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Abstract

The proper performance of the first-order reliability method (FORM) is main issue in structural reliability
analysis that is dependent on the accuracy, efficiency, and robustness of the employed algorithm. In this
paper, a new reliability analysis framework is presented to improve the performance of the first-order
reliability method. The innovation of the proposed method, which is a development on the non-negative
constraint method, accounts for the estimation of the step size to implement line search formulation. The
non-negative constraint method is considered to generate a positive Lagrangian function, an unconstraint
optimization problem, and a search direction vector. Then, the first-order Taylor approximation of the
positive constraint is applied to find the trail design point. The next step is to consider this trial design
point and Pade approximation of the non-negative limit state function (constraint) for appropriately
computing the step size. The efficiency and robustness of the proposed algorithm shown in various
benchmark numerical examples included a comparison with other first-order reliability methods. The
numerical results indicate that the proposed method functions properly to pinpoint the reliability index by
fast convergence rates compared to other methods.
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1. Introduction

Real engineering problems include various uncertainties observed in materials, geometric properties,
external loads, and other items [1-3]. Structural reliability theory provides a proper methodology for
analyzing engineering structures that address structural uncertainties. This theory considers uncertainties
that involve the probabilistic model to evaluate safety levels [4,5]. The main task of reliability analysis is
to estimate the failure probability using a multifold integral on the failure domain. Simulation schemes
and several approximation algorithms are developed because analytical multi-dimensional integration and
direct numerical integration are computationally expensive [6]. Generally, the simulation methods,
including Monte Carlo, importance sampling and etc., are time-consuming because thousands of samples
are needed to obtain an accurate final result [7—9]. In practical engineering problems, the computational
cost of the simulation methods is unacceptable because too many samples are needed to obtain an
accurate result. Monte Carlo, importance sampling, etc., are some types of these methods [10,11].
Furthermore, if the value of the failure probability is too small, another problem becomes apparent. In this
situation, achieving the accurate failure probability is not possible [12]. Among approximation
algorithms, the first-order reliability method (FORM) is widely used and recommended in reliability
analysis due to its simple and efficient algorithm.

HLRF algorithm is one of the first methods in the FORM category mainly proposed by Hasofer and Lind
[13] for the random variables with the normal probability distribution and then extended by Rackwitz and
Fiessler [14] for the non-normal random variables. HLRF finds the design point in standard normal space
using an iterative process. The design point or the most probable point (MPP) is the point on the limit
state surface with a minimum distance from the origin in the standard normal space and this closest
distance is called the reliability index. Truncation, bifurcation, periodic oscillation, and chaotic behavior
are instances of HLRF instability that may be observed in the limit state function with high nonlinearity.
The limitations of HLRF account for the main reasons behind developing multiple methods for
overcoming instability challenges. Liu and Kiureghian [15] proposed a modified HLRF (mHLRF) that
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used a merit function in accordance with the augmented Lagrangian scheme to estimate the step size. The
IHLRF is an improvement of the HLRF proposed by Zhang and Kiureghian [16] , in which the Armijo
rule is implemented to find the proper step size. They used the Lagrangian of an optimization problem to
construct a simple merit function that is more efficient than mHLRF. Santosh, Saraf, Ghosh et al.
developed step size estimation of mMHLRF using the Goldstein rule [17]. Santos, Matioli and Beck [18]
further proposed the nHLRF in which the proper step size of each iteration is selected using the Wolf rule.
Yang and Cheng [19] demonstrated that the bifurcation, periodic oscillation, and chaos phenomenon of
FORM are independent of the curvature value and nonlinearity of the limit state functions. Additionally,
Yang proposed the stability transformation method (STM) based on chaos control theory to remove the
numerical instability of HLRF [20]. The number of steps required for obtaining stable results increases if
the computed step size is too small in the STM algorithm. The adaptive chaos control method proposed
by Roudak, Shayanfar and Karamloo is a development of STM to reduce the number of steps required for
computational iteration [21]. Meng, Yang and Zhang proposed the directional stability transformation
method (DSTM) based on a directional control strategy to avoid the instability of HLRF [22]. They
implemented the formulation of Lyapunov exponents for the HLRF algorithm to investigate instability
phenomena. FSL investigated by Gong and Yi computes the failure probability using a finite step length
parameter in the direction of gradient vector of limit state function [23]. The advanced version of this
method presented by Keshtegar is the CFSL that involves the conjugate search direction introduced in the
reference [24]. Keshtegar and Miri used the nonlinear conjugate gradient method and Wolf condition to
propose CHLRF [25]. Three-term conjugate type of HLRF is other development of FSL presented by
Keshtegar and zhu [26]. Furthermore, Pericaro, Santos, Ribeiro et al. considered the update formula of
BFGS to approximate the Hessian matrix and proposed the HLRF-BFGS algorithm [27]. Zhao, Chen and
Liu speeded up the convergence rate of HLRF by applying Barzilai-Borwein gradient method [28] called
BB-HLRF. This method implemented the traditional steepest descent method with specific decayed step
size to achieved a proper initial point for global Barzilai-Borwein gradient algorithm.

