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Abstract. This work performs a comparative investigation into Casson-Williamson
uid ow over a heated porous stretchy sheet. The energy and mass transfer equations
are modeled by Cattaneo-Christov theory. The governing ow models are altered into
an Ordinary Di�erential Equation (ODE) model through proper transformations. The
Homotopy Analysis Method (HAM) scheme is applied to determine the series solutions.
The responses of diverse ow variables to uid speed, uid warmness, liquid concentration,
skin friction coe�cient, local Nusselt number, local Sherwood number, local entropy
generation number, and Bejan number are analyzed through graphs and charts. It was
found that the uid speed would subside following an increase in values of the magnetic
�eld, porosity, Casson uid, Williamson uid, and injection/suction parameters. The
uid warmness is increased due to high-level radiation, convective heating, and heat
generation/absorption parameters and it suppresses the previous highs when enriching the
convective cooling parameter. The chemical reaction parameter causes an increase in the
thickness of the solutal boundary layer. The larger skin friction coe�cient occurs in Casson
uid than Williamson uid. The local entropy generation is attenuated upon increase in
the Casson and Williamson parameters and it aggravates when the Biot number rises. The
Bejan number is elevated when the Reynolds, Brinkman, and Biot numbers experience an
increase.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

Most liquids in the industry are non-Newtonian and do
not comply with Newton's law of motion. These uids
do not reside in a single constitutive rapport between
the rate of deformation/strain and shear stresses. More
researchers are expressing interest in developing non-
Newtonian uid ows with di�erent physical con�gu-
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rations in recent decades by virtue of their industrial
applications, such as wire drawing, glass blowing, hot
rolling, foodstu�s, separation processes, etc. Casson
uid is one of the non-Newtonian uid types that ex-
hibits yield stress. The Casson uid is of shear-thinning
type and the rate of shear stress is in�nite when
viscosity is zero. When the shear stress is lower than
the yield stress, this uid behaves like a solid. When
the shear stress is stronger than the yield stress applied,
it behaves like a liquid and begins to move. Such uids
include honey, paints, tomato sauce, and intense fruit
juices, to name a few. Nadeem et al. [1,2] scrutinized
the predominance of Casson uid ow on a stretching
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sheet. Their results indicate that the thickness of a
momentum boundary layer declines upon enhancing
the value of the Casson uid parameter. Shehzad et al.
[3] examined the Magnetohydrodynamics (MHD) ow
of a Casson uid with suction and they proved that the
uid speed increased at higher Casson parameter value.
The Casson uid ow over an unsteady stretching sheet
was revealed by Mukhopadhyay et al. [4] who identi�ed
that the uid warmness was increased in the presence
of the Casson parameter. The MHD ow of Casson
nanouid over a porous cylinder with Newtonian mass
and heat conditions was presented by Naqvi et al. [5].
They proved that the uid temperature was enhanced
as the Casson parameter increased in value. Refs. [6{9]
explored this area, which are worthy of consideration.

Another non-Newtonian type uid is Williamson
uid that features shear thinning property. The study
of Williamson uid ows is more important because of
its many applications in di�erent areas of science and
technology. The dual solutions of MHD Williamson
uid on a stretching sheet were derived by Hamid et al.
[10]. They found that the velocity of the uid decreases
with Weissenberg number. Hashim et al. [11] revealed
the signi�cance of the 2D ow of time-dependent
Williamson nanouid on a moving wedge. They
determined that the uid temperature increased with
respect to the presence of the Weissenberg number.
The radiative 2D MHD ow of Williamson liquid on
a time-dependent starching sheet was elucidated by
Shah et al. [12]. Their outcome illustrates that the
Weissenberg number leads to strengthening the sheet
shear stress. Khan et al. [13] addressed the e�ect
of temperature-dependent viscosity on Williamson
nanouid in nonlinear stretching sheet with thermal
strati�cation. Zaman and Gul [14] reported the MHD
uid ow of a Williamson nanouid with gyrotactic
microorganisms. They found that the thickness of
the momentum boundary layer declined when the
Weissenberg number increased. Shashikumar et
al. [15] investigated the time-independent MHD ow
of Williamson uid in a micro channel in the presence
of Joule and viscous dissipation. Al-Sankoor et al. [16]
examined the impact of Williamson nanouid with
magnetic e�ect. They noted that the uid speed be-
came slower when the Weissenberg number increased.
Few crucial studies on this concept are found in [17{20].

