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Abstract— Delay-based optoelectronic oscillators (OEOs) use the large propagation delays of long optical fibers to produce ultra-low 

phase noise (PN) radio frequency (RF) oscillations. Most of the OEO-PN analysis approaches in the literature predict a singular value 

for the output variable’s PN-induced power spectral density (PSD) at zero offset frequency from the carrier. The current paper aims to 

resolve this issue. First the perturbation theory of classical oscillators is generalized to extract the stochastic delay differential equation 

(SDDE) governing the PN of OEOs. Then the well-known small delay approximation approach is used to derive a stochastic ordinary 

differential equation (SODE) governing the PN. Using the previously published solutions to this SODE, the PN-PSD of the OEO is 

extracted in presence of both white and colored noise sources. As the small delay approximation is only valid for small frequency 

offsets, the obtained PSDs are only accurate at these offsets. This approach avoids the non-physically large values encountered in 

classical approaches.  For larger frequency offsets one can use the classical noise analysis techniques in the literature. The validity of 

this approach is verified by comparing its results with those in the literature and direct Monte-Carlo simulations. 

Index Terms— near carrier, optoelectronic oscillator, phase noise, stochastic calculus, white and colored noise 

1. INTRODUCTION 

Optoelectronic oscillators (OEOs) are hybrid photonic-electronic systems that are considered promising candidates for producing 

ultra-low phase noise (PN) radio frequency (RF) oscillations in the microwave or millimeter-wave range [1]. Many OEO 

structures use long optical fiber delay lines, which are called delay-based OEOs [1-7]. A delay-based OEO may be implemented 

as a single-loop OEO (SLOEO) [1-3], multi-loop OEO [4, 6], in conjunction with the intentionally induced stimulated Brillouin 

scattering (SBS) phenomenon [8, 9], or as the newly proposed parity-time symmetric OEO by again using delay-based 

configurations [10, 11]. Therefor most of the OEO systems are totally or partially based on the delay-based dynamics.  

Because the PN is probably the most important figure of merit in OEOs, this paper concentrates on its analysis. Here for 

simplicity, the case of delay-based SLOEOs is considered. Many methods have been proposed to address the PN analysis of 

OEOs, such as the methods based on the PN transfer model and control theory [4, 5], the analytical formulations extracted from 

solving the Langevin equation governing the PN [3, 12, 13], the conversion matrix approach (CMA) [14-16], and the envelope-

domain semi Monte Carlo methods [2, 6]. The techniques in [3, 4, 13-16] predict singular values for the power spectral density 

(PSD) of the PN-induced output noise at the zero offset frequency. Both envelope domain methods in [2, 6] compute only the 

PSD of the PN itself, not the PSD of the output variable.  Therefore, they may predict singular values at very close-in offsets 

(after a very long required simulation time). These methods requires runtimes in the order of 10 minutes for calculating PN at 

offset frequencies larger than 1kHz [2, 6]. For smaller offsets, larger runtimes are required. To the best of the author’s 

knowledge, the references [1] and [17] are the only ones that predict a non-singular PSD at zero offset frequency. However, they 

have shortcomings as mentioned in section III.  

The problem of the singular PN at close-in offsets has already been resolved for non-delay-based electronic oscillators using the 

Floquet theory in conjunction with the rigorous tools of stochastic calculus [18, 19]. These methods have also been adopted for 

microwave oscillators with distributed elements [20-22]. Here we want to resolve the same issue in the delay-based OEOs. 

Removing this singularity completes our knowledge about the PN distribution in OEOs.  

The equation governing the PN process in OEOs is a stochastic delay differential equation (SDDE), while that of the 

conventional oscillators is a stochastic ordinary differential equation (SODE). SDDEs are inherently equivalent to infinite-

dimensional SODEs; therefore, treating them requires special techniques [23, 24].  

The current paper aims to present a rigorous treatment of the PN in delay-based OEOs so that accurate PN PSDs at very close-in 

frequency offsets are computed. For this purpose, first, the SDDE governing the PN is extracted by a harmonic balance-based 

perturbation theory (HBPT) of PN used in [20-22] which is here generalized to the case of delay-based oscillation dynamics of 

the OEOs. To the best of the author’s knowledge, this is the first systematic extraction of this SDDE by using HBPT which paves 

the way to extracting the same equation in other OEO structures such as the multi-loop ones. Then the small-delay 

approximation approach (SDAA) to the SDDEs [23, 24] is used to derive an equivalent SODE. This SODE is similar to those in 
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[18, 19], therefore the rigorous results of these references are used to extract the PN-induced PSD at the close-in frequency 

offsets while avoiding the singularity problem. Both white and colored noise sources can be taken into account. It is shown in the 

result section that this method can predict accurate results at the close-in offset frequencies but not generally at larger offsets. 