Breitung attempted to eliminate the instability behavior of FORM using high-order Taylor expansion for

the limit state surface. It is difficult and time-consuming for implicit limit state functions or a problem to
3
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include several random variables because high-order derivatives are needed for computation [29]. The
second-order reliability method (SORM) is a technique of this kind that relies on the second-order Taylor
expansion [16].

Roudak and Karamloo [30] developed a robust non-negative Lagrangian function (NNCM) in which the
constraint of the optimization problem is changed. Indeed, NNCM introduces the square limit state
function as a non-negative constraint. The first step of NNCM is directly utilizing the positive problem
constraint to construct a positive Lagrangian function and a search direction vector. Then, the first-order
Taylor approximation of the non-negative constraint function is employed to compute step sizes of the
NNCM method that led to the efficient computation of reliability indexes in nonlinear problems.

It is important to note that the methods mentioned above implemented the first and second-order Taylor
approximation of the limit state function to compute step direction and step size in the iterative process.
Therefore, it is necessary to investigate the approximation method of the limit state function. Modified
and multi-step Newton iterative methods with various orders of convergence are the algorithms in
mathematics used to find the roots of a nonlinear equation [31-33]. Another application is the
approximation of a function at a specific point. The one-step simple Newton root-finding is the method
used in first-order reliability analysis. Two-step root-finding algorithms such as Double-Newton, Chun,
Porta-Ptak, and Pade with order (1, 2) are the methods that reduce the computational cost by increasing
the convergence rate. Although these methods have high-order convergence rate, they use only the
gradient of a function and are independent of higher-order derivatives [34—39]. It is noted that the search-
based methods are placed in a lower class than some adaptive sampling methods such as Sequential
Markov chain [40] and adaptive subset simulation [41], because these methods are invented to improve
the accuracy to a high level, not to find the design point.

This study presents a combination of the non-negative constraint method and Pade approximation with
order (1, 2) to define a new first-order reliability method. A new optimization problem is defined and
replace with traditional optimization problem in reliability analysis. The main aim of the proposed
method is to present a new relation for step size estimation that is based on Pade root finding method.

Therefore, the second objective of this study is to provide a development of the non-negative constraint
4
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method for dealing with reliability problems. The difficulty of computing an appropriate penalty
coefficient in iterations is eliminated by the defined optimization scheme. The proposed algorithm is
particularly effective in addressing reliability problems with high nonlinearity and faster convergence
than the first-order reliability method. Section two shows the step size and step direction (design point)
calculation of four first-order reliability methods. Section three provides detail of the proposed algorithm
for failure probability estimation. Several numerical nonlinear examples that included analytical and
practical engineering problems are presented to indicate the robustness, accuracy, and efficiency of the

proposed method.

2. First order reliability methods

There are many algorithms driven by the first-order reliability method, four of which are summarized in
this section. These methods are selected to be compared with the proposed methods in numerical

examples.

2.1 The HLRF method
HLRF investigates standard normal space to find the most probable point called MPP. MPP is a point on
the limit state surface with a minimum distance from the origin. The shortest distance is the reliability
index applied to evaluate failure probability. Rackwitz and Fiessler modified Hasofer and Lind method
[13] by considering non-normal random variables [14]. The optimization problem used to compute the
reliability index is the following optimization problem with equality constrained as shown in Eq. (1).
min % U'U  subjectedto G(U)=0 1)
Where U represents the response vector of all random variables (u;) in the standard normal space and
G(V) is the limit state function value. HLRF implements Eq. (2) to estimate the design point in each
iteration.

— VTG(Uk)Uk _G(Uk)

< veu)
2.2 The iHLRF method

VG(U,) @)

The iIHLRF is a development version of HLRF proposed by Zhang and Kiureghian. This algorithm used
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the Armijo rule to optimize the step size [16]. The iterative relation of the line search method is applied to

the IHLRF as Eqg. (3).

U, =U, +s.d, 3)
Where Uy is the response vector that included random variable values in the standard normal space and k

is the step number. Parameters sy and dy are the step size value and the step direction vector, respectively.

The first step of the iIHLRF is to determine the step direction vector, which is defined as Eq. (4).

G(U,)-V'G(U,)U,

d =- VG(U, )-U 4
' VG, | (Ui)-U, 4)

The next step is to determine the step size, which is computed as Eq. (5).

s, =bl, b=05 (5)
Where j is an integer with an initial value equal to zero. If the convergence conditions failed to satisfy, a

unit value is added to j. The convergence condition used for this method is defined as Eq. (6).

m(U,..)<m(U,) (6)
In which m is the merit function according to Eg. (7) and k stands for iteration number.

m(U,)=05|U, [ +c|G(U,) (7
Parameter c is estimated using Eqg. (8) that is proposed by Zhang and Kiureghian [16].

