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Abstract

The present paper acquaints some optimal class of estimators of population mean
utilizing information on an auxiliary variable in ranked set sampling methodology. The
effectiveness of acquainted estimators is studied regarding the estimators suggested by
Samawi and Muttlak [1], Yu and Lam [2], Kadilar et al. [3], Singh and Solanki [4, 5],
Singh et al. [6], Solanki and Singh [7], Mehta and Mandowara [8], Saini and Kumar
[9], Mehta et al. [10] and Bhushan and Kumar [11] which cover most of the familiar
estimators. The optimality conditions have been established and followed up by a sim-
ulation study as well as a real data application and the results are constituted a rather
satisfactory showing advancement over the all prominent estimators discussed in this
article.

Keywords: Bias, Mean square error, Optimal class of estimators, Ranked set sampling,
Relative efficiency.

1 Introduction

It has been proven that sampling requires less cost and provides a rapid results in compar-
ison to complete enumeration. It becomes more beneficial if the number of sampled units
can be reduced from a larger set of available units to a smaller set provided the non-sampled
units add some amount of information. In this aspect, McIntyre [12] deliberated the notion
of ranked set sampling (RSS) as an effective choice over simple random sampling (SRS) but
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did not provide any mathematical support. Takahasi and Wakimoto [13] visited to McIntyre
[12] and facilitated the required mathematical background to the theory of RSS. Both Mcln-
tyre [12] and Takahasi and Wakimoto [13] chose the instance of perfect ranking of units,
whereas Dell and Clutter [14] demonstrated that the ranked set sample mean is an unbiased
estimator of the population mean whether the ranking of units are perfect or imperfect, i.e.
errors arise in ranking the unit concerning to the chosen variable. Muttlak [15] applied RSS
in simple linear regression to compute the parameters. Samawi and Muttlak [1] in his semi-
nal work proved that the ranking of denominator variables in the ratio estimators provided a
more efficient results. Singh et al. [6] provided a general estimation procedure for population
mean under RSS. Some modified ratio-cum-product estimators are provided by Mehta and
Mandowara [8] in RSS. Khan and Shabbir [16] discussed difference-cum-exponential ratio
estimator under RSS. Saini and Kumar [9] utilized quartiles as the auxiliary information and
suggested a ratio estimator using RSS. Zamanzade and Mahdizadeh [17] investigated pair
RSS for computing the population proportion with application to air quality monitoring. Za-
manzade and Mahdizadeh [18] suggested the procedure of computing population proportion
using RSS with extreme ranks. Mehta et al. [10] suggested a generalized class of estima-
tor under RSS. Bhushan and Kumar [19] suggested some log type class of estimators under
RSS. Shahzad et al. [20] introduced quantile regression-ratio-type estimators for mean es-
timation using complete and partial auxiliary information. Shahzad et al. [21] developed
an estimation procedure of the population mean by successive using auxiliary information
under median RSS. Bhushan and Kumar [11] proposed some optimal classes of estimators
under RSS, whereas Bhushan and Kumar [22] suggested novel log type estimators of pop-
ulation mean and studied the effect of asymmetry over the efficiency of the estimators. For
a more comprehensive study on RSS, the authors recommend the work of Mahdizadeh and
Zamanzade [23], Bhushan et al. [24] and Bhushan and Kumar [25, 26]. In this paper, the
optimality of acquainted estimators has been examined against the existing estimators based
on RSS.

1.1 Procedures and notations

Mclntyre [12] addressed the proposition of ranked set sampling which is the aggregation
of simple random samples, usually with one unit from each of the selected simple random
samples which are being quantified after imposing a type of ranking. Likely to SRS, the
quantified units using RSS method lend independently to make an efficient illation on the
population. The method of RSS is based on extracting m simple random samples, of length
m units from the population and m units are being ranked inside every set as per variable
of choice either by eye or by any cost-independent measure. The unit assigned rank 1 is
selected for the computation of the element from the first sample and the rest units are re-
moved. Again, the unit assigned rank 2 is selected for the computation of elements from the
second sample and the rest units are removed. The process is retained in the same mode until
the unit assigned rank m is selected for the quantification of elements from the m'* sample.
The prior process builds cycle. The r repetition of this cycle will generate n = mr ranked set
samples.

