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Abstract

This study investigates the magnetohydrodynamics and fluctuating mixing convection of
hybrid nanofluid flows containing dusty fluids in a permeable vertical wedge. A
mathematical model based on the concept of fluid flow was developed. The model uses the
boundary layer approximation to simplify the partial differential equations. Using appropriate
transformations, this set of differential equations is converted into a general system of
differential equations. We used the method of obstacles and the bvp4c approach to solve the
obtained nonlinear dimensionless differential equations. We worked out to gain results of all

values of non dimensional space variable £ and small values of £ . The effects of involving

physical significant parameters are highlighted by graphs. As the Richardson number
increases, both the friction coefficient and the Nusselt number increase. This behavior
demonstrates the complex interplay between buoyancy and momentum/heat transfer in the
flow. Skin friction and Nusselt number declined due to increasing values of thermal slip
(thermal slip). In summary, increased thermal slip affects fluid—solid surface interactions,
resulting in lower skin friction (less resistance to fluid flow) and lower Nussel number
(reduced convective heat transfer).

Keywords: Dust particle; Thermal slip; Vertical wedge; Hybrid nanofluid; MHD; Shooting
method.

1. Introduction

Saffman [1] was the first one who analyzed the stability of the laminar flow of a dust particle
of gas. He derived the momentum equation and temperature equation which satisfy the small
disturbance of the steady flow of fluids. After that, many investigators are interested to reveal
the impacts of different assumptions on the dusty fluid flow. There are many applications of
dusty fluid particle which are used in physiological flow, in purification of crude oil,
technological field and so on. Another vital role of the dust particle in boundary layers takes
account of soil salvation through natural winds, dust entertainment in a cloud formed in the

period of a nuclear explosion and lunar surface erosion through consume of a landing vehicle.
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Michael and Miller [2] have been discussed dusty gas particles over plane parallel plates.
They discussed two cases in their investigations like as when plate moves along the simple
harmonic motion and impulsive rest at uniform velocity. Michael [3] has investigated about
the spherical shape of the dusty gas particle with small relaxation time. Marble [4] has
analyzed the small particle of dusty gases. He claimed that the cloud particles are governed
through four physical parameters which have own significance physically for the gas particle
flow systems. Singh and Ram [5] have been highlighted the effects of electrically conducting
dusty particles of unsteady flow by channel. The flow of the natural convection of dusty fluid
particles of unsteady flow over rectangular channel has been highlighted by Dalal et al. [6].
They investigated different point of views to analyze the heat like as adiabatic horizontal and
vertical walls. Time dependent mixed convection flow ovr symmetric wedge investigated by
Hossain et al. [7]. Palani and Ganesan [8] have premeditated the heat flow over semi-infinite
inclined plate for the dusty fluid. They analyze the heat flow effects on the inclined plate.
Ellahi [9] investigates the complex effects of magnetohydrodynamics (MHD) and
temperature-dependent viscosity on non-Newtonian nanofluid flow in pipes, providing
insightful analytical solutions to understand the fundamental differences governing these
complex systems. Khan et al. [10] contributed to this setting by investigating the
magnetohydrodynamics of peristaltic flow in a Walther B fluid, considering slip effects and
heat transfer. Their work reveals nuances of fluid behavior in peristaltic systems and provides
valuable insights into the interplay between magnetohydrodynamics and heat transfer
phenomena. Hossain et al. [11] have explored the influence of mixed convection of dusty
fluid over a vertical wedge. They discussed about the surface temperature and small
fluctuation in free stream. Sheikholeslami et al. [12] deliberated the MHD nanomaterial fluid
at permeable surface, applying the decay law numerically. Hasnain et al. [13] highlighted the
dusty Casson fluid at permeable sheet under the MHD and power law model. Unsteady of
dusty of non Newtonian based Casson fluid over a vertical wedge is discussed by Hady et al.
[14]. A study by Yousif et al. [15] focused on the numerical study of momentum and heat
transfer of MHD Carreau nanofluids in an exponentially stretched plate by incorporating
internal heat source/sink and radiation effects. This study sheds light on the interplay of
various factors that affect the behavior of nanofluids in such scenarios. Cattaneo Christov
heat flux model based dusty fluid debated by Reddy et al. [16]. Several researchers are
interested about the dusty fluid particle with phase flow model having different suppositions
(see Refs. [17-19]).