Ul
C=y.————+1n, y=2&n=10 8
VG, o

2.3 The directional stability transformation method (DSTM)
On the basis of chaos control concepts, Meng, Yang and Zhan [22] proposed the directional stability
transformation method to overcome the numerical instability of the HLRF method. The design point of

each step is estimated using Eqg. (9) in this algorithm.

[0
U k+l — 5k+1 m (9)

Where parameters ¢ and o are calculated using Eq. (10) and Eqg. (11).
G(Uk)—VTG(Uk)Uk
01 =~ (10)
- Gl

o =U, +EC(f(U,)-U,) (11)
In the above relations, C is called the involuntary matrix and is considered an identity matrix. Parameter {

is the chaos control coefficient selected in the interval [0.001, 0.1], 0.1 is suggested in the reference [22]
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that implemented here. The function f(Uy) corresponds to Eq. (12).

f (U )_ VTG(Uk)Uk _G(Uk)
k V()|
2.4 The conjugate finite step length method (CFSL)

VG(U,) (12)

CFSL is proposed by Keshtegar and implements the conjugate search direction on the FSL algorithm

[24]. The iterative formula to find the new design point is shown in Eq. (13).

_dguk -G (Uk)
_dkTek
Where di estimated using Eq. (14).

U k+l — €« (13)

-VG (Uk) k=0
dk = (14)
—VG(UK)+9de k>1
Parameter 6, can be estimated by the Eq. (15) which is conjugate descent direction.
, e )
‘ dkT_lVG( 0
Where the parameter e is equal to the Eq. (16).
— Ukil 5 _ 5d
& = U =U + (16)

H k+1
If inequality (||Uk+1-Uk|[>]|Uk-Ux-1]|) is established in a step, 6 is reduced to 6=6/c and otherwise remains

unchanged. Parameter c is an adjusting coefficient considered between 1.2 and 1.5. The suggested value

by Gong and Yi is 1.5 for this coefficient [23] that is implemented here.

3. The proposed method

The first part of this section introduces how to determine a linearization of the limit state function using
the Pade approximation with order (1, 2). The second part presents the non-negative constraint method
based on the first-order Taylor approximation to solve reliability problems. Then, the proposed method is
introduced that is the non-negative constraint method based on the Pade approximation.

3.1 New linearization of limit state function based on (1, 2)-Order Pade approximation

First-order Taylor expansion is usually replaced with initial limit sate function in reliability analysis due

to its simplicity and efficiency. There are many schemes used to approximate a function to avoid its initial
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complexity [42,43]. It is better to investigate the root-finding methods to facilitate the Dbetter
understanding of the function approximation methods at a specific point [44]. Multi-step root-finding
methods are more efficient than one-step methods such as simple Newton algorithm. One of the multi-
steps methods is the two-step root-finding method based on Pade approximation with order (1,2)
proposed by Li, Liu and Zhang in [31], which is called Padel?2 in this paper. Pade12 with a fourth-order
convergence avoids the operation of high-order derivatives of a function using the approximants of the
second and third derivative. The one-dimensional case is shown in Eq. (17).

Z, =\, — f,(uk) u :uk—E 1t(uk)_f(zk)](uk—zk) (17)

k 1 Hk+l
t(u) f(u)-2f(z)
Where z is the predictor variable used to obtain the corrected variable of the second relation of the Eq.

(17) in the next step and k shows the iteration number. It can be seen from Eq. (17) that only the first-
order derivative of the function is applied although this root-finding method has a fourth-order
convergence. The second relation of Eq. (17) can be rewritten as Eq. (18) to achieve a new approximation

of the function.

f(u)=0=F'(4,)(uy. _uk){ . ((ljlik)):fo((z;k))] f(u,) (18)

In order to extend this method to the multivariable state, it is necessary to rewrite the Eq. (18) in form

G(U)=0, where U is the vector of random variables, as shown in Eqg. (19).

e(u>=0={§(f:))_‘§f(zgkﬂe<uk>+ve<ukf-(um—uo @)

Thus, a new linearization of the limit state function consisting of several variables is obtained. This new

approximation merely uses the first derivative of the limit state function with respect to random variables
similar to the first-order Taylor approximation. The implementation of this approximation is presented in

section 3.3 to define a new step size relation in the non-negative constraint method.

3.2 The non-negative constraint method based on Taylor approximation

Roudak and Karamloo improved a first-order reliability method to eliminate the numerical instability of
HLRF [30]. This method is the non-negative constraint method (NNCM). In the NNCM, the initial
equality constraint optimization problem Eq. (1) is converted to a non-negative equality constrained

8
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optimization problem Eqg. (20).
min % U'U  subjectedto W (U)=0 (20)
Where the W is a non-negative function equal to Eq. (21). Therefore, this method is called the non-

negative constraint method.

W(U)=G*(U) (21)
The non-negative constraint is implemented to construct a non-negative Lagrangian function. This

positive Lagrangian function is considered as a new unconstrained optimization problem as Eq. (22). This
Equation consist of sum of the square of the objective function with the square of the constraint function
multiplied by the Lagrangian coefficient based on optimization problem in Eq. (20). Then, the step
direction and step size can be determined using this defined optimization problem.