This is consistent with the fact that the small-delay approximation is only valid at such offsets. For larger frequency offsets such 

as those of the spurious peaks responses, one can use the classical fast methods of e.g. [3, 4, 5, 13-16]. The validity of the new 

approach is verified by comparing its results with the Monte Carlo simulation (MCS), the analytical formulation of [3], and the 

simulation results of [2].  

This paper is organized as follows: the extraction of the SDDE governing the PN is addressed in section 2. The PN-analysis 

approach based on the small-delay approximation is presented in sections 3. Finally, the simulation results and discussions are 

presented in section 4.  

2. EXTRACTING THE SDDE GOVERNING THE PN 

This section presents the schematic of the SLOEO, and the method of extracting the equation governing the PN using HBPT of 

oscillators.  

2.1. The dynamics of the SLOEO 

The schematic of the delay-based SLOEO is shown in Fig. 1.  

 
 

Fig.1 

 

The electro-optic modulator (EOM) modulates the intensity of the laser beam by its input RF signal coming from the RF coupler. 

Then the modulated optical signal passes through a long optical fiber delay line. The considerable delay imposed by the optical 

fiber delay line results in the extreme sensitivity of the phase of the loop gain on the oscillation frequency, which acts as a 

resonator with a very high quality factor for producing ultra-low noise oscillations. Also, this sensitivity becomes larger for 

larger oscillation frequencies resulting in a PN performance nearly independent of the oscillation frequency [1-3]. The photo-

detector (PD) extracts the RF modulation of the output signal of the fiber. This RF signal is amplified by the RF amplifier (RFA) 

to compensate for the losses of the loop, and filtered by the RF band pass filter (RF-BPF) to remove the unwanted harmonics and 

attenuate the so-called cavity modes except the desired one. The filtered RF signal is fed back to the RF port of the EOM to close 

the oscillation loop. The phase shifter may be used to finely adjust the oscillation frequency around the filter’s center frequency 

in a free spectral range (FSR) interval, where the FSR is equal to the inverse of the loop delay (mainly the fiber delay). The RF 

coupler provides a sample of the RF signal. From now on, the RF signal at the EOM input is regarded as the output variable. It is 

supposed that the RF-BPF significantly attenuates the non-fundamental harmonics of the RF signal such that the output signal is 

practically single-harmonic [1-6, 14-16].  

The noise-less dynamical system of the SLOEO is given by [1, 2, 14-16]:  

 

       0v t f t g v t t    
 

(1) 

where  v t  is the output RF signal, 0t  is the total delay of the loop (mainly the group delay of the fiber),   denotes the 

convolution,  f t  is the impulse response of the RF-BPF, and  . :g R R  is a memory-less nonlinear function addressing the 

nonlinearities of the EOM and photo-detection defined by:  

 

  0sing

v
g v k

v
 
 

   
 

 
 

(2) 

where 
gk  is a gain factor incorporating the gains of the PD and the RFA and the possible losses of the loop, v  is the RF 

half-wave voltage of the EOM,  and 0  is the offset phase of it. It is assumed that the OEO has a stable steady-state periodic 

solution written as    0cosv t A t  , where  0  is the RF oscillation frequency, and A  is its amplitude. Because only the first 

harmonics at both sides of (1) are present, it can be written as:  

 

      0z t v t g v t t  
 

(3) 

where  z t  denotes the inverse impulse response of the filter, i.e., its frequency response is given by 

  



3 

> REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

3 

 

 
  0 01/ / 2 / 2

0                          otherwise

F
Z

   


   
 


 

 

(4) 

 where  Z   and  F   are the Fourier transforms of  z t  and  f t respectively. Note that equation (3) is only relevant for 

frequencies about the fundamental harmonic with a maximum theoretical bandwidth equal to 0 / 2 , as presented in equation (4). 

Therefore, the other possible frequency components generated on the right-hand side (RHS) of equation (3) are discarded in the 

analysis.  

2.2. The perturbation theory in the presence of noise 

In the presence of the noise sources, the circuit variables of a free-running oscillator experience perturbations as [18, 19]: 

 

      pv t v t t v t    

 

(5) 

 where  pv t  denotes the perturbed variable, the large signal term  t  is the common time delay process responsible for 

producing the major part of the PN, and  v t  is a small-signal additive term called the orbital deviation. The term  v t  

characterizes the amplitude noise [18, 19]. However, it also has small effects on the PN, especially at large frequency offsets 

from the carrier [21].  

For simplicity in presenting the main results, we assume that only a single noise source is present such as an equivalent white 

noise representing the large-signal noise factor of the RFA or an equivalent colored noise representing the PN injected by the 

RFA (and possibly other blocks) into the OEO loop. This noise is considered at the RHS of equation (3) as an additive term 

 a t , where a  is the RFA’s voltage gain, and  t  is the noise source injected at the RFA’s input. Inserting this noise and the 

perturbed variable into equation (3) gives: 

 

           
       

0 0

0 0 0

z t v t t v t g v t t t t

h v t t t t v t t a t

 

 

       

      
 

 
 

(6) 

where     /h v dg v dv .  

