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Abstract 

In this paper, a conceptual model is proposed to investigate the nonlinear dynamics of 

the transverse vibrations of the floating wind turbine. The conceptual models are the best 

tools to capture the most important phenomena in the dynamic response of the systems. First, 

the surge dynamics of the TLP platform is modeled as a nonlinear spring. Then the fore-aft 

motions of the wind turbine is modeled as a spring-mass system. Then simulations are carried 

out to evaluate the time response of the proposed model. Afterward, the FAST code is utilized 

to verify the proposed model. The internal resonance and its combinations with the primary 

resonance are studied by the multiple time scale method. Finally, the frequency response 

curve is obtained and the effect of the various parameters of the system on the amplitude and 

the stability of the oscillations are investigated.  

Keywords: Floating wind turbine; Tension leg platform; Surge degree of freedom; Fore-aft 

degree of freedom; Wind & wave loading; Nonlinear dynamics; Perturbation; Primary & 

internal resonance. 

1. Introduction 

Due to the damaging effect of fossil fuels on the environment; such as global warming 

and pollution, developing technologies to exploit renewable energies is essential nowadays to 

fulfill the required electrical energy. Among the renewable energy sources, wind energy is 

one of the fast-growing. For example, now wind energy is the main source of the renewable 

power in the United States. Conventional wind turbines are horizontal-axis, three-bladed wind 

turbines which generate electricity by converting the mechanical energy of the wind to the 

rotation of the blades and consequently the rotation of the shaft of the generator. According to 
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where the turbine is implemented, the wind turbines are categorized as offshore or onshore 

wind turbines. In the same manner, according to the type of platform on which the wind 

turbine is installed, the offshore wind turbines could be categorized to bottom fixed or 

floating offshore wind turbines. In offshore areas, the wind blows with higher speed and more 

reliability which promises more reliable electricity generation. Unfortunately, the cost of the 

implantation of the bottom fixed platforms (e.g. jacket and monopole) increase significantly 

for the offshore areas with a depth of  50 m and more. Therefore, floating platforms such as 

the Spar, Semi-submersible, and Tension leg platforms (TLP) are practical solutions for 

offshore wind electricity generation in these areas. However, the floating platforms are more 

complex than the fixed bottom platforms as well as have many challenging technical 

difficulties [1]. 

The floating foundations demonstrate more complexity than the fixed bottom platforms 

due to the low stiffness and damping of the floating platform. Floating platform motions 

exceed the High cycle fatigue failures in the structure of the wind turbine. Moreover, the 

coupling between the floating platforms and the wind turbine tower increases the complexity 

of the system and may result in instability. In order to design the floating wind turbine with 

satisfying reliability, the dynamic of the whole system, in case of idling and operational 

conditions, should be studied. In the idling condition, the absence of significant damping may 

lead to structural instabilities. Also, in operational conditions, the amplitude and frequency of 

the external excitations of the wave and wind may lead to instability [2]. 

Among the designed floating platforms, Tension Leg platforms (TLP) merit more 

robustness and lower fatigue loads. Therefore, the TLP may be the most appropriate floating 

platform for the  installation of huge multi-megawatt wind turbines in offshore areas [3]. 

The tension leg platform was first designed for exploitation of the oil and gas resources 

in deep offshore areas. The tension platform includes a semi-submerged structure, on which 

the facilities will be installed, and pretensioned tendons, which provides the stability for the 
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structure. The tendons are expensive and prone to fatigue or large amplitude vibrations which 

are due to the wave loadings. The appropriate dynamic model of a system is the cornerstone 

of studying any system. Therefore, due to the complexity of the TLP, worthy researches have 

been done to study the dynamic of the TLP. Among them, considering the coupling behavior 

of various degrees of freedom and different nonlinearities in the response of the TLP have 

been studied [4]. Moreover, implementing energy balance method to derive a nonlinear 

stiffness matrix for the TLP [5], investigation of TLP behavior under tendon damage [6], and 

numerical and physical modeling of a TLP for offshore wind turbines [7] have been carried 

out. 

The natural frequency of the surge, sway and yaw directions is much less than the one 

in heave, roll and pitch directions due to the tendon’s geometrical stiffness [5]. Therefore, 

surge, sway, and yaw directions are susceptible to large amplitude vibrations due to the wind 

and wave loadings. Consequently, many efforts have been dedicated to studying the dynamics 

of the TLP. In this regard, analyzing the response of the Tension Leg Platform (TLP) with a 

hydro-pneumatic tensioner [8], and analyzing the coupled surge and heave dynamics of the 

TLP [9] have been carried out. However, the complexity of the floating wind turbine is 

considerably more than a single tension leg platform, due to the various wind and wave 

loading and interactions between the floating platform and the wind turbine. In this regard, 

the development of a comprehensive simulation tool for modeling the coupled dynamic 

response of offshore floating wind turbines [10], Numerical Assessment of a Tension-Leg 

Platform Wind Turbine in Intermediate Water  [11], Numerical and experimental study on the 

effect of the tuned mass dampers on the dynamic response of the TLP [12], computations and 

measurements of the global drag force on a Tension Leg Platform [13], investigation of the 

effect of the added mass fluctuation and lateral vibration absorbers on the vertical nonlinear 

vibrations of the offshore wind turbine [14] and model development and uniform energy 

extraction of an offshore floating wind turbine  [15] have been done.  
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FAST is a well-known and validated numerical simulator of the floating wind turbine 

(FOWT) which is developed by the National Renewable Energy Laboratory (NREL) [16]. 