F(U):%UTU+/1W(U) (22)
Where 4 is the penalty coefficient. Eq (1) and (20) are the same because G=0 leads to W=0 and vice versa.
Also, if Eqg. (22) is considered as the unconditional optimization problem, this problem is equivalent to
the equality constraint optimization problem of Eg. (20) because they have the same results. Defining a
proper value of the A coefficient should be associated with challenges in a specific example. If this
coefficient is considered too small or large, it leads to the inappropriate result in both cases. A small value
for this coefficient or a light penalty reduces the effect of constraint terms in the optimization problem.
On the other side, the great A or a severe penalty coefficient may end the iteration process at a wrong
point or the equality constraint cannot be satisfied. The function F is always positive in Eg. (22) because
all terms are positive. The first term of Eq. (22) is mathematically positive, and it is assumed that the A is
chosen positive and large enough. The W function is multiplied by the large A; therefore, when a small
value is added to the W function, it causes a significant increase in the F function. To minimize the non-
negative F, W has to approach zero. In other words, the optimization of the F including appropriate
positive 4 is guaranteed by satisfying the constraint W=0 or G=0. The 1 equal to 10° is suggested by
Roudak and Karamloo [30] to overcome the challenges discussed above. According to the selected value
of A, the reduction of the second term occurs faster than the first term. After determining the

unconditional optimization problem in Eq. (22), the iterative process of the line search method is applied

9
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as shown in Eq. (23).

Ui =Ui+ S (23)
Where S and o are the step direction and step size, respectively. The step direction is the descent

direction that is selected to be the opposite of the gradient vector of the F at the point Uy, as shown in Eq.

(24).

S, =-VF(U,) (24)
Which can be rewritten in terms of W as Eq. (25).

Se=—[U +AVW (U,) ] (25)
or in terms of G, as is shown in Eqg. (26).

S =-[U,+24G(U,)VG(U,)] (26)
The next step is to determine the step size using the first-order Taylor approximation of the limit state

function. This approximation is shown in Eq. (27).

W(U,,)~W (U, )+V'W(U,)(U,,,-U,)=0 (27)
Replacing Eqg. (23) in the Eq. (27), one can reach Eq. (28). Not that step size is obtained using the first-

order Taylor approximation. The superscript is placed to show this.

W (U,)+™ V'W (U, )S, =0 (28)
If Eq. (28) is solved with respect to the step size parameter, the value of the step size based on first-order

Taylor approximation is obtained that is equal to Eq. (29).

Taylor: W(Uk) — GZ(UK)
“ VW (U,)S, 2G(U,)V'G(U,)S,
Determining the step size using Eq (27) is associated with the implementation of the NNCM method

(29)

based on the Taylor approximation proposed by Roudak and Karamloo [30], where the value of the new
design point is calculated by the line search shown in Eq. (23). In this article, this method is called

NNCM-Taylor.

3.3 The non-negative constraint method based on Pade approximation

In this section, the main purpose is to increase the efficiency of the non-negative constraint method by
providing a new relation considered to estimate step size. A new linearization of the limit state function is
presented in Eq. (19) that is required for calculating the value of the limit state function at the predictor

vector Zy. Eq. (19) is the vectorized of the Eq. (17). In the first relation of Eq (17), it is observed that the
10



231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

Zi vector is obtained using the first-order Taylor approximation in the root-finding method. This vector is
replaced with the output obtained by the non-negative constraint method based on the first-order Taylor
approximation in the reliability analysis. In other words, the design point estimated for the non-negative
constraint method based on the Taylor approximation is considered as the predictor vector or trail design
point (Zy). Then, the step size is calculated in the non-negative constraint method based on the Pade

approximation. Eq. (30) shows the proposed relation of the predictor vector Zy.

Z, =U, +a*'S, (30)
If the Z is available, the value of G(Z) or W(Z) is estimated. At this point, the non-negative W function

can be rewritten using the Pade approximation as Eq. (31).

W(U,,)~0= {V\\’/V ((GJ:))__;\NN( (szk))}w (U)+VW (U,) (U,,-U,) (31)

According to the non-negative constraint method based on Taylor approximation (NNCM-Taylor), the

Eqg. (23) can be replaced in the Eq (31), U, , -U, = ¢, S, to obtain Eq. (32). Note that at this level, the step

k ~k’

N N Pad . : .
size is based on Pade approximation, o, = o, “ The superscript of step size parameter is placed to

indicate this in Eq. (32).
_W(Uk)_W(Zk)

_W (Uk)_Z\N(Zk)
The Eq. (32) can also be defined in terms of G(Uy) that is shown in Eq. (33).

}w (U,)+af™vW (U,) S, =0 (32)

| Gz(Uk)_Gz(Zk)
_G2 (Uk)—2G2 (Zk)
Therefore, the step size based on the Pade approximation with order (1, 2) is expressed as Eq. (34).