2.3. System of equations in the spectrum domain 

For small offset frequencies, the variation of the transfer function of the RF filter about the oscillation frequency is slow such 

that the following approximation holds [20-22]: 

 

   
0

0 0 , 1
k

dZ
Z k Z k k

d 

 


       
 

(

7) 

 

where  denotes the offset frequency from the carrier. This equation will be exploited shortly.  

The spectrum vector (SV) of any variable is defined as a column vector containing the complex-valued Fourier series 

components of that variable [14-16]. The SV of a periodic variable is a constant vector, while that of a non-periodic one is a 

slowly-varying time-dependent vector. Because here only the fundamental harmonic is needed, as an example, the SV of  v t  

is equal to    1 1

T
v t v t      where T denotes the transpose, and   kv t  denotes the k’th Fourier series component of 

 v t  whose maximum theoretical bandwidth is 0 / 2 .   

By considering equations (6) and (7), examining the Fourier series components of the output of the blocks, and replacing the 

variables with their SVs, one arrives at the following SV domain equation (one can see, for example, the lemmas presented in 

[14] for a more detailed description): 

 

 

       

ˆ ˆ

0 0 0

d d
t

dt dt

t t t t t t a t

 
    

 

     
 0

0 0
α Z 1 ZZ Z

-1 -1
t α h α

Δv
D T v T u T Δv T

D D g T D Δv ε
 

 
 

(8) 

 

where v , g ,  tε , and Δv  are the SVs of  v t ,   g v t  ,  t  , and  v t  respectively, the column vector 1u  is equal to 
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 0 1 1 / 2
T

j A   (i.e., it is the SV of the time-derivative of    0cosv t A t ), and the 2 2  matrices in equation (8) are 

defined by: 

 

 0 ,
1, 1

, 1, 1n l
n H l H

Z n n l 
   

      
 

0
ZT

 

 

(9) 

 
1, 1

, 1, 1n ln H l H
h n l   

    hT
 

 

(10) 

where kh  denotes the k’th Fourier series component of    h v t ,  Z   has been defined in equation (4),  
,n l  denotes the 

Kronecker delta, and H  is the number of the harmonics considered in the analysis, which is here equal to 1. The diagonal 

matrices  tαD  ,
0t

D , and 
Ẑ

T  have similar structures as 0
ZT  in equation (9), however,  Z   in equation (9) is replaced by 

  exp j t  ,  0exp j t , and   /j dZ d   , respectively.   

For further proceeding, we use the fact that the SV domain form of equation (3) is 
0

0 -1
Z tT v D g . Using this equation in 

equation (8), multiplying both sides of the resulting equation by  t-1
αD from the left, and defining      t t t -1

αΔw D Δv  , one 

arrives at:  

   

     

   

ˆ 0

0 0

d d
t t t

dt dt

t t t t t

a t t

          

    

0

0 0

-1 -1
1 t α αZ

-1 -1
Z t α α h

-1
α

Δw
T u D I D D g

T Δw D D D T Δw

D ε
 

 

 
(11) 

Note that in deriving equation (11), also the fact that /d dt  is a small-signal process (despite the large-signal nature of 

 t ) is used [18, 19]. Therefore we have approximated   /t d dt-1
αD ΔV  with    /d t dt-1

αD ΔV  .  

2.4. Extracting the PN SDDE  

Now the SDDE governing the PN is extracted using the decomposition of the perturbation equations into the phase and 

orbital deviations as presented in [20-22] for conventional non-delay-based oscillators which is here called the HBPT. Taking the 

time-derivative of equation (3) and extracting the SVs of both sides gives: 

 

0,  
0

0 -1
0 1 0 Z t hJ u J T D T

 

 

(

12) 

 

where 1u  has been defined after equation (8) and 0J  is the so-called static Jacobian of the system [20-22]. Form equation 

(12), it is evident that 0J  is singular and 1u  is its right-hand null vector. Its left-hand null vector (here denoted by 1v ) is the SV 

version of the so-called Floquet eigenvector (defined in [18, 19]) in the frequency domain [20-22]. Therefore, we have 

T
1 0v J = 0 which gives:  

 


0

T 0 T -1
1 Z 1 t hv T v D T

 

 

(13) 

Multiplying (11) by 
T
1v  from the left and using equation (13), equation (14) is derived subject to the constraint given in 

equation (15).  