Suppose (X1,Y1),(X2,Y2),...,(Xy,Y,) are bivariate simple random samples of length n ex-
tracted from a population of length N having a joint probability density function f(x,y) and
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cumulative distribution function (c.d.f.) F(x,y). Let [, Uy, ze, O'yz, C, and C, be, respec-
tively, the population means, population variances and population coefficient of variations
of auxiliary variable X and study variable Y and p denotes the population coefficient of
correlation between variables X and Y. We suppose that the ranking is imposed on the auxil-
iary variable X to compute the population parameter of study variable Y. Suppose (X11,Y11),
(X12,Y12) 50y (X1, Y1), (X21,Y21), (X22,Y22) 005 (X200, Y20) 5oy (X1, Y1 )5 (X2, Yi2)sees (X, Yon)
are bivariate random samples quantified from the population utilizing simple random sam-
pling without replacement possessing the same c.d. f. F(x,y) and let (X1, Yii1)), (Xi2), Yip)) e
(Xi(n),Yi[n]) be the order statistic of Xji, Xj,..., Xi, and the judgement order of Y;{, Y,..., Yin;
i=1,2,...,n. To simplify the notations, we have denoted (X;(;),¥;;;)) by (X;),¥};). Here, the
parentheses () and [] used in the subscripts of X and Y show, respectively, the perfect and
imperfect ranking of the units.

To derive the characteristic of the proposed estimators, let us assume that

60 = (Yju) — )/ My, 61 = (X(n) — Hx)/ L provided E(Go) = E(g1) =0

and

A — E{(X(n) _.ux)r(Y[n] — 1y)°}
TS

(1.1

where )_((n) =X 1X3) /mr and 17[,,] =YY /mr is the ranked set sample means of variables
X and Y, respectively.
Following Equation (1.1), we can write

where y=1/mr, Ce=Sx/the, Cy=Sy/py, Wt =T, (ths, — o) /mrid, Wit =T, (tty, —
M) [P, Wayy = X (th = be) (Hy, = 1) /mPridty, fh, = E(X()) and pty, = E(¥]y).
It is worthwhile that the quantities ux(A) and “y[‘] rely upon the order statistics from partic-
ular distributions which can easily be determined from Arnold et al. [27]. However, in the
absence of judgement error, the quantities ,ux(,) and ,uyH are considered equal provided both

the study and auxiliary variables possess the same distribution, refer, Dell and Clutter [14].
Further, the paper is molded in different sections. In Section 2, we review some prominent
estimators along with their properties. The proposed class of estimators are discussed in
Section 3 with their properties. In Section 4, the optimality conditions are derived which are
successively assessed by a simulation experiment in Section 5 using symmetric and asym-
metric populations. A real data application is provided in Section 6. Lastly, the conclusion
is given in Section 7.



2 Review of prominent estimators

The usual mean estimator under RSS is given as
Iy = Y, [n] 2.1

Samawi and Muttlak [1] envisaged the classical ratio estimator under RSS as

=T <)%) 2.2)

Yu and Lam [2] provided the classical regression estimator under RSS as

tr = Y + B (e — X)) (2.3)

where f is the regression coefficient of Y on X.
Kadilar et al. [3], motivated by Prasad [28] and Samawi and Muttlak [1], investigated a ratio

estimator under RSS as
_ Ly
%,:mm<f—> 24)
Xin)
where k is a suitably chosen scalar.

Following Singh and Solanki [4], one may consider a family of estimators under RSS as

_ _ a F) _
tSS] = Qsly[n] {(X(ax(n)+b)+(1 OC)( “X+b)} ‘l’@le[n} {a(a)?( ) ((l,ux"‘b)

g
(apx+b) o+0)+(1—a)(ap+b) } (2'5)

where 0, ¢ and « are real constants, whereas 6, and Oy, are suitably chosen scalars. More-
over, a(# 0) and b possess either real values or the functions of prescribed parameters based
on the auxiliary variable X, namely, standard deviation Sy, coefficient of variation Cy, coeffi-
cient of correlation p, coefficient of skewness B (x) and coefficient of kurtosis 3, (x).