[z,

}Gz(uk)we(uk)a;’a"eve (U,) S, =0 (33)

_ W) (z) (34)
k VW (U,)'S,
or in terms of G(Uy), as is shown in Eqg. (35).
B GZ(UK)—GZ(ZK)} 2
{GZ(UK)—ZGZ(ZK) 5 (35)

k

2G(U,)VG(U,)"S,
It is observed that the step direction is obtained by Eq (25) or (26), and the step size is computed by Eq

(34) or (35) based on the Pade approximation. Then, the new design point can be estimated using Eq (23)
11
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by replacing step direction and step size value. This process continues until convergence conditions are
satisfied. This iterative process of updating MMP is called NNCM-Pade, the method proposed in this
paper. The main feature of NNCM-Pade includes taking fewer steps compared to NNCM-Taylor to find
the design point. The faster convergence rate of the proposed method is confirmed by observing the
results in section four. Another point is that although both non-negative constraint methods have the same
step direction, the NNCM-Pade algorithm uses the computed step direction of the NNCM-Taylor
algorithm to come up with a more appropriate result in each step. In other words, the difference between
the two methods refers to the step size calculation. Table 1 shows the computational steps required for
implementing the proposed method. If the correlated non-normal random variables are considered for a
problem, the Nataf transformation method is implemented to find the failure probability.

Table 1.

4. Numerical examples

Several numerical examples have been taken from the literature in order to examine the functionality of
the proposed method. The tables and diagrams are employed to compare the results. In each example, the
final results of the proposed method and five reliability algorithms including HLRF, iHLRF, DSTM,
CFSL, and NNCM-Taylor are compared. The requirements for using these methods were listed in the
previous sections. The failure probability of Monte Carlo sampling (MCS) and the number of generated
samples are presented in the tables to provide precise results. In order to ensure the integrity, when |f-
Bi+1/<10° is met, the convergence of an algorithm is accepted. It should be noted that in all reliability
algorithms, finite difference method is employed for numerically estimating gradient vector. In addition,
the examples can be solved in Bl software which is a computer program for doing reliability analysis that
is developed by the authors of this article and can be downloaded from www.betaindexsoftware.com,
where the examples can be modeled.

4.1 Example 1: a highly nonlinear quartic polynomial LSF

The first example considers the following highly nonlinear and quadratic polynomial performance

function [45,46], Eq. (36).
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G(X)=X,~1.7X, +15(X,+1.7X, )" +5 (36)
Where both X; and X, have normal probability distribution with means and standard deviations of 0 and

1, respectively. Table 2 lists information including the number of iterations, value of reliability index,
probability of failure, number of limit state function evaluation, and the term | Sucs|.

Table 2.

Fig 1 shows the convergence histories of the algorithms. As can be seen in Table 2 and Fig 1, the methods
including HLRF, DSTM, and CFSL fail to converge which is a sign of high nonlinearity associated with
this problem. Other methods represent the stable results of reliability index. The fast convergence belongs
to NNCM-Pade and NNCM-Taylor with 12 and 21 steps, respectively. The response of IHLRF is
accurate, but the function evaluation of iIHLRF is inefficient (1295 calls). The last row of Table 3 pertains
to MCS results obtained using 10° simulations. As can be observed, the terms |5 fucs| of the methods are
approximately 0.46 and close to each other. The corresponding g = 2.87 is the best result expected from a
first-order method. In other words, the difference between the final results of the Monte Carlo simulation
and other methods is due to following the methods that rely on the first-order approximation. Thus, the
competitive feature of the method is associated with the number of required steps to resolve the problem.
Fig 1.
4.2 Example 2: a highly nonlinear quadratic polynomial LSF
The second example considers the following fourth-order polynomial performance function including

three independent random variables with non-normal probability distributions [47], Eq. (37).

G(X):Xf+X22—50 (37)
Table 3 shows statistical properties of random variables.

Table 3.

The final results are listed for different reliability algorithms in Table 4. As can be seen, except for the
HLRF method, other methods have reached a stable reliability index. The responses to CFSL and DSTM
methods are accurate and these algorithms have the same number of iterations and function evaluations.

NNCM-Pade and NNCM-Taylor require the fewest iterations (12 and 23). Although iHLRF obtains the
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proper reliability index, the computation cost (515 function evaluations) is too high. The terms | fucs|
are approximately 0.30. The corresponding f= 3.56 is the best response expected from a first-order
method.

Table 4.
The convergence histories are shown in Fig 2. The non-convergence of HLRF and convergence of other
methods are demonstrated. The soft convergence of NNCM-Taylor and NNCM-Pade as well as the
fluctuation convergence of iIHLRF, CFSL, and DSTM are shown in the Fig 2. The fluctuation of the
DSTM is less than CFSL and related to the last iterations.

Fig 2.

4.3 Example 3: highly nonlinear quadratic polynomial LSF with three variables

Eq. (38) presents a limit state function for Example 3 [48].