Many efforts  have been carried out to validate the FAST code. In this regard, validation of a 

FAST spar-type floating wind turbine numerical model with basin test data [17], and code 

comparison of an NREL-FAST Model of the Levenmouth Wind Turbine with the GH Bladed 

commissioning results [18] have been done. In addition, many researchers used the FAST as 

a validation tool. For example, a critical analysis of the technical implications upscaling of 

the offshore wind turbine, focusing on aero-hydro-servo-elastic design [19] used the FAST as 

a validation tool.  

In most engineering systems, vibrations have adverse consequences such as the 

reduction of the reliability of the system, amplification of the fatigue loads, etc. Moreover, the 

phenomena such as resonance may lead to the structure collapse in a few seconds. Therefore, 

analytical approaches have been used to study the vibrations in many challenging engineering 

problems [20,21]. The large amplitude motions of the floating platform exceed the fatigue 

loads on the floating platform tendons, tower of the wind turbine, and wind turbine blades as 

well [22,23]. Moreover, the installation of a large multi-megawatt wind turbine increases the 

complexity of the system vibrations [3,19,24]. 

Motivated by the above literature review, in this paper, longitudinal vibrations of the 

FOWT consisting of the surge motions of the floating platform and the fore-aft motions of the 

wind turbine tower as well as the coupling between them, are investigated. In this regard, the  

NREL 5MW wind turbine coupled with MIT/NREL TLP is considered for the analysis [25]. 

To study the coupled longitudinal vibrations of the FOWT, a simple conceptual model is 

presented. The conceptual models provide a comprehensive view of the dominant dynamics 

of a system without mathematical complexities. In this regard, first, the equivalent stiffness of 

the surge vibrations of the MIT/NREL TLP floating platform is calculated. Then, the 

equivalent fore-aft stiffness of the NREL 5MW WT, according to the tower tip 
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displacements, is derived.   Afterward, the proposed model is validated via the comparison of 

the simulation results with those of the FAST. Then the nonlinear dynamics of the FOWT are 

studied by the method of multiple time scales. According to the approximate solution 

obtained by the method of multiple time scales, energy transfer between the tower and 

floating platform (internal resonance) and its combination with primary resonance due to the 

wave and wind loadings have been studied. In this regard, the effect amplitude and frequency 

of the wave and wind loading, TLP floating equivalent damping, and TLP floating platform 

equivalent nonlinear stiffness on the amplitude and the stability of the vibrations are 

investigated through the plotting frequency response curves obtained from the close form 

solution. Through the frequency response curves nonlinear phenomena such as jump and 

bifurcating as well as unstable steady oscillation has been obtained. Studying the energy 

transfer between the tower and the floating platform helps to design passive vibration 

absorbers of the FOWT. In this paper, a procedure for studying the aforementioned nonlinear 

phenomena in the floating offshore wind turbine is introduced and followed which could be 

used in the design of the offshore floating wind turbine, which is the main distinguishing 

difference between this paper with the previously done researches. 

2. Nonlinear bulk modeling of the surge motions of the floating wind turbine   

Schematic of a floating wind turbine with tension leg platform (TLP) is shown in Fig. 

1. Submersible part of the platform is connected to the seabed by means of the pretensioned 

tendons. the submersible's buoyancy  is greater than its weight, therefore the tendons are in 

tension. preloaded tendons are the main source of TLP stability. As aforementioned, the 

displacement of the platform in heave direction is significantly smaller than the one in surge 

direction. Therefore, the heave displacement is neglected for the sake of simplicity. The 

general properties of the NREL 5MW wind turbine and NREL/MIT TLP is represented in 

Table 1 and Table 2, respectively. 

2.1 Equations of the motion of the floating wind turbine 
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The surge motions of the floating platform and the fore-aft vibrations of the wind 

turbine tower are mostly due to the transverse wave and wind loading. In order to capture the 

dominant phenomena and for the sake of simplicity, it is rational to reduce the transverse 

longitudinal motions of the floating wind turbine, as shown in Fig. 2, to a reduced bulk 

model as depicted in Fig. 3. Coefficient 
1K  is the equivalent surge stiffness of the floating 

platform, 
1d  is the equivalent damping coefficient of the platform due to interaction with 

seawater, 
2K  is the equivalent fore-aft stiffness of the wind turbine tower, 

2d   is the 

damping coefficient of the wind turbine tower due to the interaction of the blades, 1M  is the 

mass of the platform, addedM  represents the hydrodynamics added mass and 2M  is the mass 

of the nacelle and the rotor altogether. According to the location of the tower center of mass, 

the mass of the tower is added as a concentrated mass to the mass of the platform and the 

mass of the nacelle in order to increase the model's accuracy.  Finally, the governing 

equations of the motion of the transverse vibrations of the floating wind turbine could be 

written as: 

  1 1 1 1 2 2 1 10.56 tower waveaddedM M M u K u K u d u F       

(1) 