Heat enhancement is the most important problem in the usual life because crisis of energy.
Many investigators get attention to resolve this issue. The well known convectional heat
transfer fluid like as mineral oil, water and ethylene glycol have low heat transfer because of
low thermal conductivity. Choi [20] was the first one who introduced the word Nanofluid.
Nanofluid is a type of fluid which consists of solid nanoparticle with base the fluids. There
are numerous claims in the fields of engineering, industrial and lubricants. Because of high
thermal conductivity. Several methods have been established to enhance the thermal
conductivity of these fluids through suspending micro/nano sized particle material in the
fluid. Lee et al. [21] was extended the work of Choi [20]. They used the oxide nanoparticle to
find out the thermal conductivity. Das et al. [22] highlighted the properties of nanofluids,
synthesis, applications and characterization. Mostly used nanosized particles include metal
oxides, metal carbides, metal nitride, carbon materials and metals with base fluids like as
water, oil and ethylene glycol. Nanofluid gained most of the interest for different purpose by
the authors. Haq et al. [23] discussed the micropolar flow of nanofluid over the convective
stretching surface under stagnation point region. Ellah et al. [24] reflected the mixed
convection of nanofluid flow over permeable wedge. Alamri et al. [25] demonstrated the use
of Stefan Blowing to contribute to the understanding of nanofluid behavior under complex
flow conditions by investigating the convective-radiative plane flow of nanofluids through
porous media with slip effects. Sjah et al. [26] focus on numerical simulations of
magnetohydrodynamic nanofluids in porous media, emphasizing the effects of form factor
and heat transfer. Their research uses computational methods to investigate how these factors
affect the behavior of nanofluids in porous media, contributing to a deeper understanding of
complex systems. Several researchers are interested to gain different results for various
assumptions which see in Refs. [27-29].

Heat transfer enhancement is important in real life because of its vital consumptions of
technology and engineering fields. Most of the interest of researchers focuses on the heat
transfer augmentation. The word Hybrid nanofluid introduced by Suresh et al. [30]. Hybrid
nanofluid is a type of fluid which consist of two different nanosized particles with base fluid.
They claimed that hybrid nanofluid gains higher heat transfer than that of simple nanofluid.
Labib et al. [31] emphasized the impacts of hybrid nanofluid experimentally. Sundar and
Sousa [32] discussed the hybrid nanomaterial liquid under the turbulent flow. They studied
the heat transfer improvement of low volume concentration of hybrid nanofluids. Nadeem et
al. [33] explored the hybrid nanomaterial liquid at circular cylinder. Nadeem and Abbas [34]
premeditated the microploar hybrid nanomaterial liquid flow over a circular cylinder with slip
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conditions. Sheikholeslami et al. [35] explored the turbulent convect nanofluid flow in a
circular duct. Dalkili¢ et al. [36] has investigated the hybrid nanomaterial liquid flow
experimentally in horizontal tube. Hybrid nanofluid flow at channel has analyzed by
Sheikholeslami et al. [37]. According to references [38-41], a number of scientists are
investigating the heat transmission of hybrid nanomaterial liquids under numerous physical
hypotheses.

In the reviewed literature, research focuses on the flow of hybrid nanomaterial fluids through
vertical plates, combining magnetohydrodynamic and dust-fluid phenomena. A mathematical
model based on the principles of fluid flow was developed. The incomplete differential
(PDEs) equations were converted to a system of ordinary differential equations (ODES) using
an appropriate similarity transformation. These dimensionless nonlinear equations were
solved computationally using the BVP4C method in addition to perturbation theory. The
resulting solutions were carefully analyzed based on various physical properties.