G(X):X3+(X1_1'1j —(XZ_O‘ZJ +3.6 (38)

1.5 3
All random variables are independent standard normal random variables. According to Table 5, the HLRF

fails to converge. NNCM-Pade features the best performance with 11 steps and 55 function evaluations.
Reliability index of MCS is obtained using 10° samples. NNCM-Taylor and CFSL show proper
efficiencies by 19 and 16 iterations, respectively. The corresponding p= 3.70 is the best response
expected from a first-order method. The terms | fucs| are about 0.018.
Table 5.

Fig 3 shows the convergence histories. The chaotic behavior of HLRF can be seen in this Fig. However,
other algorithms converge with different efficiencies. The HLRF method starts to oscillate between 3
points after the seventh step and is not able to converge.

The difference between the NNCM-Taylor and NNCM-Pade methods is related to the step size value.
The larger step size of the NNCM-Pade is the key point and the results of the fast convergence of the
proposed method are compared to NNCM-Taylor. The DSTM method is associated with oscillations in
the initial steps, which gradually decreases when the convergence process is achieved. iIHLRF which

utilizes Armijo rule shows less fluctuation compared to CFSL which is implemented by finite step length.
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Fig 3.
4.4 Example 4: cantilever column
In this example, a cantilever column is investigated as shown in Fig 4.

Fig 4.
The length, modulus of elasticity, and moment of inertia are L, E, and I, respectively. The horizontal and
vertical loads H and P are applied to the end of the column. The column is connected to the base by a
rotational spring with stiffness b [30]. The statics of the random variables is presented in Table 6.

Table 6.

The horizontal displacement is used to define the limit state function as Eq. (39).

G(X)=10—A (39)
Where A is the horizontal displacement shown by Eqg. (40) under the applied loads.

H tan(LJa)_L\/a+b2{1—4/ctan2(b/5)}2 P e

A:—gx

El (a): sHEI(LVa) | BT b

(40)

Table 7 compares the results of different methods. The Monte Carlo simulation is done with 2x10°
simulations to obtain the reliability index of 4.0253. HLRF stopped functioning after the first iteration and
failed to converge. The iIHLRF method that uses the Armijo rule and step size reduction process has fast
convergence, but 195 function evaluations are inefficient. NNCM-Pade and DSTM vyield the final results
by 10 and 11 steps (80 and 77 function evaluations). Then, NNCM-Taylor and CFSL have the close
performance to each other.
Table 7.

The convergence histories are shown in Fig 5. In terms of solution steps, there are two categories of
algorithms. HLRF, DSTM, and CFSL are the same in the first step, but HLRF fails to continue iteration
because it has reached a critical point. However, DSTM and CFSL did not stop at this critical point.
NNCM-Pade, NNCM-Taylor, and iHLRF are placed in the second category and move along the same

route. This problem is solved by Generalized HL-RF, proposed by [49] leading to g = 4.1108. The
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corresponding S = 4.11 is the best response expected from a first-order method. The terms |3fucs| are
about 0.09.
Fig 5.
4.5 Example 5: cantilever tube
In this example, a cantilever tube beam is considered [30]. The forces F;, F,, P, and the torsion moment T

are applied to this beam. Eq. (41) shows the limit state function.

G(X)=Sy—1(40'f+3rfX (41)

Where S is the strength. The stresses ox and 7« are given by Eq. (42).

_P+Flsin(<91)+Fzsin(492)+Md _Td

o, . T, (42)
A 21 41

Where the parameters are defined as Eq. (43).

M = F,L, cos(6,)+ F,L, cos(6,) ,A=%[d2 —(d-2t)° ], 1 =6—’;[d4 ~(d-2t)'] (43)

Table 8 shows the properties of the random variables.

Table 8.
Cross section, dimensions, axes, and applied load states of the cantilever tube beam are depicted in Fig 6.

Fig 6.

The results of this problem are presented in Table 9. Similar to previous examples, the NNCM-Pade has
the minimum number of iterations to achieve a stable response compared to other methods. NNCM-
Taylor and DSTM also yield proper results. Compared to CFSL, despite the proximity of iteration
number, iIHLRF requires a higher number of function evaluation which is not desirable.

Table 9.
Fig 7 shows convergence histories. HLRF oscillates between two wrong points with the periodic
responses. How different methods converge is evident in this Fig. Note that the low-level change between
iIHLRF diagram fractures is due to the step reduction effect. In addition, the slow convergence in the
CFSL method is related to the effect of the adjusting coefficient (c) in this method. The other case in Fig
7 represents the two NNCM-Pade and NNCM-Taylor algorithms with similar formulations that yielded

relatively similar results.
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Fig 7.

4.6 Example 6: a space truss structure

An implicit limit state function of a space truss structure is presented in this example. There are 24 truss
elements and 7 concentrated loads. P; is applied to the central node, and & determines the direction of P,
on the X-Z plane. The other loads (P,-P-) are inserted into nodes in the Z-direction without inclination. A,
is the cross-sectional area of element i. E;, E;, and E3 are the modulus of element elasticity 1-6, 7-12, and
13-24, respectively. The implicit limit state function is specified by the maximum vertical displacement
(A) of the central node as Eq. (44) [30].

G(X)=0.01-A (44)
The statics of the random variables are presented in Table 10.