  2 2 2 2 2 1 2 20.44 tower windM M u K u K u d u F      

2.2 Equivalent surge stiffness of the platform in floating offshore wind turbine 

The stiffness matrix for the transverse vibrations is obtained for arbitrary 1u  and 2u  

displacements. For 1u .  displacement in surge degree of freedom, the equilibrium equation in 

surge direction could be written as:  

  1 1 04 Δ sin  K u T T    (2) 

where, 1K  is the equivalent stiffness in the surge direction. 0T  is the pretension in tendons, 

  is the inclination angle of tendons due to the surge displacements and ΔT  is the increase 
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in tension force in tendons due to the displacements. The increase in tendon tension could be 

calculated as follows: 

  
2

2 2 1
1 0 0Δ 1 1

u
T u L L K LK

L

 
        

  
 

 (3) 

where, 
0

AE
K

L
 , is the extensional stiffness of the tendons. By using the Taylor expansion, 

the above equation could be simplified as: 

 

2 2

1 1
0 0

1 1
1 1

2 2

u u
LK LK

L L

    
           

 (4) 

Therefore, the equivalent stiffness of the surge degree of freedom could be written as: 

 20
1 3

4
2

T AE
K x

L L

 
  

 
 (5) 

By substitution of Eqs. (1) & (2), the governing equation of motion could be written as: 

  3
1 1 11 1 12 1 2 2 1 10.56 tower waveaddedM M M K uu u K u K d u F        

(6) 

 2 2 2 2 2 1 2 20.44 tower windM M u K u K u d u F      

the coefficient behind the towerM  in the above equation is obtained through the 

optimizations.  

Finally, Eq. (6) is rewritten as follows: 

 3
1 11 1 12 1 2 2 1 1 waves u s u s u b u fu       

(7) 

2 2 2 2 1 2 2 winds u s uu b u f     

where 11
11
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.  

In order to assess the equivalent stiffness in the direction of the 
2u  degree of freedom, to 

consider the geometrical properties of the  tower of the wind turbine is considered as a 

cantilever beam with the variable cross sectional properties; as defined in the Table 3. Then, 

the deflection of the tip of the tower of the wind turbine is calculated in case of a 1 𝑁 

transverse force at the tip of the tower. In order to calculate the equivalent fore-aft stiffness 

of the WT tower one has: 
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(8) 

 

In the above equation the tL  is the length of the wind turbine tower. The integration origin in 

the above equation is the tip of the tower where 0x  .  

2.3 Simulation of the model and its validation 

In this section, to validate the proposed governing equations for the transverse 

vibrations of the floating wind turbine, the time history of the motions in the surge and the 

fore-aft degrees of freedom are obtained. Then to validate the model, obtained results are 

compared with the FAST code V8.0 ones.  For this purpose, the corresponding parameters of 

Eq. (7) is calculated according to Table 1, 2, and 3 as 11 0.0116s  , 12 9.6527 05s e  , 

2  0.1165s  , 2 4.1225s  .  The damping ratio of the tower of the wind turbine is considered 

equal to 0.1% [27], however, this value change with the blades’ pitch angle changes. Also, 

the damping of the MIT/NREL  TLP is about 0.01% the damping of the MIT/NREL TLP is 
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frequency dependent [28]. Therefore, the parameters 
1b  and 

2b  are assigned as 6.1449e-04 

and 0.0053, respectively. 

The wave and wind induced forces are calculated via FAST V8.0. The FAST output, 

LSShftFxa, the rotor thrust force, is equal to the wind induced force. FAST calculates the 

wind induced force via Aerodyn code, in which the Blade Element Momentum theory is 

used to calculate the wind induced forces [29]. Likewise, the FAST output HydroFxi equals 

the hydrodynamic forces exerted on the platform. The Hydrodyne code is implemented in 

the FAST to calculate the wave induced forces. The wave induced forces are calculated via 

the potential flow theory and Morison’s Equation [26].  

The simulations are carried in case of the steady uniform wind profile and irregular 

waves (white noise) with the significant wave height of 8 m  . Power-law wind profile is used 

in FAST code to generate steady uniform wind profile with the reference speed of 20
m

s
  in 

the reference height of the 90 m  with power law exponent equal to 0.2 [30]. The 

corresponding Fast Fourier Transform (FFT) of the exerted forces due to the irregular waves 

as well as the uniform wind, are depicted in Fig. 4 and Fig. 5. The RMS values of the exerted 

wave and wind forces are 41.8 10 N  and 3210 10 N . As shown in Fig. 4b, the frequency 

corresponding to the max wind induced force, is approximately zero. However, there is some 

significant amplitudes corresponding to the approximately 0.3,1  3.3  and 26 Hz  frequencies.  

Similarly, the wave induced force is depicted in the Fig. 5a. According to the Fig.5 b, the 

wave induced force, approximately has a frequency band between 0  and 0.4 Hz . However, 

the dominant frequency of the wave induced force is about 0.15 Hz . According to the above 

discussions, the loading of the wind and the wave on the floating wind turbine structure may 

have various frequencies and amplitudes according to the operation condition of the floating 

wind turbine which differ from a uniform wind to a hurricane. 
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Time domain simulations are carried out by applying the wind and the wave forces 

obtained by the FAST code to the Eq. (7). Results of the simulations and their comparison 

with the results of the FAST code are shown in the Figs. 6 & 7. In the Figs. 6&7 (a) time 

history of the surge displacements of the FAST(solid blue line) and proposed model (red  

dashed line) are plotted. Difference between FAST code and proposed model is calculated 

by subtracting them and  as it is observed, the proposed model has a good accuracy in 

predicting the surge motions of the platform. However, according to the Fig. 7, the proposed 

model does not predict the tower tip displacements as accurate as the surge motion; while 

still has the satisfactory accuracy as a conceptual model.  