   

   

ˆ 0

d
t t t

dt

a t t
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(14) 

       

ˆ
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d
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 0

T
1 Z

T -1
1 Z α α

Δw
v T

v T Δw D D Δw
 

 

 

(15) 

Note that the system of equation (11) has three unknown variables (  t and the two components of  v t ) but with only 
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two scalar equations. Therefore, an extra constraint can be considered to find the solution as used in [20-22], which here is 

equation (15). This constraint changes the exact distribution of the power between the common PN and the orbital deviation 

process; however, it does not change the total noise power [20-22]. It is interesting to note that for the no-delay case 

(conventional electronic oscillators), the second term on the left hand side of equation (15) vanishes, and the constraint becomes 

similar to that presented in [20-22].  

For further proceeding with equation (14), we extract the expressions for the matrix 
Ẑ

T  and the vector 1v as follows. The 

most commonly used transfer function (TF) for the RF-BPF is the model of the 2nd order filter with unity pass band response 

whose inverse TF is given by    1 / - /r rZ jQ       [2, 3, 14] where Q  and r  are the quality factor and the resonance 

frequency of the RF-BPF respectively. Usually, it is assumed in the analysis that the oscillation frequency is approximately equal 

to the resonance frequency of the filter i.e., 0 r   [2, 3, 14-16]. By using this TF and the structure of 
Ẑ

T  defined after 

equation (10) it is easily seen that this matrix is equal to 2 / BI  , where I  is the identity matrix and /rB Q  is the angular 

bandwidth of the RF filter. Also, numerical analysis of the Jacobian matrix of (12) shows that 1v  is a complex multiple of the 

vector  1, 1
T

 . Here we can consider it equal to  ,
T

j j  for simplicity in deriving equations. Using the abovementioned 

structures for 
Ẑ

T  and  1v  in equation (14), performing vector in matrix multiplications, using the fact that the components of g  

are 1 / 2g A  , (14) is written as (see the appendix):  

 

    

        

0

1 1

sin
2

2

j t j t

d B
t t t

dt

Ba
j e t e t

A

 


 

 




    


 

 
 

 

(16) 

 

where    0t t    is the common PN process of the OEO, and the terms  1 t  are the Fourier series components of 

 t  (also called its sidebands). Equation (16) is a form of the SDDE governing the PN. This equation is similar to equation (18) 

of [3]; however, with two minor differences: the sin term is replaced by its argument in [3], and the two sidebands of the noise 

source are not present in that reference.  

Remark 1: A small-signal solution of equation (16) can be derived for a wide sense stationary noise by replacing the terms 

  exp j t  with unity (through neglecting 2nd order differentials), replacing the sin function with its argument, finding the 

Fourier transform of  t through taking this transform of equation (16), computing the squared magnitude of this transform, and 

applying the stochastic mean operator. This gives the PN induced PSD versus the frequency offset f  as:  

 
 

 
0

2

2 2

2

1
ˆ ˆ

2
2 1

2

j ft

Ba
f f

B
A j f e



 

 


 

  
 

 

 
 

 

(17) 

 

  

where  
2

ˆ f  denotes the PSD of  t . The predicted PN-PSD in equation (17) is exactly the same as equation (19) of [3] 

for additive noise sources. Note that the assumption that      
2 2 2

1 1
ˆ ˆ ˆf f f     is also used in deriving equation (17).  

Remark 2: Up to now, the extracted formulations do not depend on the PSD shape of  t , meaning that they are valid for 

both white and colored assumptions of  t . Note that many noise sources act in an OEO. They include the white and flicker 

noise sources of the RFA and the PD [1-3] and the length-dependent noises of the optical part, such as the laser frequency noise 

and the high-frequency and low-frequency relative intensity noise (RIN) of the laser. The RIN may also be produced and 

augmented at the end of the fiber [4, 6]. Among these noise sources, the shot noises of the PD and RFA and the high-frequency 

RIN can be treated as white noise sources. Other noises such the PNs induced by the PD and the RFA can be considered as 

colored noise sources.  

By transforming equation (16) into a standard SDDE, one can use the formulas presented in previous works specifically [18, 

19] to resolve the oscillation spectrum. These works have used the stochastic calculus to resolve the PN-induced PSD of the 

output variable. We assume that the last term on the RHS of equation (16) is the low-frequency component of the product of a 
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semi-periodic function  y t  with  t . Thus its Fourier series components 1y  and 1y  are equal to the corresponding 

coefficients of   exp j t and   exp j t  in equation (16), respectively. This observation gives 

    0sin /y t Ba t t A     hence equation (16) turns to: 

 

    

    

0

0

sin
2

sin

d B
t t t

dt

Ba
t t t

A


 

  

   

 

 

 

 

(

18) 

 

Note that the last term on the RHS of equation (18) also produces components at the harmonic frequency 02 ; however, 

because of the filtering nature of the dynamics of equation (18) (induced by the narrowband RF filter), it is practically filtered 

out.  