2 Mathematical formulations

In the presence of solid nanoparticles, consider the hybrid nanomaterial liquid with mixed
convection fluctuating having dusty particles over a vertical wedge. Fig. 1 shows the

coordinate system and flow setup. The thermal thickness is J,, and momentum thickness is
o; . It is expected that the free stream and surface temperatures oscillate in time with tiny

amplitudes around a stable, non-zero mean free stream velocity. The system of mathematics
has been taken into consideration as follows using the supposition and standard
approximationof boundary layer [see Refs. 11, 38, 40, 41]:
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Where, + _ T8, the BC
ov = oT
V=V, :/’135, W, =W =0,T =T, = 4K E+TW, at y =0,

(7)

T=T, =0,v—>V,(xt), at y—>oo.

The volumetric coefficient communication for temperature is £, Vv, (x,t) be the velocity of
free stream, w and v are the local velocity factors of the fluid, p, (density), g, (viscosity),

a, (thermal conductivity) and pC . (heat capacity) of hybrid nanofluid. p, is the density

phnf
of the particle (cloud deformation of underform able) with a single radius R . Such particle

(cloud) is also defined as a set of continuum variablev,, w, andT . The heat capacity of

p 1
fluid and dust particle at fix pressure are C, andC,.N M= p_, here the local number of the
particle per unit volume and mass of particle is defined asN  and M . The characteristic of

the time is presented asz,,. This is a given time to require by the particle to decline the

velocity of particle (fluid) relative to the liquid through ™ of its original values in the un-
accelerated state. This velocity equilibration time contributes few indication of the gas
particle interaction procedure when compared to the time r symbolizing the flow. When
7> 7, , the particle adjusts to the local gas velocity before, it has transferred by a significant
portion of the region. The cloud particle would consider the uniform velocity very quickly, if
the velocity of gas was uniform. The velocity of particle depend highly on the fluid motion

which inversely dependent of its prior history. Moreover, z; is presented in Egs. (3) and (6)

. MC . : : . .
and defined as z; = 5 ; This is a given time to require for the temperature variation
T

. . _ e MC
between a gas and particle to be decline to €™ of its initial values. If thez, = : ; >1,
o

then the particle is independent of the local gas particle but strongly related to its initial



values. If 7, = 6MC; <1, then the temperature of the particle is expressed highly through
T

local conditions. The limiting form of the coupled equations of the system of gas particle
which is useful analytically as well as physically. We want to discuss about 7z, and z, when
7, and z,, become very small, the local particle temperature and particle slip velocity
become small. Consider the above approximation, the number of the dependent variable

decreases by two such that T, =T, (v,,w,)=(v,w). It is easy to found that v, —v and

W, > W= D{&] = constant, this relation shows that the particle is to be fixed to the mass
P

of gas in which they were originally located. If the initial distribution of the particles is

uniformly, so the entire medium is constant like as Lo _ K . Using the above suppositions,

Pt

the system become as:
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With BC
N = oT
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(11)
vV, (xt), T=0, at y—>om,
Where
v, (x,t) =V, (x)[1+ecos(at) | and T, (x,t) =T, (x)[1+ecos(at)]. (12)

The mean surface temperature is T,(x) and velocity is V,(x), and amplitude of oscillation

is € which is «1pm while the ® is oscillation frequency. Table 1 presented the
thermodynamics charactristics of nanoparticles and base fluid.

The hybrid nanofluid's thermal characteristics and their expressions are described as follows:

Properties Hybrid Nanofluid
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3 Solution procedure
In order to consider solutions to Egs. (9-11) for the boundary conditions stated in Eq. (12),

take the following form

V(X y,t)=cexp(ait)v, +Vv,, (13)
W(X,Y,t)=ecexp(wit)w, +w, (14)
T (X, y,t)=cexp(ait)T,+T,. (15)

The fluctuating quantities are v,,v, and velocity factors arew,,w,. The real (v,w)and
fluctuating (T,,T,) part of the T (temperature function). The actual components of the
functions identified in Equation are the predicted solution functions (13). We obtained
succeeding equations by applying the Egs. (13) in Egs. (9-12) and changing the terms and
conditions to 0(¢).
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T,=0,v,=V,(x), at y—oo.