On the lines of Singh and Solanki [5], one may consider the following class of estimators
under RSS as

SUQ_X@)} 2.6)

8
0.7 My 7
fa2 = O T { aX;, +(1—a)u; } +Onlimerp { (1 +X,)

where g and 0 are real constants, 6,,, O, are suitably chosen scalars to be obtained later and
g takes values 1 and -1 to produce ratio and product type estimators. Moreover, U} = all,+b,
X(*n) =aX(, +b.

Motivated by Upadhyaya et al. [29], Khoshnevisan et al. [30] and Koyuncu and Kadilar
[31], Singh et al. [6] examined a family of estimators under RSS as

_ _ wr 8
s = AP Ao 2.7
=+l e 0



where A; and A, are duly chosen scalars. Also, authors have noted that more than 184
estimators can be tabulated from estimator ¢;.
Motivated by Solanki and Singh [7], one may develop the following estimators in RSS as

* >k v ) V k *
. 0.7 [T * B (uy _X(n)) o7 X(n) A(X(n) — i)
ss3 — Usstin] | T 28 Tk LWk ) s34 0n * X Tk LYk )
} 3l X(n) P (uy +X(n)) ¥l Uy P (e +X(n))

(2.8)

where @, 3, 0, A are constants considering quantities (—1,0, 1) to construct several estima-
tors and 6;,, Oy, are suitably chosen scalars.
Mehta and Mandowara [8] introduced following estimators using RSS as

M+ Cx
o, = Y[n]( Z +C) 2.9)
— YM( - +f oee ) (2.10)
- —17[,4( Fx c{trﬁéz ) @2.11)
_ n)Cx + Ba(x)
trmg = Y[n]( G B0 > (2.12)
o uxCx+B2( ) ) (X(n)cx+ﬁ2(x)>}
s = Vg4 0 o PR ) (g (S TR 2.13
; | ]{(P (X(n)Cx-i—ﬁz(x) T1-9) UxCy + Ba(x) .13)

where ¢ is an optimizing scalar.
Saini and Kumar [9] investigated the ratio type estimator under RSS as

R +qi
tst; = Ty =X +ai L i=1,3 (2.14)
' e+ X(n) + g

Mehta et al. [10] investigated Singh and Agnihotri [32] estimator in RSS as

p —
aply+b aX(n) +b
=0 ——— 1-6) ————— 2.15
’ (aX(n)+b> * )<aux+b 1)
where 0 is a suitably chosen optimizing scalar and p is a real constant to design different

estimators.
Recently, Bhushan and Kumar [11] proposed some optimal classes of estimators under RSS



as

h = (le[n] —{-ﬁl (X(n) — ,ux) (2.16)
RN
h = OCQY[n] m 2.17)
= 06317[n]{ ai } (2.18)
e+ B3 (X(n) — )
ty = oYy + Ba(X) — 1) (2.19)
* \ Bs
t5 = s, ( . > (2.20)
(n)
t = a617[n]{ Ha } 2.21)
1+ Bo (X[ — 1Y)

where o; and B;; i = 1,2,...,6 are suitably chosen scalars.
The readers are referred to Appendix A for a quick review of the mean square error (MSE)
of all discussed estimators.

3 Proposed estimators

Many estimators are being proposed on each passing day, which actually raises an important
question that “whether the proposed estimators are still optimal in some sense?” Most of
the papers do not address this important aspect and that they are mere adaptions of some
important estimators. An important aspect pertaining to optimal estimators in the scale of
minimum MSE is that they are merely achieved the MSE of classical regression estimators.
These includes various adaptions of important estimators like difference, Srivastava [33] and
Walsh [34] type estimators. If any estimator merely attains the minimum MSE of the re-
gression estimator, then they do not add to the knowledge even with some information. This
raises another important question that “whether the best linear unbiased (BLU ) estimator can
or can not be improved upon?” This paper has been specially written to answer this question.
Keeping this aspect in mind, we propose a class of estimators under RSS to estimate the
population mean (i, given by

