a short-crested
wave �eld is highly a�ected by the value of angle of
incidence. An oblique sea induces a higher response in
the horizontal resultant motion and a lower response
in other modes of motion.

The horizontal resultant motion is more excited in
an oblique short-crested sea, compared to long-crested
waves with the same incidence angle, while, in head
sea, it is higher for long-crested waves over most of the
frequency range. The pitch motion is also higher in
short-crested waves within the mid-frequency range for
head seas. Also, the roll and yaw motion, which are at
rest for head sea in long-crested wave �elds, becomes
activated and considerably high (in case of roll) for a
short-crested sea. Furthermore, in short-crested seas,
the heave motion of the vessel is always equal or lower
than that of the long-crested wave �eld. The transverse
phase lag has a reducing e�ect on heave motion, by
shifting a portion of the energy of this mode to roll
and pitch degrees of freedom.

Finally, it can be concluded that short-crested
wave �elds can induce higher dynamic response ampli-
tudes in moored vessels in certain degrees of freedom
and in certain ranges of frequency. Therefore, its e�ect
on certain items of design criteria, such as limitations
on horizontal acceleration, rotation amplitude and
mooring line forces, should be studied more explicitly.
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