The functions v,(x) and T,(x) like as v.x"* =v,(x) and T, =T,(x) while v,,T, are the
constants. Now, we introduced as

¥, =v,xJRe, (1+Pr) % f (1), T, =T,0(n),

¥, =v,xRe, (1+Pr) % g(1.£), T, =T,h(1.£), (24)

n=yRe, (1+Pr)’*, ;:VQ\/{

c

The W¥,, ¥, are stream functions which fulfill the Eqgs. (14) and (18) respectively. The
similarity is » and local frequency is ¢ . We obtain the dimensionless form by relating the

alteration Eq. (23) to Egs. (20) and (22):
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4 Perturbation solutions for small ¢

The outcomes based on the series' finite number of terms are only applicable for a narrow
frequency range in order to capture the effects of mixed convection close to the leading edge.
So

(31)
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respected boundary conditions are
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The physical feature of boundary layer flow presented. The Nusselt number represents the

improvement of convective heat transfer over conductive heat transfer and is defined
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Nu :%. Where, the coefficient of surface friction for flow over a plate can be
f w o

described by the following equation using the concepts of local shear stress and dynamic
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5 Result and discussions
In the present analysis, the authors have investigated the hybrid nanofluid fluid flow over a

vertical wedge with velocity and thermal slip effects. Mathematical model have settled as
partial differential equations through the Navier—Stokes equations. The above system of
partial differential equations changed into ordinary differential equations. Transformed
systems of equations have been elucidated by the numerical scheme (BVP4C) and
perturbation method for low frequency range. Significant results have been gained and
plotted through graphs for the different physical parameters. Table 2 debated the physical
phenomena features on the skin friction and Nusselt number. Nusselt number reduced due to
increasing values of nano concentration while friction of fluid increased due to increasing in
nano concentration factor. Due to the high nanoconcentration, the friction properties of the
liquid on the vertical wedge increase. The interaction between the nanoparticles and the fluid
tends to increase the overall viscosity and, consequently, the frictional force acting on the
surface of the wedge. This increased friction can affect fluid flow patterns, altering the
behavior of the boundary layer and flow separation at the wedge surface. As the Richardson
number increases, both the friction coefficient and the Nusselt number increase. This
behavior demonstrates the complex interplay between buoyancy and momentum/heat transfer
in the flow. An increase in the coefficient of friction means an increase in the resistance to the
flow of the fluid on the surface of the wedge. Under the influence of a strong magnetic field,
the hybrid nanofluid undergoes altered flow, which can lead to increased shear stress and
increased resistance to movement along the wedge surface due to magnetic forces acting on
the nanoparticles and the carrier fluid. The porous structure promotes better mixing and
interaction between the fluid and solid matrix, making convective heat transfer more

efficient. Therefore, even though the frictional resistance increases, the convective heat
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transfer within the boundary layer is enhanced and the Nusselt number increases. The &
increased which declined the skin friction and increased the Nusselt number. Skin friction
and Nusselt number declined due to increasing values of thermal slip slip (momentum slip).
In summary, increased thermal slip affects fluid—solid surface interactions, resulting in lower
skin friction (less resistance to fluid flow) and lower Nussel number (reduced convective heat
transfer). Skin friction and Nusselt number declined due to increasing values of velocity slip
(momentum slip). The relative velocity between the fluid and the solid surface increases,
reducing skin friction because the fluid experiences less resistance or friction from the
surface. The Nusselt number decreases because the altered flow dynamics and near-surface
velocity profile result in reduced convective heat transfer, resulting in a lower Nusselt