The process of suction/injection plays an indis-
pensable role in many industrial activities, like thermal
oil recovery, radial di�users, and thrust bearing design
due to notable changes in the uid ow �eld. Suction
is used to eliminate unwanted reactants, whereas injec-
tion is applied to append reactants and reduce drag
forces. In this view, Upreti et al. [21] derived the
numerical solution of MHD ow of Ag-H2O nanouid
on a at plate with injection/suction. Their outcomes
illustrate that the uid velocity becomes small at larger

values of injection/suction parameter. The impact of
injection/suction of a Je�ery uid past a stretching
sheet with the inuence of magnetic dipole was pre-
sented by Zeeshan and Majeed [22]. They proved
that the uid temperature decreased upon increase in
the injection/suction values. Ramesh Babu et al. [23]
addressed the Peristaltic transport of viscous uid in a
channel with suction/injection. The predominance of
viscous dissipation and suction/injection of a second-
grade uid upon a stretching surface was disclosed by
Bhuvaneswari et al. [24]. They found that the thickness
of the velocity boundary layer was controlled by suction
and improved by injection parameters. The impact
of injection/suction of a micropolar hybrid nanouid
on a vertical plate was addressed by Gumber et al.
[25]. They revealed that the uid speed declined as
injection/suction parameters decreased in value. Some
sundry analyses on this area can be seen in [26{31].

Physically, entropy generation is used to measure
the level of thermodynamic irreversibility in all types
of heat transfer designs. The minimization of entropy
generation technique is used to enhance thermal engi-
neering devices for their superior e�ciency. Di�erent
sources including a magnetic �eld, porous medium,
uid friction, viscous dissipation, and heat and mass
transfer are responsible for the generation of entropy.
Initially, entropy generation analysis was carried out
by Bejan [32,33]. The 3D ow of a viscous uid on an
exponential stretching sheet with entropy generation
was investigated by Afridi and Qasim [34]. They
concluded that the Bejan number represented a non-
increasing function of the Eckert number. Alzahrani
et al. [35] deliberated on the consequences of thermal
radiation on Casson uid ow in a rectangular box.
They observed that the Casson uid would lead to the
enrichment of the Bejan number. Yildiz et al. [36]
examined the entropy generation of convective ow
of air in a dome-shaped enclosure. The entropy
generation Ag-H2O nanouid in a �nned horizontal
annulus was analyzed by Shahsavar et al. [37]. They
proved that the frictional entropy generation was low
at smaller Rayleigh numbers.

Therefore, motivated by the above-discussed
works, our computational investigation focuses on
the entropy optimization of MHD Casson-Williamson
uid ow along with a convectively heated stretchy
sheet with Cattaneo-Christov dual theory. Many
authors have examined the entropy analysis based
on usual parameters including temperature di�erence
parameter, Brinkman number, and local Reynolds
number rather than the analysis featuring Casson
parameter, Williamson parameter, suction/injection
parameter, heat generation/absorption parameter, and
Biot number. Thus, our current investigation is to
ful�ll this gap. The valuable outcomes of our study
are the entryway for many scientists to initiate new
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Table 1. Nomenclature
a Constant
Br
�

= �a2x�2
k0(T�f�T�1) = kgm�1s�1m2s�2

kgms�3K�1K = 1
�

Brinkman number

Cr
�

= k�1
a = s�1

s�1 = 1
�

Chemical reaction parameter
De Brownian di�usion coe�cient
fw
�

= � V �wp
a� = ms�1p

s�1m2s�1 = 1
�

Suction or injection parameter

Ha
�

= �B2
0

�a = kg�1m�2s3A2m�1kg2s�4A�2

s�1kgm�3 = 1
�

Hartmann number

Hg
�

= Q�
�aCp

= kgm2s�3m�3K�1

kgm�1s�2K�1s�1 = 1
�

Heat generation or absorption parameter
hw Heat transfer coe�ciet
k Thermal conductive
k1 Chemical reaction parameter
k� Mean absorption coe�cient
Pr
�

= �
� = m2s�1

m2s�1 = 1
�

Prandtl number
Q Heat generation/absorption coe�cient
Re
�

= ax�2
� = s�1m2

m2s�1 = 1
�

Local Reynolds number

Rd
�

= 4�T�31
kk� = 4kgs�3K�4K3

kgms�3K�1m�1 = constant
�

Radiation parameter

Sc
�

= �
De = m2s�1

m2s�1 = 1
�

Schmidth number
T �f The hot uid temperature (K)
u�&v� Velocity components (ms�1)
V �w Suction or injection parameter
We
�

= x�
q

2a3

� = sm
q

2s�3

m2s�1 = constant
�

Williamson parameter
x�&y� Direction coordinates (m)