Before solving equation (18) we assume that under the influence of practically small values of noise powers, the quantity 

   0t t t    is also very small therefore we may approximate equation (18) by:  

 

    

    

0

0

2

sin

d B
t t t

dt

Ba
t t t

A


 

  

   

 

 

 
 

(

19) 

 

3. COMPUTING THE OUTPUT PSD BASED ON THE SMALL-DELAY APPROXIMATION 

Small delay approximation is a well-known method for solving SDDEs for cases where the time delay is small compared to 

the rate of the variations in a system [23, 24]. Since in delay-based OEOs, the product of the delay and the maximum offset 

frequency of interest may be several radians, in general, this delay cannot be considered small. However, for close-in offset 

frequencies where 0 1 t rad  , this approximation may give good results, as verified in the results section. This approximation 

is applied by replacing  0t t  with its first-order Taylor approximation     0/t d dt t  . Therefore, equation (19) turns to: 

 

     

 

0 0

0
0 0

sin ,

1 / 2

d
a t t t

dt

Ba
a

A Bt


  



  




 

 

 

 

(

20) 

 

where  t  denotes the common time delay process. For solving the output PSD we separately consider two cases of having 

a white or a colored noise source as follows.  

3.1. Exact output PSD in presence of a white noise source  

First we consider the case where  t  is a white Gaussian noise which may for example represent the effect of the large 

signal noise figure of the combination of the PD and the RFA. Then equation (20) can be written as: 

 

     0 0sinn

d
a k t t t

dt


      

 

(21) 

Where  t  is a standard unity-PSD white Gaussian noise process and 
2
nk  denotes the constant PSD of  t . Equation (20) 

is a special case of the main equation fully treated in [18, 19]; therefore, we can use the results of these references. Specifically 

equation (21) is a special case of equation (12) of [18]. It is proved in [18] that any variable of the free-running oscillator 

becomes stationary, asymptotically with time and the resulting stationary PSD of the output variable is given by equation (35) of 

this reference which is presented here for convenience as:  
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(22

) 

 

where 0f  is the oscillation frequency in Hertz, kX  is the k’th Fourier series component of the steady state signal (here 

1 / 2X A  ), and wc  is the time-average of the squared coefficient of  t  at the RHS of equation (21), [18], which is: 

 

 
 

2

02 2 2
0 0

0

1
sin

2

T
n

w n

a k
c a k d

T
     

 

(23

) 
 

Where 02 /T    is the oscillation period. The single-sided noise-to-carrier ratio (SSNCR) around an oscillation harmonic

0kf , at an offset frequency offf  is computed by substituting 0 offf kf f   in equation (22), and dividing the result with the 

carrier power
2

2 kX . Especially for the fundamental harmonic, the SSNCR becomes [18, 19]:  

 
2

0

2 4 2 2
0

1

2

w
off

w off

f c
L f

f c f
    

 

 

 

(

24) 

As observed in equation (24), the output PSD has a Lorentzian shape and no longer goes to infinity at close-in offsets.  

Remark 3: As an interesting observation, using the definition of wc  in equations (20) and (23), it is seen that the prediction 

of equation (24) for not very-close in offsets (where the constant value at the denominator can be neglected) is exactly half of the 

value given in equation (17) for small offsets where  0 0exp 2 1 2j t j t   . The half value is because equation (17) gives the 

PN PSD which is twice the SSNCR [18, 19].  

Remark 4: As an important comparison, it should be noted that the Lorentzian shape is consistent with the predictions of [1] 

and [17]. The full width at half maximum (FWHM) of the PSD in equation (26a) of [1] is given as  2
0/ 2 t   , where   is the 

ratio of the noise source PSD to the signal power. Now we show that the FWHM of the new approach is the same as that given in 

[1]. Using the definition of 0a  in equation (20) and taking the limit for 0 1Bt   gives  0 0 0/a a Af t  and consequently  

  22 2
0 0/ 2w nc k a Af t  . The FWHM of offL f 

   in equation (24) is 2
02  Hzwf c . Therefore, the FWHM of the new 

approach is given by 

 

 

2 2

2 2
0

1

2 / 2

na k
FWHM

t A
  

 

(25) 

 Note that the equivalent noise PSD at the output of the RFA is  
2

nak  ; therefore, one can easily identify the second fraction 

in equation (25) as  . Consequently, equation (25) predicts the same FWHM as equation (26a) of [1], albeit for the case of 

0 1Bt  . Regarding the PSD at close-in offsets, equation (29a) of [1] gives it as   2
00 4 /RFS t   and from our approach it is 

equal to  2 2
01/ 2 wf c  which simplifies to 

2
02 /t   of SSNCR or 

2
04 /t   of PN PSD for the case of 0 1Bt  . This is totally 

consistent with the results of [1]. However, only white noise sources have been treated in [1].  

Reference [14] also predicts the same FWHM as in [1], however as inferred from equations (49) and (50) of [17], the PSD of 

the noise at close-in offsets is predicted as   2 2
00 /RFS B t   which is different from both the new approach and that of [1].  