number. The K increased which enhanced the skin friction and the Nusselt number. The ¢
increased which declined the skin friction and the Nusselt number. Figs. 2-3 reported the
influence of steady case and unsteady case using different order for temperature function and
analyzed the influnec of physical paramters namely: solid nano concentration and thermal
slip. The temparture increased due to higher values of solid nano concentration which
reported in Fig. 2 for all case of steady and unsteady. The temparture reduced due to higher
values of solid nano concentration which reported in Fig. 3 for all case of steady and
unsteady. Fig. 4 reveals the impacts of @, on the skin friction for various values of M for
small and all values of ¢ . It is perceived that when the values of @, Increases with declining
skin friction for both cases, small and all values of ¢ . The skin friction increases with
enhancing in M for small values of £ while declines for large values of M in case of all
values of £ . Fig. 5 exhibits the effects of M and @, in both cases for small and all values of
¢ . It is seen that the Nusselt number decays for large values of M and @, for both cases
for small and all values of £ . A significant result gains which we observed, small values of
¢ get decline curved as compared to all values of &. Fig. 6 shows the impacts on the Nusselt
number and skin frictions for the dissimilar values of A. It is seen that the skin friction
decays for higher values of 4 while decays for larger values of £ . The impacts of 4 on the
Nusselt number and skin frictions which exhibit in Fig. 6. It is perceived that Nusselt number
rises for the greater values of A but opposite trend is seen to be noted for greater values of ¢
. Fig. 7 exhibits the influence of  on the Nusselt number and skin friction. It is observed
that Skin friction and Nussslt number decline for large values of K while opposite seen for

the large values of ¢ . Table 3 presented the variation of skin friction of current analysis with
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Hossain et al. [11] when
Pr=0.72,Ri=4.0,K=0.0, y =1.0,4A=0.0,y =0.0,M =0.0,4 =0.0,®, =®, =0.0. It is noted
that our results are good agreement with Hossain et al. [11].

6 Final Remarks

We investigated the unsteady mixed convection of a two-dimensional hybrid nanofluid

flowing over a vertical wedge, considering the influence of slip and magnetic fields. Our

study included analyzing the impact of slight fluctuations in surface temperature and free
stream. We comprehensively examined the effects of significant physical parameters liike as

thermal slip, velocity slip, magnetic field, solid nanoparticles, Richardson number, and K

dimensional parameter on skin friction and Nusselt number across the frequency spectrum in

this analysis. Few main points are presented as:

¢ As the Richardson number increases, both the friction coefficient and the Nusselt number
increase. This behavior demonstrates the complex interplay between buoyancy and
momentum/heat transfer in the flow.

e Skin friction and Nusselt number declined due to increasing values of thermal slip slip
(thermal slip). In summary, increased thermal slip affects fluid—solid surface interactions,
resulting in lower skin friction (less resistance to fluid flow) and lower Nissel number
(reduced convective heat transfer).

e Skin friction and Nusselt number declined due to increasing values of velocity slip
(momentum slip). The relative velocity between the fluid and the solid surface increases,
reducing skin friction because the fluid experiences less resistance or friction from the
surface. The Nusselt number decreases because the altered flow dynamics and near-
surface velocity profile result in reduced convective heat transfer, resulting in a lower
Nusselt number.

e The Nusselt number decays for large values of M and ®, for both cases for small and
all values of £ . A significant result gains which we observed, small values of £ get
decline curved as compared to all values of ¢ .
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Axis of Symmetry

Fig. 1: Unsteady flow of hybrid nanofluid at wedge.