61
5 Hox 5 Hx
th, = MY = Y| = 3.1
by = Ny (X(n)) +y M{,ux—f— 2 (X(n) _.Ux>} (3.1)
)
5 [ M 7 by
=1,Y = Y| = 3.2
e = Tl (X(*n)> v M{ﬂ}f + 60X, — 1 )} G-

where n;, v;, 6; and ;, i = 1,2 are duly chosen characterizing scalars. The values of 6;
and {; can be obtained from the respective classical estimators. The suggested estimators



tp;, i = 1,2 deforms into:

(i). Usual mean estimator t,,, for (1, 6, y1)=(1,0,0)
(ii). Samawi and Muttlak [1] estimator #,, for (12, 62, y»)=(1,1,0)
(iii). Kadilar et al. [3] estimator fy, for (11, 0y, y1)=(k,1,0)
(iv). Mehta and Mandowara [8] estimator fy,, , for (12, 62, ¥2,a,b)=(1,1,0,1,Cy)
(v). Mehta and Mandowara [8] estimator #,,,,,, for (12, 62, ¥2,a,b)=(1,1,0,1,(x))
(vi). Mehta and Mandowara [8] estimator t,,, for (12, 62, y2,a,b)=(1,1,0,C.B2(x))
( )=(1,-1,0,Cx,B2(x))
(viii). Bhushan and Kumar [11] estimator #,, for (11, 0, y1)=(0%,B2,0
=(0, 03, 3
(x). Bhushan and Kumar [11] estimator fs, for (12, 62, y2)=(0as, B5,0
=(

0, 0, Bs

Theorem 3.1. The MSE and minimum MSE of the class of proposed estimators ty,,, i = 1,2
are expressed by

(vii). Mehta and Mandowara [8] estimator t,,,,, for (12,62, y2,a,b

( )
(ix). Bhushan and Kumar [11] estimator 73, for (11, 01, y;) )
( )
)

(xi). Bhushan and Kumar [11] estimator tg, for (12,62, y2)

MSE(ty,) = 7 (1 +n7A; + W7 B; + 20i9,C; — 21;D; — 2 E;) (3.3)
minMSE (ty,) = p1; (1 — A) (3.4)

where A = (A;E? + B;D? — 2C;D;E;) / (A;B; — C?).

Proof. The precis of the derivations and the definition of parametric functions A;, B;, Ci, D;
and E;, i = 1,2 are given in Appendix B. O]

Corollary 3.1. The acquainted estimators t,, i = 1,2 have always smaller MSE than the
classical regression estimator t,. i.e.

MSE(t;,) > MSE(ty,), Yi=1,2 (3.5)

4 Optimality conditions

To establish the optimality conditions, we compare the MSE of the acquainted class of esti-
mators with the MSE of the existing estimators.

(i). From Equation (3.4) and Equation (A.1), we get
MSE (t,) < MSE(t,)) = A>1—A¢p 4.1)

7



(i1).

(iii).

@iv).

).

(vi).

(vii).

(viii).

(ix).

(x).

(x1).

From Equation (3.4) and Equation (A.2), we get

MSE(lbl.) < MSE(Zr) = A> I—Ao’z —A2’0+2A1’1

4.2)

From Equation (3.4) and Equation (A.3), Equation (A.5), Equation (A.12), we get

A2
MSE(tp,) <MSE(t) = A>1—Agr+ ﬁ
2,0

where t =1, 1, t,,
From Equation (3.4) and Equation (A.4), we get

1—(k*—1)2 = Ayp

MSE((t,,) < MSE (ty,) = A> —K2Ag s+ 2K Ay

From Equation (3.4) and Equation (A.6), we get

( By—2CsDs+A;D? )

MSE (t,.) < MSE(t;) — A >
(1) < MSE(1,) e

From Equation (3.4) and Equation (A.7), we get

(FJ? + GiI? — 2H;LLJ;)

MSE (1) < MSE (tg5.) — A >
( bz) ( SS,) (EG; _le)

From Equation (3.4) and Equation (A.8), we get
MSE(tbi) < MSE(tmmj) — A >1-— Ao,z — 6}A270 + 25]'A171
From Equation (3.4) and Equation (A.9), we get