3. Approximate analytical solution by perturbation method and its analysis  

In order to analyze the equations of the motion of the floating wind turbine, the multiple 

time scales method will be employed. The multiple time scales method is one of the strongest 

and most recognized perturbation methods for analyzing nonlinear systems [31]. In this 

section, the multiple time scales (MTS) method is employed to study the nonlinear dynamics 

of the floating wind turbine. Thus, the approximate solution of Eq. (7) could be expressed as: 

      1 11 0 1 12 0 1. .u t u T T u T T   

      2 21 0 1 22 0 1. .u t u T T u T T   

(9) 

where, the 0T  and 1 0T T  representing the fast and slow time scales, respectively. For the 

time derivatives with respect to time, one has: 

0 1D D
t


  


 

0 0 12
2D D D

t


  


 

(10) 

where k

k

D
T





 , 1.2k   
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To appear the coupling factors, forces, and damping terms in the same order, Eq. (7) is 

rewritten as: 

By substituting Eq. (9) & (10) and rearranging the equation according to the like powers of 

, one has: 

 0 :O  

 2

0 11 11 11 0D u s u   

 2

0 21 2 21 0D u s u   

(12) 

 
 1 :O

 

 2 3
0 12 11 12 0 1 11 0 11 1 2 21 12 11 1 02 cos ΩwaveD u s u D D u D u b s u s u f T        

  2
0 22 2 22 0 1 21 0 21 2 2 11 2 02 cos ΩwindD u s u D D u D u b s u f T       

(13) 

The general solution of the Eq. (13) is: 

   

   

1 0 1 0

2 0 2 0

11 1 1 1 1

22 2 1 2 1

i T i T

i T i T

u A T e A T e

u A T e A T e

 

 





  


 

 (14) 

where 1 11s  , 2 2  s   and   1 1A T  and  2 1  A T are the complex amplitudes of the surge 

and tower tip vibrations, respectively.  

By substituting Eq. (14) into Eq. (13), we have: 

0 1 0 1 0 2 0 1

0 1 0 1

3 ω Ω2 2 3 2
0 12 1 12 1 12 1 1 12 2 2

1 1 1 1 1

1
3

2

2

iT iT iT iT
wave

iT iT

D

c

u u A s e A A s e A s e f e

iD A e iA b e c

 

 





    

 

 (15)  

 3
1 11 1 12 1 2 2 1 1 waves u s u s u b u fu       

(11) 

2 2 2 2 1 2 2 winds u s u b u fu      
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 0 1 0 2 0 2 0 2ω Ω2 2
0 22 1 22 1 2 2 2 2 1 2

1
2

2

iT iT T iT
windD u u A s e f e iA b e ie D A cc

         (16) 

That cc  stands for the complex conjugate of the previous terms. 

3.1 Non-resonance vibrations of the floating offshore wind turbine 

In the non-resonant case, according to the solvability condition, the secular terms have 

the term  0 1
ωT

e . and 0 2T
e

  should be equal to zero in order to calculate the periodic solution 

[31]. Therefore, the solvability condition yields: 

2
1 1 1 1 12 1 1 1 13 2 0iA b A s A i D A      (17)  

2 2 2 1 22 0iA b i D A    (18) 

In order to solve the above equations, the 1A  and 2A  are rewritten in the polar form as 

follows: 

1

2
ni

n nA a e


     1.2i   (19) 

By substitution of Eq. (17) into Eq. (15) & (16) and separating the real and imaginary parts, 

we have: 

1 1 1 1 1

1
0

2
b a a     

 3

12 1 1 1 1

3
0

8
s a a     

2 2 2 2 2

1
0

2
b a a     

 2 2 2 0a    

(20) 

The solution for the 1a  and 2a  which are the amplitudes of the 1A  and 2A , is as follows: 

 
0

1

2
0

n nb T

n na a e


  (21) 
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According to Eq. (18), the amplitudes of the decay of the vibration with time advance, which 

is a typical solution for the damped vibrations under non-resonant conditions. 

3.2 Internal resonance vibrations of the floating offshore wind turbine 

The internal resonance occurs in the free oscillations of the multi-degrees of freedom 

systems which leads to complex nonlinear responses. Internal resonance is most frequent in 

systems with commensurable frequencies. The natural frequency of the surge motion of the 

platform and that of the tower fore-aft vibrations are considerably different but the systems’ 

natural frequency may alter due to the failures and growing fatigue cracks [32]. Nevertheless, 

according to Eq. (15) & (16), the 1: 1 internal resonance may occur in the floating wind 

turbine when  1 2   , then we have 

2 1 1     (22) 

where 
1  is the detuning parameter; which is used to express the nearness of the system to 

the resonance conditions. By substituting Eq. (22) in Eq. (15) and Eq. (16), under the internal 

resonance conditions, the solvability condition yields: 