Table 1: Thermodynamics charactristics of nanoparticles and base fluid.

i . Fluid
Thermo Physical Properties MWCNT SWCNT Phase(water)
C,(J/kg)K 796 425 4179
k
p(m—%j 1600 2600 997.1
W
k (—j 3000 6600 0.613
mK
Table 2: computational analysis of physical parameter for skin friction and Nusselt number.
o, Ri |M |24 |¢& |4 |7 | K | |SkinFriction | Nusselt Number
0.005/0.1 |04 |04 [25]0.1]0.1]25]0.20.022924648 | 0.00013399082
0.02 0.025884106 | 0.000054466497
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0.04 0.028719994 | 0.000010327846
0.06 0.030822679 | -0.000008625752
0.02 |01 0.025884106 | 0.000054466497
0.2 0.026523473 | 0.000067191767
0.3 0.027143696 | 0.000079502957
0.4 0.027745664 | 0.000091419442
0.1 /0.2 0.024544164 | 0.000027690757
0.4 0.025884106 | 0.000054466497
0.6 0.027143696 | 0.000079502957
0.8 0.028330203 | 0.00010295933
04 /0.2 0.024512273 | 0.000028220733

0.4 0.025884106 | 0.000054466497

0.6 0.02717562 0.000078784085

0.8 0.028393921 | 0.000101350500

04 |20 0.026623413 | 0.000045084643

2.5 0.025884106 | 0.000054466497

3.0 0.025203738 | 0.000062859885

3.5 0.024575794 | 0.000070406006

2501 0.025884106 | 0.000054466497
0.2 0.012775416 | 0.00000016992533

0.3 0.0072704799 | -0.000020241404

0.4 0.0048228432 | -0.000021641566

0101 0.025884106 | 0.000054466497

0.2 0.023404864 | 0.0000087829005

0.3 0.021493004 | -0.000011058396

0.4 0.020004216 | -0.000019422214

01]20 0.025629085 | 0.000037483225

2.5 0.025884106 | 0.000054466497

3.0 0.026215294 | 0.000070269318

3.5 0.026584075 | 0.000084924069

2.5 0.2 1 0.025884106 | 0.000054466497

0.3 | 0.021134284 | 0.000044471708

0.4 | 0.018302827 | 0.000038513629

0.5 | 0.016370546 | 0.000034447637

Table 3: Comperitive analysis of skin friction and Nusselt number with Hossain et al. [11]
when Pr=0.72,Ri=4.0,K =0.0, y =1.0,4=0.0,y =0.0,M =0.0,4, =0.0,®, =, =0.0.

4 Hossain et al. [11]. Present Results
0.010 32.33126 32.23678432
0.100 10.22307 10.13678941
0.500 4.55937 4.489512652
1.000 3.19704 3.078965831
2.000 2.19798 2.086974322
3.000 1.74511 1.678954327
4.000 1.50073 1.489706724
6.000 1.31603 1.267583450
8.000 1.26245 1.189657843
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10.00 1.21931 1.123246572
15.00 1.18085 1.056785321
20.00 1.16491 1.023145874
Nomenclature
V,W  |Velocity components, m/s Ri  |Richardson number
7. Dynamic viscosity of hybrid m dynamic viscosity of nanofluid, kg / ms
nanofluid, kg / ms
- Kinematic viscosity of hybrid Ve kinematic viscosity of nanoluid, m* /s
nanoluid, m? /s
Lo Density of hybrid nanofluid, o Density of nanofluid, kg / m?
kg /m®
Qi Thermal diffusivity of hybrid a thermal diffusivity of nanofluid
nanofluid
K, Thermal conductivity of hybrid K, Thermal conductivity of nanoflui
nanoflui
P pressure, kg / ms? o Dimensionless parameter
(pcp)hnf Heat capacitance of hybrid nanofluid|?7 Dimensionless similarity variable
T Temperature of the fluid (pcp)nf Heat capacitance of nanofluid
t Dimensional time, s M Magnetic field
Nu Nusselt number Re Reynolds number
©,,0, Nanoparticles concentration Pr Prandtl number
W,V VVelocity components 4 Fluctuation factor
K Dimensionless parameter A Porosity parameter
4 Thermal slip A Velocity slip
'FO Surface temperature foc /Ambient temperature
0.4 T T T T T 1 : ; - . .
Steady case((=0) ___ Steady case((=0) —
0.3 (2igf ] 0.8} (2i¢)° ]
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Fig. 2: Difference between temperature and @, . Fig. 3: Difference between temperature and y .
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