MSE(lbi) < MSE(tmm4) = A >1-— A072 — 54%A2’0 — 254A171

From Equation (3.4) and Equation (A.10), we get

1— AO,Z — (1 — 2(P0)2Z32A270 }

MSE(t,) < MSE (tymg) = A>{ (1= 200)3A1 1

From Equation (3.4) and Equation (A.11), we get

MSE(l‘bI.) < MSE(tskj) — A>1 —A()72—I]2A270—|—21jA171

From Equation (A.13), Equation (A.14) and Equation (3.4), we get

2
MSE (1) < MSE(t;) = A > 7’
i

4.3)

4.4)

4.5)

(4.6)

“4.7)

(4.8)

4.9)

(4.10)

(4.11)



It is worth mentioning that only under the above conditions, we can ensure the optimality
of the proposed class of estimators 7, i = 1,2. Further, to increase the credibility of afore-
said conditions, a simulation study and a real data application are conducted over different
populations.

5 Simulation study

To have a clear cut perception about the properties of the proposed methodology, following
Singh and Horn [35], a simulation study is performed over hypothetically generated one
family of symmetric population such as Normal and one family of asymmetric population
such as Log-Normal with variables X and Y which are obtained using the following models.

= 7.8+ (l—pz)Y*+p<%)X* (5.1)

X = 724X (5.2)

where X* and Y* denote the independent variates of the respective distributions used to
construct different populations. The description of the population is given below.

1. A Normal population of size N = 1000 is drawn using Equation (5.1) and Equa-
tion (5.2) such that X* ~ N(10,40) and Y* ~ N(20,50).

2. A Normal population of size N = 170 is drawn using Equation (5.1) and Equation (5.2)
such that X* ~ N(5,20) and Y* ~ N(7,25).

3. A Log-normal population of size N = 1000 is drawn using Equation (5.1) and Equa-
tion (5.2) such that X* ~ LN(1.5,2) and Y* ~ LN(2.5,3).

4. A Log-normal population of size N = 170 is drawn using Equation (5.1) and Equa-
tion (5.2) such that X* ~ LN(0.5,5) and Y* ~ LN(0.7,7).

We have taken various amounts of correlation coefficients p=0.65,0.75,0.85,0.95 in each
population to observe the behaviour of the proposed estimators. We have drawn ranked set
samples using RSS procedure discussed in Section 1. We have taken set sizes m=3,4 and
5 and the numbers of cycles r=4, 6 such that n = mr=12,16,20,18,24 and 30 units from
populations of large sizes whereas set sizes m=3,4 and 5 and numbers of cycles r=3,4 such
that n = mr=9,12,15,12,16 and 20 units from populations of small sizes. We have considered
15000 iterations and obtained the relative efficiency (RE) of the proposed class of estimators
regarding the usual mean estimator by utilizing the following expressions.

15000
MSE(T) = x50 2 (7= uy)? (5.3)
i=1
_ MSE(ty)
RE = MSE(T) (5.4)
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where T=ty, ty, tip, tkes bsy Lss; 8= 1,2,3, tym, i = 1,2..,5, tg. i =1,3, 1y, t;, i=1,2,...,6
and 75, i = 1,2. The outcomes of the simulation study for each population are disclosed from
Table 1 to Table 4 by RE for various amounts of correlation coefficient p.

[Tables 1-4 Here]

6 Real data application

To obtain a comprehensive appreciation about the properties of the acquainted estimators, a
real data application is provided using three real data sets. The description of the data sets is
given below.

Population 1: Origin: (Sarndal et al. [36], pp. 652-659), Y=total number of seats (S82) in
municipal council in 1982, X=number of conservative seats (CS82) in municipal council in
1982, N=284, u,=46.0704, 11,=9.095, §,=12.5918, §,=4.9364 and p=0.6878.

Population 2: The data is considered from Kadilar and Cingi [37]. (Origin: Institute of
Statistics, Republic of Turkey), Y=amount of apple yield in East Anatolia region, X=quantity
of apple trees in East Anatolia region, N=104, 1,=625.36, 1,=14274.95, §,=1167.00,
S,=23016.15 and p=0.8852.