1 1 2
2 2 1 1 1 1 12 1 1 1 13 2 0

iT
e s A iA b A s A i D A

       (23)  

1 1
1 2 2 2 2 1 22 0

iT
e A s iA b i D A

 
    (24) 

Same as the previous section, Eq. (21) is substituted in the above equation, that after 

separating the real and imaginary parts, one has: 

  1 1 1 1 1 1 2 2 2 1 1

1 1
sin 0

2 2
b a T s a a          

 3

12 1 1 1 1 2 2 2 1 1 1

3 1
cos   0

8 2
s a T s a a           

 1 1 1 2 2 1 2 2 2 2 2

1 1
sin 0

2 2
T s a b a a           

(25) 
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  1 1 1 2 2 1 2 2 2

1
cos 0

2
T s a a         

 

3.3 Vibrations of the floating offshore wind turbine under the combination of primary 

and internal resonances 

The floating wind turbines are prone to the primary resonance due to the stochastic 

broadband loadings of the wind and the wave, as shown in Figs. 4 and 5. These forces 

increase the possibility of the primary resonance, which may be coupled with the internal 

resonance. Therefore, to study the primary resonance condition accompanying the internal 

resonance condition, in the first Case I, we have: 

 

2 1 1     

 1 1 2Ω     

(26) 

where 
1  and 2  are the detuning parameters. After substituting Eq. (26) into Eqs. (15) & 

(16), the solvability condition yields: 

   1 1 1 1 1 1 2 2 2 1 1 1 1 1

1 1 1
sin sin 0

2 2 2
waveb a T s a T f a              

(27) 

  3
1 2 1 1 12 1 2 2 2 1

1 1

1
4cos( ) 8 3 4cos

8ω
wavef a s a s a

a
           

 1 1 1 2 2 1 2 2 2 2 2

1 1
sin 0

2 2
T s a b a a           

  2 2 1 1 2 2 2 2 2

1
cos

2
s a a a       

where 1 1 2 1T    , 2 1 1 1 2T       

In order to study the steady-state response of the system, we should set 1 2 1 2 0a a       

in Eq. (27), then we have: 
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   1 1 1 2 2 2 1

1 1 1
sin sin 0

2 2 2
waveb a s a f       

(28) 

 3
1 2 1 1 12 1 2 2 2

1 3 1
cos( ) cos 0

2 8 2
wavef a s a s a         

 2 2 1 2 2 2

1 1
sin 0

2 2
s a b a     

  2 2 1 1 2 2 2 2 2

1
cos 0

2
s a a a        

1  and 
2  could be eliminated by the algebraic manipulations, therefore we have the 

frequency equation of Case I as: 

 
2

1 2 2 2 2 22 32
2 1 1 12 12 1 2

1 1 1 2 2
2 1

2 1

1
32

ω1 1 1 8ω
2 2 2 1

wave wave

a a
a s ab a

b a s a s as a

f f

   
 

 
 

       
      

         
    

  
 
 

 

(29) 

   
2 2

2 2 1 2 2 22 2
2 12

2

0
b

a a
s

     
   

 

In the second Case II of the combination of the primary resonance and internal resonance, we 

have: 

2 1 1     

 2 2 2Ω     

(30) 

where 1  and 2  are the detuning parameters. After substituting Eq. (30) into Eq. (15) & 

(16), the solvability condition yields: 

 1 1 1 2 2 2 1 1

1 1
sin 0

2 2
b a s a a      (31) 
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 3
1 1 1 2 1 1 12 2 3 2 1 1 1 1 1 2

3 1
1 cos 0

8 2
a a s a s a a a               

   1 2 2 1 2 2 2 2 2

1 1 1
sin sin 0

2 2 2
windf s a b a a        

   1 2 2 1 2 2 2 2 2 1

1 1
cos cos 0

2 2
windf s a a a          

where 
1 1 2 2T    , 

2 1 1 1 2T       

To study the steady-state response of the system, we should set 
1 2 1 2 0a a       in Eq. 

(31), which yields: 

 1 1 1 2 2 2

1 1
sin 0

2 2
b a s a    

 

 3
1 1 1 2 1 1 12 1 2 3 2

3 1
cos 0

8 2
a a s a s a         

   1 2 2 1 2 2 2

1 1 1
sin sin 0

2 2 2
windf s a b a      

   1 2 2 1 2 2 2

1 1
cos cos 0

2 2
windf s a a       

 

(32) 

 

1  and 2  could be eliminated by algebraic manipulations, therefore we have the frequency 

equation of the Case II as: 

 
2

2 32
12 1 1 1 1 2 1 1

1 1 1
2 1 2 2 2 2 1 2 2 2

2 2 3 2

3
2

4

2
1

wind wind

s a a a
b a

s a b a s a a
s a s a

f f

   


  

  
                           

   
   
   

 

 (33) 
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2

3
2

12 1 1 1 1 2 1 1

1 1 1

2 2 3 2

3
2

ω 4
1

s a a a
b a

s a s a

   
  

         
  
 
 

 

 

4. Simulations of the realistic problem, results and discussion 

In this section, the accuracy of the approximate analytic solution of the method of 

multiple time scales and the stability of the system, in discussed resonance cases, are 

investigated.  Time history of the governing equations of the motion of the floating wind 

turbine and the first approximate solution obtained by the method of multiple time scales, 

which is obtained in the preceding section is shown in Fig. 8. The error of the approximate 

solution increases with the time, however, the accuracy is satisfactory and acceptable. 