Although [17] considers both white and colored noises, however, it only gives the non-singular PSD in the presence of the white 

noise sources. Here this non-singular PSD in the presence of both white and colored noises is computed using a completely 

different approach than those of [1, 17].  

3.2. Asymptotic output PSD at small offset frequencies in presence of colored noises  

Now we consider an example of a colored noise source which is the PN induced by the components of the microwave-

photonic link such as the PD and the RFA. The open-loop injected PN  OL t  of these components results in the change of the 

state variable at RFA’s output as     0cos OLA t t t    . Using the small-signal nature of  OL t , an equivalent additive 
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noise is produced as        0sin OLt A t t t      . Considering this noise and the previous white noise, changes equation 

(20) into: 

 

     

     

2
0 0

0 0

sin

sin ,

OL

n

d
b t t t

dt

a k t t t


  

  

 

 

 

 

 

 

(

26) 

 

Where we have 0 0 /b a A a . A more general form of this equation has been treated in equation (64) of [19] where the 

coefficient of  OL t  and  t  at the RHS of equation (26) can be any periodic function of  t t . The resulting spectrum 

has no analytical shape because of the complications of dealing with colored noise sources. However, its asymptotic behavior is 

given by equations (68) and (69) of [19] which result in the following SSNCR.  
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(27) 

Where  OLS f  denotes the PSD of  OL t  and 0V  is the time-average of the coefficient of  OL t  at the RHS of equation 

(26) which is here equal to 0 0 / 2V b .  Also wc  has been defined in equation (23). It should be noted that the expression of 

offL f 
 

 at 0offf   may not give accurate results for OEOs since at large offsets the small delay approximation is no longer 

valid. However, the expression at 0offf   is useful for having the correct non-singular value of the noise PSD at the close-in 

offsets.  

In conclusion, accurate non-singular values of the PN-PSD at the close-in offset frequencies are given by equations (24) and 

(27) in the presence of just a white and white plus colored noises respectively.  

4. RESULTS AND DISCUSSION 

In this section, the validity of the presented analysis approach is further verified by comparing its predictions with the direct 

MCS in subsection A and the simulation results of [2] in subsection B.  

4.1. Comparing results with MCS 

In this subsection, the validity of the presented analysis approach is verified by comparing its results with the extensive MCS.  

First we compare the results with the MCS for the case of having a white noise source as in equation (20).  

The runtime of the MCS is proportional to 0 min/  where min  is the minimum frequency offset of interest. To avoid very 

large runtimes of the MCS, a hypothetical SLOEO with reduced frequency constants have been considered. The numerical 

parameters of the OEO in equation (2) are 4 Vv  , 
0

0 135  , 3.06gk   corresponding to a small-signal loop gain 

 0cos /gk v   [14] equal to 1.7, the center frequency and bandwidth of the filter equal to 25 MHzrf   and  500 KHzB  , 

respectively, and the fiber delay equal to 0 4.84μSt   (corresponding to a free spectral range of 206.6 KHz ).  

The MCS is performed by using the Euler-Maruyama numerical scheme [25, 26] to find the solution of equation (20) where 

the increments of the stochastic delay are given by: 

 

     0 0sin ,d a t t dw t      
 

(28) 

 

Where  dw t  is the differential increment of the Wiener process which is a zero-mean Gaussian process with a standard 
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deviation equal to dt . After finding the numerical values of  t , the well-known Welch’s algorithm [27] is used for 

computing the PSD of the variable   0exp j t  . This PSD is the SSNCR. The time vector has been considered from zero to a 

final time ft  with the time-step dt . The following criteria have been considered for these quantities to avoid numerical 

inaccuracies.  

 
0

0

1 1 1
min , , , /10

max off

dt t
f B f

  
    
 
   

 

 

(29) 

 
0

0

1 10
max ,10 ,

min
f

off

t t
ff

  
    
 
   

 

 

(30) 

  

Where  max offf  and  min offf  denote the maximum and the minimum frequency offsets considered in the analysis 

respectively.  

 The steady-state response of the OEO has been computed using the simple algorithm in [14] that gives 2.5 VA   and 

considers 0 rf f  .   

Remark 5: when simulating the OEO, it is seen from the analytical PSD given by equation (24) that the FWHM is very small 

(in the order of a micro Hertz) for conventional noise values as reported in [1] and our simulations show (not presented here). 

Therefore, to see this flatness, one should simulate very small offset frequencies that makes the runtimes of the MCS 

prohibitively large. Hence the noise value  
58.9 10  Vnk    is used in this subsection which is about 510  times larger than the 

practical values at the RFA input so that this flatness occurs at larger offsets. This relaxes the runtime/memory requirements of 

the MCS.  

 

Fig.2. 

 

The computed PSD of the PN-induced output noise from the analytical formulation of [3] (equation (17)), the SDAA (equation 

(24)), and the MCS are presented in Fig.2.  