Population 3: Origin: (Singh [38], pp. 1115), Y=season average price per pound dur-
ing 1996, X=season average price per pound during 1994, N=36, ¥=0.2032, X=0.1708,
$,=0.0803, §,=0.0633 and p=0.8577.

From each data set discussed above, we have taken 12 ranked set samples, each having set
size m = 3 and number of cycles r = 4, provided n = mr = 12. For the chosen ranked set
samples, we have tabulated the RE of different estimators regarding the mean per unit esti-
mator by utilizing Equation (5.4). The outcomes are displayed in Table 5 which reveal the
superiority of the acquainted estimators in comparison to the existing estimators discussed
in the earlier section.

[Table 5 Here]

7 Conclusion

This paper started with a quest for optimal estimators of population mean under RSS which
covers the usual mean estimator, Samawi and Muttlak [1] estimator, Yu and Lam [2] esti-
mator, Kadilar et al. [3] estimator, Mehta and Mandowara [8] estimator and Bhushan and
Kumar [11] estimator for suitably chosen values of scalars and provide an improvement over
the classical regression (BLU) estimator under RSS. From Corollary 3.1, it is clear that the
acquainted estimators challenge the traditional optimality and repress it with a new class of
estimators which utilize the same amount of information and provide more accurate results.
In order to have a clear appreciation about the properties of the proposed methodologies, a
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simulation study is conducted over artificially generated symmetric and asymmetric popu-
lations for different values of set size m, number of cycles r and correlation coefficient p.
A real data application using three populations is also added for illustration. The results of
the simulation study and real data application are summarized from Table 1 to Table 5. On
the basis of the results of theoretical study, simulation study and real data applications, the
important findings are reported below in a pointwise fashion.

@@).

(i1).

(iii).

From the results of the simulation study reported in Tables 1-4, the proposed class of
estimators 7, i = 1,2 perform better than the traditional mean estimator #,,, classical
ratio and regression estimators ¢, and #;,, Kadilar et al. [3] estimator #., Singh and
Solanki (2013a, b) type estimators f,, ty,, Singh et al. [6] estimator 7, Solanki and
Singh [7] type estimator #y,, Mehta and Mandowara [8] estimators fy,, i = 1,2,...,5,
Saini and Kumar [9] estimators ty,, i = 1,3, Mehta et al. [10] estimator #, and Bhushan
and Kumar [11] estimators #;, i = 1,2,...,6. The RE of the proposed estimators grad-
ually increases as the value of correlation coefficient increases. Moreover, RE also
increases with the increase of the set size m.

From the results of the three real data sets summarized in Table 5, a similar conclusions
can be made.

Since, the proposed class of estimators f,, i = 1,2 become superior than Singh et
al. [6] estimator #; in both artificial and real populations, so these will also become
superior than those 184 estimators which are the members of Singh et al. [6] estimator
.

Further, by following Samawi and Muttlak [1], the whole study can be iterated when the
ranking is performed over the study variable Y.
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Appendix A

The MSE expressions and the optimum values of the scalars of existing estimators are given

below.

MSE(tm> ‘LLonz
MSE(t,) = s (A()’z +A20—2A1,)

AZ
. 2 1,1
mmMSE(tl,) = My (Ao}z — —’)

Ar
minMSE (txc) = py{ (k* = 1)+ Ao o + kAo 2 — 2K* Ay 1 }
AZ
minMSE (t,); = Ky (AO ) — ﬁ) when A1 + 4, =1
2,0
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minMSE (t;);; = u2{ 1—
’ y (AsBs —C2)
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(FiGi—Hy)

} when 4] + 24, # 1
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i

The optimum values of scalars are given below for ready reference.
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Appendix B

This section considers the precis of Theorem 3.1.
Using the notations defined in earlier section, we obtain the MSE of the estimators 7, i = 1,2
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as
MSE(ty,) = pty (1 +n7A; + W7 B; + 20:9,C; — 21;D; — 2WE;) (B.29)

By minimizing Equation (B.29) w.r.t. 1); and y;, we get
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Putting 1);(,,,) and ¥;(,,;) in Equation (B.29), we obtain the minimum MSE to the first order
of approximation as
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