Especially this accuracy is more in predicting the amplitude of the surge vibrations; while the 

frequencies of time signals have a minor difference. It should be noted that only the first 

approximate solution of MTS is considered. If the higher approximate solutions are also 

included in the method, more accurate responses can be obtained. But, on the other hand, 

inclusion of the higher approximate solutions makes the analysis more complex in the real 

conditions. 

 

4.1 Internal resonance conditions 

The time history of the free oscillations of the floating wind turbine in the case of the 

internal resonance as well as  1 0.001   is depicted in Fig. 9. As it is shown, the time history 

of the amplitude of the surge motion and that of the tower tip fore-aft motion are oscillatory 

and obviously, the energy transfer exists between the modes of the vibrations. It should be 

noticed that due to the presence of damping, these vibrations are damped over time (while at 

the same time, energy is transferred between the mentioned two modes). 



18 

 

Accordingly, any means which cause the natural frequency of the TLP in the surge 

direction and the natural frequency of the tower of the wind turbine in the transverse direction 

to get close may lead to internal resonance with a considerable amplitude which may cause 

catastrophic events. Growing cracks in the structure of the tower, adding vibration absorbers 

to the structure, and miss-design mooring system of the TLP may affect the natural frequency 

of the TLP as well as the tower.    

4.2 Combination of the internal and primary resonance 

According to the frequency equations, Eq. (29) and Eq. (33), a trivial solution and 

nontrivial solution exist for the 
1a  and 

2a  in case of the resonance in the wave and wind 

loadings. In the trivial case, both of the 
1a  and 

2a  are zero and in the nontrivial case, both of 

them are nonzero. The effects of the main parameters such as the amplitude of the wave 

loading, wind loading, nonlinear stiffness 12k  and platform damping, on the combination of 

internal and primary resonance amplitudes, are investigated. The stability of the response is 

investigated via the eigenvalue problem of the coefficient matrix of Eq.28&32 to determine 

the stability of the steady state motions. In this regard the Jacobin matrix of the corresponding 

equation should be written as follows:  

1 1 1 1

1 1

2 2

1 1

3

1 1

4

2 2

2 2

2 2

3 3 3

2

4

1

2

4 4

2 21

f f f f

a a

f f f f

a a

f f f f

a a

f f f f

a a

 

 

 

 





  

   

   

   

   

 
 
 
 
 




   

   

  


 
 
 
 




 (33) 

Then the eigenvalue problem of the each point should be calculated. If the 

corresponding eigenvalues have negative real parts, the steady motion is stable and vice 

versa. In this regard, the frequency-curves are plotted for the platform surge vibrations and 

the tower tip fore-aft vibrations according to the various wind and wave loadings, several 
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amounts of the platform damping as well as nonlinear stiffnesses concerning the variations in 

detuning parameters 
2  and 

1 .  

According to Fig. 10, the amplitude of the vibrations is increased as the amplitude of the 

wave loading increases. Obviously, as the amplitude of the loading increased instabilities, 

jump, and bifurcation in the results occur.  As is seen from the figures as the amplitude of the 

wave loadings increased for the different values of the detuning parameter,
2  there are 

sometimes more than one solution exists. For wave loadings equal to 10 waveF , for the 

23.931 4.061     there exist two stable results one of which corresponds to the 2 0a  . For 

the 24.141 4.182     there exist two results one of which is unstable.  Accordingly, any 

means that leads to the increasing the exerted wave load in the surge direction will increase 

the nonlinearity of the dynamic of the offshore wind turbine which may lead to devastating 

consequences.  For example, the miss-design of the floating part of the TLP or the miss 

implementation of the offshore floating wind turbine and hurricanes may impose large forces 

in the surge direction.  The effect of the damping coefficient 1d  is investigated in Fig. 11. As 

expected, as the damping coefficient is increased, the amplitude of the vibrations is 

decreased. Accordingly, redesigning the floating platform to increase damping due to the 

interaction between fluid and solid is recommended.  The amplitude of the steady vibrations 

for the several values of nonlinear stiffness 12k  is shown in Fig. 12. As the value of the 

nonlinear stiffness is increased, steady results tend to behave like duffing type oscillators, in 

the case of which, for some values of the detuning parameters three results exist, one of the 

correspondings for the internal resonances where the 1 20 &  0a a  . Therefore, an increase 

in the extensional stiffness, i.e. AE  or decrease in the length of the mooring lines L   or any 

circumstance which increases the amplitude of the surge vibrations, will increase nonlinear 

stiffness and leads to happening nonlinear phenomena such as jump and bifurcation and other 

instabilities.   Similarly, in the case of the wind loading, the amplitude of the steady vibrations 
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are illustrated in Fig. 13, Fig. 14, and Fig. 15 for the several loadings of the wind, damping 

parameters 
1d  and nonlinear stiffness 

12k  respectively concerning the variation of the 

detuning parameters 
2 . Similar phenomena with respect to the previous case of wave 

loading are observed in the case of wind loading; as the amount of wind loading amplitude, 