It is seen that the results of the MCS have a very good matching with those of [3] at not close-in offsets. However, they have 

very good agreement with the results of the SDAA at close-in offsets, while the SDAA predicts inaccurate results at larger 

offsets. Therefore the SDAA can accurately compute the PN-induced PSD at close-in offsets.  

Now we also compare the results of equation (27) with the MCS in case of having a colored noise as presented in equation 

(26). For better assessing the accuracy of this approach, the white noise  t  in equation (26) is set to zero. For simplicity of the 

numerical simulations, we consider an Ornstein-Uhlenbeck process (OUP) as our colored noise source since it is easily simulated 

by a single SDE from the white noise. The PSD of the OUP is [28, 29]:  
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(31) 

 

Where it shows a low pass behavior. Considering the SDE that governs the OUP [28, 29], the following system of equations 

is numerically simulated to produce samples of . 

 

     2
0 0sin OLd b t t t dt      (32) 

   OL c OL c cd t P dt P k dw t     (33) 

where  dw t  is the differential of the Wiener process as explained after equation (28). Again the well-known Welch’s 

algorithm [27] is used for computing the PSD of the variable   0exp j t   which gives the SSNCR.  

For having reasonable runtimes and also being able to see the differences of the approaches, the following parameters have 

been considered. The oscillation frequency 0 1MHzf  , the RF filter’s bandwidth 2 500 KHzB   and the loop delay 

 t
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0 48.4 St   .  

 All the other parameters are as those of the previous OEO example. The pole of the noise PSD in (31) is set to

2 1KHzcP   .  

The computed PSD of the PN-induced output noise from the first rule of equation (27) (denoted by the SDA), and the MCS 

are presented in Figures 3 and 4 for two different levels of 0.1c ck p   and 
610c ck p  .  Also the PN is simulated by the 

CMA of [30] where it can simulated the effect of the PN of the RFA on the output variable’s PSD.  

It is observed in Fig.3 that the results of the MCS have a very good agreement with those of the CMA at not close-in offsets. 

However, they have very good agreement with the results of the first rule of equation (27) (denoted by the SDA) at close-in 

offsets. In conclusion, without the first rule of equation (27), we are not able to compute the PSD at close-in offsets unless using 

the MCS. However, the MCS requires a prohibitively large runtime for practical GHz-range OEOs with very small noise powers. 

 

Fig. 3.  

 

It is observed in Fig. 4 that for these noise levels, the predictions of the first rule of equation (27) and the CMA converge with 

each other at small offset frequencies. Here the flatness of the PSD occurs at the very small offsets. However, simulating these 

offsets with the MCS becomes very time and memory-consuming therefore they have not been included in this figure.  At larger 

offsets, the CMA results agree well with those of the MCS.  

Remark 6: Based on the abovementioned results, for accurate estimation of the PN at all frequency offsets, one can 

simultaneously plot the PN PSD based on the first rule of equation (27) (called the SDAA) and half of the resulted values of 

equation (17). For small offset frequencies where equation (17) predicts larger values, the SDAA can be regarded as reliable and 

more accurate. However, for other offsets, equation (17) gives good results. Note that the SDAA can give accurate results from 

zero offsets to those located on the onset of the skirt of the first spurious peak caused by the delay. However, for larger offsets, 

only equation (17) is regarded as reliable. Also, the CMA approaches can be used for all offsets except the very close-in ones. 

Note that the reason for dividing the results of equation (17) with 2 (subtracting 3dB from it in decibel scale) is to get the PN 

PSD in dBc/Hz instead of  dBrad^2/Hz  [18, 19]” 

4.2. Comparing results with another analysis approach in the literature 

As another means for verifying the validity of the new approach, its results are compared with those presented in [2] for a 

SLOEO with a single white noise source. Here we just want to test the validity of the formulation and the hose-made computer 

code.  

 

 

Fig.4.  

 

The analysis approach of [2] is based on simulating many round trips of the envelope of the RF signal, taking the Fourier 

transform for computing the envelope’s PSD at the end of each round trip, and finally averaging the resulting PSDs to compute 

the final PSD. Referring to equation (2), the numerical parameters of the OEO of [2] are 3.14 Vv

 , 0180

0
  , and 1.5gk  , 

corresponding to a small-signal loop gain  0cos /gk v   [14] equal to 1.5, the center frequency and bandwidth of the filter 

equal to 10 GHzrf   and   / 2 20 MHzB   , respectively, and the fiber delay equal to 0 0.28μSt  . A white noise source with 

PSD equal to 
2010  W/HzN
  is considered at the RFA input, and the voltage gain of the RFA is 7.5a  . In our simulations, a 

voltage noise source with PSD equal to 
2
n Nk R  is considered in the analysis, where 50R   is the input impedance of the 

RFA. The presented PSD of the output variable from Figure 4 of [2] is compared with the simulated results from the new 

approach (equation (24)) in Fig. 5. It is seen that the results of equation (17) (denoted by Chembo) has a very good agreement 

with [2]. Also the results of the SDAA match these results at small offsets. This verifies the accuracy of our formulation and its 

computer implementation.  