Table 10.
Fig 8 shows the space truss structure including the number of elements, dimensions, axes, and applied
load states.

Fig 8.

Table 11 shows the results of different methods. The reliability index result of the Monte Carlo simulation
is obtained using 10° samples. The divergence is demonstrated in HLRF and iHLRF due to the high
nonlinearity of the problem. Although CFSL provides the final response, the number of steps is too high.
DSTM and NNCM-Taylor show appropriate performance, but NNCM-Pade has the best performance.
The failure probability of the NNCM-Pade algorithm is estimated with 13 iterations which is the sign of a
fast convergence rate. Except for NNCM-Pade, the results of other methods demonstrated in Table 11 can
be derived from the literature [30].

Table 11.
The convergence histories are shown in Fig 9.

Fig 9.

5. Discussion
In this paper, the performance of the proposed method (NNCM-Pade), which integrates non-negative
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constraint method (NNCM) and Pade approximation with order (1,2), investigated using the five
nonlinear examples in ensuring both effectiveness and convergence aspects. The calculated reliability
index, the number of iterations, and the function evaluations are the main items used for comparisons.
The results of other reliability methods, including HLRF, iHLRF, DSTM, CFSL, and NNCM-Taylor are
presented for comparison. Further, the output of the Monte Carlo simulation is evaluated as the accurate
output of each example.

NNCM-Pade and NNCM-Taylor are the methods that successfully cover all examples and estimate the
failure probability. However, the NNCM-Pade is more efficient and robust than NNCM-Taylor. It occurs
because the proposed method includes all the tools of the NNCM-Taylor, an additional step in
determining the step size. Therefore, the computational effort is decreased by the proposed method. The
second term of the Lagrange function, including the multiplication of the A coefficient and the W, is a
positive value that the NNCM methods have to make it zero because the minimization of the Lagrange
function depends on it. Thus, achieving the limit state function close to zero is immediately observed in
NNCM methods. Then, NNCM-Pade needs less iteration to compute the reliability index against NNCM-
Taylor because it uses the Pade approximation that leads to proper step size estimation.

The accuracy of the proposed method is obtained by comparing its final response with other methods and
the Monte Carlo method, where the proposed method is accurate.

Accuracy, robustness, and efficiency are intended to control the methods mentioned in this article. The
accuracy of the proposed method is obtained by comparing its final response with other methods and the
Monte Carlo simulation, where the proposed method is accurate. The number of iterations and function
evaluations could be considered as a criterion for evaluating the efficiency of the proposed method. The
stable and non-oscillating final response is also a sign of robustness, which is a relative quantity. Based
on these three criteria, the proposed method performs acceptably in the presented examples.

The success of the NNCM-Pade in the nonlinear problems proves the robustness, accuracy, and fast
convergence of this method. A few required steps are the most significant competitive features of the
proposed method observed in all examples of this paper. This feature is substantial because each

computational iteration in the implicit reliability problem, involving a complex and large-scale finite
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element model, imposes a high computational cost on reliability analysis. As shown in tables, the
sampling methods such as Monte Carlo simulation require thousands of samples. Therefore, the NNCM-

Pade is an appropriate choice for numerical and practical engineering problems.

6. Conclusions

A robust and efficient method based on the non-negative constraint method and Pade approximation for
analyzing structural reliability is presented in this article. The proposed algorithm called NNCM-Pade can
eliminate some of the instability issues of the HLRF algorithm and it use a new step size formulation to
increase convergence ratio. The stability of the proposed method is obtained from the non-negative
constraint method using the descent step direction estimation and trail design point evaluation. Then, the
Pade approximation of the limit state function is considered to achieve the fast convergence by the
appropriate step size calculation. The main advantage of this algorithm is that it is really simple and
reduces computational efforts because the optimization programing implemented in this method is
different from other algorithms. Moreover, it is a capable tool for finding the design point in reliability
analysis. It is noted that when the sampling method is used to obtain a highly accurate result of the
reliability analysis, the proposed method can be used to determine the better starting point.

Through the application of several numerical and practical engineering examples, it is indicated that

NNCM-Pade is a robust, accurate, and efficient algorithm that could be implement in reliability analysis.
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Table 1. The algorithm of the non-negative constraint method based on Pade approximation

1.Setk=0, A= 10°
2. Select a start point, Uy
3. Evaluate step direction vector S, from Eq. (23) or (24) at point Uy
4. Evaluate step size value based on Taylor approximation from first or second term of Eq. (29)
5. Evaluate predictor vector Z, from Eqg. (30)
6. Evaluate value of limit state function at point Z,
7. Evaluate step size value based on Pade approximation from Eq. (34)
8. Locate design point of next iteration Uy, by Eq. (23) in which step size of step 7 is implemented
9. Evaluate ﬁk+1 = ”Uk+1||
10. If | Be1- S |<10™:
K =k+1,
Go to step 3,
else:
Design point = Uy
Reliability index = S,
Probability of failure = P; = ®(-S1)