damping coefficient, and nonlinear stiffness is varied. In Fig.13 as the amplitude of the wave 

loading increases, the vibrations' amplitude increases as well. The nonlinear phenomena such 

as jump and the unstable periodic solution appear as the amplitude of the wind force 

increases.in case of 10 windF  for 20.848 0.68     there is  two stable solutions one of 

which corresponds to the internal resonance where 1 20 &  0a a  . As expected, In Fig.14 it 

is shown the bigger damping coefficient, decreases the amplitude of the oscillations. Fig. 15 

depicts the effect of the several values of the 
12k  on the amplitude of the steady vibrations in 

case of wind loading. According to the Fig. 15 as the value of the 12k  increased, the 

nonlinearity in the frequency response gets stronger and jump phenomena became more 

severe as well. For case 1210k , for the detuning parameter 20.7677 0.9292     there is  

two stable solutions one of which corresponds to the internal resonance where 1 20 &  0a a 

. 

5. Conclusions 

The transverse vibrations of the floating wind turbine mounted on the tension leg 

platform are investigated in this paper. First, a simple conceptual model for the transverse 

dynamics of the floating wind turbine is driven, in which the degrees of freedom for platform 

surge motions and tower tip displacements are taken into account. The equivalent stiffness of 

the platform surge motion and the tower tip fore-aft is then calculated. The suggested model's 

vibration time history is compared to the vibration time history calculated using the FAST 

code to validate the model. 
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The perturbation method is used to explore internal resonance phenomena and how 

interact with primary resonance. The relationship between the steady motion amplitudes in 

the case of internal resonance is derived in this regard. Additionally, by plotting the frequency 

curves it is explored how the resonance vibrations' amplitudes are affected by, wave and wind 

loadings, nonlinear stiffness, and platform damping. According to the results obtained, the 

following remarks can be extracted: 

 The phenomenon of internal resonance was studied and oscillatory results were 

observed, in which the energy transfer occurs between degrees of freedom. 

 Any means, which cause the natural frequency of the TLP in the surge direction 

and the natural frequency of the transfer vibrations of the tower of the wind 

turbine, to get closer, may lead to occurrence the of internal resonance that has 

considerable amplitude. Growing cracks in the structure of the tower, adding 

vibration absorbers to the structure, and  miss-design the mooring system of the 

TLP may affect the natural frequency of the TLP as well as the tower. 

 The platform surge vibrations and the fore-and-aft vibrations of the tower both 

increases as the wind and wave excitations' amplitudes rise. 

 As the wind and wave excitation amplitude rises, nonlinear phenomena such as 

unstable oscillations, jumps, and bifurcation occurred. As can be seen from the 

figures, there may be more than one solution as the wave loadings' amplitudes rose 

for various values of the detuning parameter, 2  . Therefore, any method that 

increases the wave or wind load exerted in the direction of the surge will raise the 

offshore wind turbine's nonlinear dynamic, which could have disastrous effects. 

 The floating platform's damping ratio has a considerable impact on reducing the 

fore-and-aft vibrations of the tower and the surge vibrations of the platform. As a 

result, it is advised to adjust the floating platform such that it has a more damping 

ratio. 
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 Any situation that increases the amplitude of surge vibrations, such as a decrease in 

the length of the mooring lines or an increase in extensional stiffness, AE , increases 

the amount of nonlinear stiffness, which in turn increases the nonlinearity of the 

structure and causes harmful nonlinear phenomena like jump and bifurcation. 
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Figures and Tables Caption 

Fig. 1: Schematic of the floating wind turbine with TLP [26] 

Fig. 2: Schematic of the floating wind turbine  

Fig. 3: Schematic of the proposed conceptual model 

Fig. 4: (a) wind induced force and (b) corresponding FFT 

Fig. 5: (a) wave induced force and (b) corresponding FFT 

Fig. 6: (a) Comparison of the time history of the surge displacements of the FAST and proposed 

model and (b) corresponding error of the proposed model  

Fig. 7: (a) Comparison of the time history of the tower tip displacements of the FAST and proposed 

model and (b) corresponding error of the proposed model  

Fig. 8: Comparison of the time history of the surge displacement predicted by the approximate 

solution and the original solution 

Fig. 9: Free vibrations amplitude of the floating wind turbine in case of internal resonance 
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Fig. 10: Frequency response curve in case of primary and the internal response due to the wave 

loading, for various amplitude of excitations (𝐹𝑤𝑎𝑣𝑒 = 1.8𝑒4,10𝐹𝑤𝑎𝑣𝑒 = 1.8𝑒5, 0.1𝐹𝑤𝑎𝑣𝑒 =

1.8𝑒3, 𝐾12 = 1.74𝑒3 𝑎𝑛𝑑 𝑑1 = 1.105𝑒4) for (a) surge and (b)tower tip fore-aft vibrations  

Fig. 11: Frequency response curve in case of primary and the internal response due to the wave 

loading, for various damping 𝑑1 values (𝐹𝑤𝑎𝑣𝑒 = 1.8𝑒4, 𝐾12 = 1.74𝑒3 , 𝑑1 = 1.105𝑒4 𝑎𝑛𝑑 0.1𝑑1 =