As a final comparison, the characteristics and features of the presented approach are compared with those of the previously 

published methods in Table 1. From this table, it is seen that the new approach and those of [1,17] are the only approaches that 

predict non-singular PSDs at close-in offsets. However, [1] is limited to white noises while the new approach takes both white 

and colored noises into account. Also, as mentioned after remark 4, [17] predicts the same FWHM in the presence of the white 

noises as the new approach but with a different asymptotic close-in PN than the new approach and [1]. Also, the close-in PN in 

the presence of the colored noises has not been presented in [17]. Finally based on remark 6 (located at the end of subsection 4.1) 

using both the new approach in conjunction with equation (17) (i.e. the method of [3]) can give a complete picture of the PN at 
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every offset frequency.  

5. CONCLUSIONS 

An analysis approach was proposed for simulating the PN-induced PSD of the output variables in the delay-based SLOEOs at 

the close-in frequency offsets. First, a systematic perturbation method was used to extract the SDDE governing the PN process in 

a single-loop delay-based OEO. Then this SDDE was approximated by an SODE using the small-delay approximation which is 

valid for small frequency offsets. This resulting PSD of the output variables was obtained based on the previously published 

formulations.  This approach gives an analytical formulation that can accurately compute the output PSD at close-in offset 

frequencies but not at larger ones. This method overcomes the singularity problem of the output PSD at close-in offsets as 

opposed to the classical noise analysis approaches in OEOs that are based on the small-signal assumption of the PN. The validity 

of this approach was verified by comparing its results with full MCS, previously published formulations, and simulation results 

in the literature.  

 

 

Table 1: Comparison of the new approach with the PN analysis approaches presented in the literature 

 

Fig.5.  

APPENDIX 

We first simplify the terms in equation (14). Considering the mentioned structures at the paragraph following equation (15) 

we have: 
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Note that in deriving equation (a2) we have used the fact that the total phase shift of the OEO loop at the oscillation 

frequency 0 0t  is an integer multiple of 2  therefore we have 
0tD I . Using (a1) to (a3) in (14) one arrive at: 
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Dividing both sides of (a4) with 2 /A B  and using    0t t    results in equation (16).  
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Fig. 1: The schematic of the delay-based single-loop optoelectronic oscillator [2,3,14]. Abbreviations are: CW: Continuous 

wave, and RF: Radio frequency.  

Fig. 2. The computed output power spectral density from [3] (denoted by Chembo), the small delay approximation approach 

(SDAA), and the Monte Carlo simulation (MCS).  

Fig. 3. The computed power spectral density of the phase noise-induced output noise from the small delay approximation 

approach (SDAA) (i.e. the first rule of equation (27)), the conversion matrix approach (CMA), and the Monte Carlo simulation 

(MCS) for 0.1c ck p    

Fig. 4. The computed power spectral density of the phase noise-induced output noise from the small delay approximation 

approach (SDAA) (i.e. the first rule of equation (27)), the conversion matrix approach (CMA), and the Monte Carlo simulation 

(MCS) for 
610c ck p  .   

Fig. 5. Comparison of the output power spectral density of the single-loop optoelectronic oscillator case of [2] from this 

reference (denoted by Levy), from Eq. (17) (denoted by Chembo), and the small delay approximation approach (SDAA). 
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Table 1: Comparison of the new approach with the phase noise analysis approaches presented in the literature. Abbreviations are: 

CMA: conversion matrix approach, PN: phase noise, SDDE: stochastic delay differential equation, SDAA: small delay 

approximation approach.  
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Table 1: 

 

 

                Method 

Characteristics       

SDAA (this 

paper) 

[3, 13], (Eq. 

(17)) 

[1] [17] [4, 5] [14-16] [2, 6] 

Approach Small delay 

approximation 

to the PN-

SDDE  

analysis of 

the PN-SDDE 

with small-

signal 

assumption 

of PN  

Regenerative 

feedback 

approach 

Injection 

locking/pulling 

approach 

PN transfer 

model 

CMA Envelope 

domain 

transient 

analysis 

White/colored 

noise 

both both white both both both White. Special 

kinds of 

colored 

noises. 

Singularity at 

close-in offsets 

no yes no no yes yes yes 

Offsets where the 

results are 

Accurate 

From zero to  

the onset of 

the skirt of 

the first 

spurious peak 

All but not 

very close-in 

ones 

All offsets All offsets All but not 

very close-in 

ones 

All but not 

very close-in 

ones 

All but not 

very close-in 

ones 

Runtime at a 

single frequency 

offset 

<1mS <1mS <1mS <1mS <1mS <1mS In the order of 

10 minutes for 

offsets larger 

than 1kHz 
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