Table 2. Results of various methods for Example 1

Method B Ps Iterations G-Evaluations | Bucsl
HLRF Not convergence  ------------- - mmeeees
iHLRF 2.8749 0.002020 100 1295 0.4646
DSTM Not convergence ~ ------------- - s
CFSL Not convergence  ------------- - -
NNCM-Taylor  2.8787 0.001996 21 66 0.4608
NNCM-Pade 2.8787 0.001996 12 52 0.4608
MCS 3.3395 0.000419 10° 0.0000

Table 3. Probability distribution of random variable for Example 2

Variable Distribution Mean Standard deviation
Xy Lognormal 5.0 1.0
X3 Gumbel 10.0 10.0

Table 4. Results of various methods for Example 2

24



586

587

588

589

590

Method B Ps Iterations G-Evaluations | & Bucs]

HLRF Not convergence = ------------- e

iHLRF 3.2593 0.000553 39 515 0.3019

DSTM 3.2593 0.000553 31 93 0.3019

CFSL 3.2593 0.000553 32 96 0.3019

NNCM-Taylor  3.2593 0.000553 23 69 0.3019

NNCM-Pade 3.2593 0.000553 12 48 0.3019

MCS 3.5612 0.000184 10° 0.0000

Table 5. Results of various methods for Example 3

Method B Ps Iterations G-Evaluations | Bucsl

HLRF Not convergence = ------------- e

iHLRF 3.7050 0.000105 36 517 0.0186

DSTM 3.7050 0.000105 84 336 0.0186

CFSL 3.7050 0.000105 16 64 0.0186

NNCM-Taylor  3.7050 0.000105 19 76 0.0186

NNCM-Pade 3.7050 0.000105 11 55 0.0186

MCS 3.7236 0.000098 10° 0.0000
Table 6. Probability distribution of random variable for Example 4

Variable Distribution Mean Standard deviation

P (kips) Lognormal 10 3

H (Kips) Lognormal 5.8 1.16

E (ksi) Lognormal 2.9x10* 0.58x10*

L (in) Lognormal 144 7.2

I (in%) Lognormal 88.6 8.86

b (kips.in/rad) Lognormal 3x10* 0.3x10*

Table 7. Results of various methods for Example 4

Method B Py Iterations G-Evaluations | Bucs|

HLRF Not convergence ~ ------------- - s

iHLRF 4.1108 1.9712x10° 12 195 0.0854

DSTM 4.1108 1.9712x10° 11 7 0.0855

CFSL 4.1108 1.9712x10° 23 161 0.0855

NNCM-Taylor  4.1108 1.9712x10° 17 119 0.0912

NNCM-Pade 4.1108 1.9712x10° 10 80 0.0859

MCS 4.0253 2.8451x10° 2x10° 0.0000
Table 8. Probability distribution of random variable for Example 5

Variable Distribution Mean Standard deviation

t (mm) Normal 5 0.1

d (mm) Normal 42 0.5

L; (mm) Normal 119.75 11.975

L, (mm) Normal 59.75 5.975

F1 (N) Lognormal 3000 300

F> (N) Lognormal 3000 300

P (N) Lognormal 12000 1200

T (N.mm) Gumbel 90000 9000

Sy (MPa) Normal 220 22

6, (rad) Normal 0 /4

& (rad) Normal 0 /4
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Table 9. Results of various methods for Example 5

Method B Ps Iterations G-Evaluations | Bucs|
HLRF Not convergence = ------------- e
iHLRF 3.3687 0.0003775 30 972 0.4165
DSTM 3.3687 0.0003787 22 264 0.4165
CFSL 3.3689 0.0003773 31 372 0.4163
NNCM-Taylor  3.3755 0.0003682 19 228 0.4097
NNCM-Pade 3.3894 0.0003501 11 143 0.3958
MCS 3.7852 0.0000767 2x10° 0.0000

Table 10. Probability distribution of random variable for Example 6
Variable Distribution Mean Standard deviation
As-Ag (M%) Normal 0.013 0.0013
Ar-Ag, (M?) Normal 0.01 0.001
Ass-Ass (M?) Normal 0.016 0.0016
E. (KN/ m?) Normal 240x10° 24x10°
E, (KN/ m?) Normal 220%10° 22x10°
Es (KN/ m?) Normal 205x10° 20.5x10°
P; (KN) Gumbel 12 3
P,- P7 (KN) Gumbel 12 24
0 (rad) Normal 0 /6

Table 11. Results of various methods for Example 6

Method Jij Ps Iterations G-Evaluations | Pucsl
HLRF Not convergence = ------------- e
iHLRF Not convergence = ------------- . eemeee
DSTM 3.0706 0.000106 22 1562 0.1697
CFSL 3.0706 0.000106 53 3763 0.1697
NNCM-Taylor  3.0706 0.000106 20 1420 0.1697
NNCM-Pade 3.0706 0.000106 13 950 0.1697
MCS 3.2403 0.000597 10° 0.0000
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Fig. 1. Iteration history for Example 1
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Fig. 4. Column of Example 4
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