1.105𝑒3)  for (a) surge and (b)tower tip fore-aft vibrations 

Fig. 12: Frequency response curve in case of primary and the internal response due to the wave 

loading, for various nonlinear stiffness 𝑘12 values (𝐹𝑤𝑎𝑣𝑒 = 1.8𝑒4, 𝐾12 = 1.74𝑒3, 10𝐾12 =

1.74𝑒4, 100𝐾12 = 1.74𝑒4 𝑎𝑛𝑑 𝑑1 = 1.105𝑒4 ) for (a) surge and (b)tower tip fore-aft vibrations 

Fig. 13: Frequency response curve in case of primary and the internal response due to the wind 

loading, for various amplitude of excitations (𝐹𝑤𝑖𝑛𝑑 = 210𝑒3,10𝐹𝑤𝑖𝑛𝑑 = 210𝑒4, 0.1𝐹𝑤𝑖𝑛𝑑 =

210𝑒2, 𝐾12 = 1.74𝑒3 𝑎𝑛𝑑 𝑑1 = 1.105𝑒4) for (a) surge and (b)tower tip fore-aft vibrations 

Fig. 14: Frequency response curve in case of primary and the internal response due to the wind 

loading, for various amplitude of excitations 

(𝐹𝑤𝑖𝑛𝑑 = 210𝑒3, 𝐾12 = 1.74𝑒3 , 𝑑1 = 1.105𝑒4 𝑎𝑛𝑑 0.1𝑑1 = 1.105𝑒3) for (a) surge and (b)tower tip 

fore-aft vibrations 

Fig. 15: Frequency response curve in case of primary and the internal response due to the wind 

loading, for various amplitude of excitations 

(𝐹𝑤𝑖𝑛𝑑 = 210𝑒3, 𝐾12 = 1.74𝑒3, 10𝐾12 = 1.74𝑒4, 100𝐾12 = 1.74𝑒4 𝑎𝑛𝑑 𝑑1 = 1.105𝑒4 ) for (a) 

surge and (b)tower tip fore-aft vibrations 

 

 

Table 1: Summary of properties for the NREL 5 MW baseline wind turbine. 

Table 2: Summary of properties for the MIT/NREL floating platforms. 

Table 3: Distributed Tower Properties of the NREL 5 MW wind turbine [27]. 
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Fig. 5 

 

(a) 



30 

 

 

(b) 

Fig. 6 
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Tables 

Table 1 

Rating (MW) 5 

Rotor orientation, configuration Upwind, 3 blades 

Control Variable speed, collective pitch 

Drive train High speed, multiple-stage gearbox 

Rotor, hub diameter (m) 126, 3 

Hub height (m) 90 

Cut-in, rated, cut-out wind speed (m s−1) 3, 11.4, 25 

Rotor mass (kg) 110,000 

Nacelle mass (kg) 240,000 

Tower mass (kg) 347,460 

Height of the tower center of mass (m) 38.23 

Location of overall center of mass of the WT 0.2 m upwind of tower centerline, 64.0 m above 
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still water level (SWL) 

First Tower Fore-Aft natural frequency 0.32(Hz) 

structural damping ratio 0.1% 
 

Table 2 

Diameter or width × length (𝑚) 18 

Draft (𝑚)  47.89 

Mass(Kg) 8600000 

CM location of the platform below SWL (𝑚) 40.61 

Number of mooring lines 8 (4pairs) 

Depth to fairleads, anchors (𝑚) 47.89, 200 

Radius to fairleads, anchors (𝑚) 27, 27 

Unstretched line length (m) 151.7 

Line extensional stiffness (N) 1,500,000,000 

Platform added mass in the surge direction(kg) 9E+6 kg 

 

Table 3 

Elevation (m) Mass density (𝑘𝑔/𝑚) Tower fore-aft stiffness 
(𝑁. 𝑚2) 

0.00 5590.87 614.34E+9 

8.76 5232.43 534.82E+9 

17.52 4885.76 463.27E+9 

26.28 4550.87 399.13E+9 

35.04 4227.75 341.88E+9 

43.80 3916.41 291.01E+9 

52.56 3616.83 246.03E+9 

61.32 3329.03 206.46E+9 

70.08 3053.01 171.85E+9 

78.84 2788.75 141.78E+9 

87.60 2536.27 115.82E+9 

 

Nomenclature 

 

 1u  Surge displacement  L  Tendon length 

 2u  
Tower Tip displacement 

(transverse) 

 0K  

extensional stiffness of the 

tendons ( tendon tendonA E

L
) 

 1K  
TLP stiffness in surge 

direction 

 11K   04
T

L
 



37 

 

 
2K  

Tower Stiffness in surge 

direction 

 
12K   2

13

AE
4

2L
u  

 
0T  

pretension in tendons in intact 

condition 

 
1M  mass of the platform 

 ΔT  

Change in pretension in 

tendons 

 
1d  

equivalent damping coefficient 

of the platform 

 towerM  Mass of the Tower  
2d  

damping coefficient of the 

wind turbine tower 

 addedM  Added mass 

Tower fore-

aft stiffness 

 2.N m  

 tower towerE I  

 l  
Elevation from bottom of the 

tower 

Mass density 

( / )kg m  

 tower towerA  

 waveF  Wave exerted load  windF  Wind exerted load 

 E  Module of elasticity    Density 

 A  Area of cross section  I  Moment of inertia 
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