Greek symbols:

� Thermal di�usivity (m2s�1)
� Casson uid parameter
 > 0 Time constant
�
�

= �
k0a

= m2s�1

m2s�1 = 1
�

Porosity parameter

�C
�

= �C�a = ss�1 = 1
�

Solutal relaxation time parameter

�T
�

= �T�a = ss�1 = 1
�

Thermal relaxation time parameter
� Kinematic viscosity (m2s�1)


�

=
T�f�T�1
T�1 = K

K = 1
�

Temperature di�erence parameter
�f Fluid density (kgm�3)
� Electrical conductivity
�� Stefan Boltzmann constant (Wm�2K�4)

Abbreviations:

CF Casson Fluid
CP Concentration Pro�le
LNN Local Nusselt Number
LSN Local Sherwood Number
SFC Ski Friction Coe�cient
TP Temperature Pro�le
WF Williamson Fluid

thermal models in the industry. For the sake of
a�rmation, our attained results are comparatively
found in agreement with those of formerly published
works. All the emblematic estimations are carried
out using Mathematica. The nomenclature is given in
Table 1.

2. Mathematical formulation

This study consider the 2D steady, incompressible
Casson-Williamson uid ow along a stretchy paper
with Cattaneo-Christov dual theory. The correlated ve-
locities (u�; v�) are �xed with the Cartesian coordinates
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(x�; y�). The static magnitude of the magnetic �eld B0
is enforced in the y�-direction and the created induced
magnetic �eld was expunged due to the small Reynolds
number. The velocity of the mass ux is denoted by V �w
along with suction (V �w < 0) and injection (V �w > 0).
The uid temperature and concentration are disclosed
by T �w and C�w and are considerably higher than the
ambient temperature and concentration T �1 and C�1,
respectively. Novel characteristics of total entropy were
computed through reversibility of heat and mass trans-
fer and uid friction. Heat generation/consumption
and thermal radiation are added in energy transfer
equations. Mass transfer attributes are scrutinized via
a chemical reaction. The lower part of the sheet is
warmed by hot uid with warmness T �f , which creates a
heat transfer coe�cient hw. The mathematical model,
after employing the above assumptions, is presented as
follows (see [38{41]):

u�x� + v�y� = 0; (1)

u�u�x� + v�v�y� = �
�
1 +

1
�

�
u�y�y�

+
p

2u�y�u�y�y� � �B2
0

�
u� � �

k�0
u�; (2)

u�T �x� + v�T �y� = �

"
1 +

16��T �31
3kk�

#
T �y�y�

� �T�
h
u�T �x�u�x� + v�T �y�v�y� + u�2T �x�x�

+ v�2T �y�y� + 2u�v�T �x�y� + u�T �y�v�x�

+ v�T �x�u�y�
i

+
Q�
�Cp

(T � � T �1); (3)

u�C�x� + v�C�y� = DeC�y�y� � �C�
h
u�C�x�u�x�

+ v�C�y�v�y� + u�2C�x�x� + v�2C�y�y�

+ 2u�v�C�x�y� + u�C�y�v�x� + v�C�x�u�y�
i

� k�1(C� � C�1): (4)

Boundary conditions:

u� = U�w(x�); v� = V �w ; �kT �y� = hw(T �f � T �);
C� = C�w at � ! 0;

u� ! 0; u�y� ! 0; T � ! T �1; C� ! C�1;

as � !1; (5)

where (u�,v�) are the velocity factors in (x�,y�) di-

reactions, � is the kinematic viscosity, � the Casson
uid parameter,  > 0 the time constant, � electrical
conductivity, � density, Cp speci�c heat, k�0 the poros-
ity, � the thermal di�usivity, �� the Stefan-Boltzmann
constant, k� the mean absorption coe�cient, k thermal
conductivity, �T� the thermal relaxation time of the
heat di�usion, �C� the concentration relaxation time
of the mass di�usion, Q� heat source/sink parameter,
De the Brownian di�usion coe�cient, k�1 the �rst
order chemical reaction parameter, hw the heat transfer
coe�cient, T �f the hot uid temperature, and V �w the
suction or injection parameter. De�ne:

� = y�
r
b
�
; u� = ax�f 0; v� = �pa�f;

� =
T � � T �1
T �f � T �1 ; � =

C� � C�1
C�w � C�1 : (6)

Implementing Eq. (6) on Eqs. (2){(4), we get:�
1 +

1
�

�
f 000 � f 02 + ff 00 +Wef 00f 000

� [Ha+ �] f 0 = 0; (7)

1
Pr

�
1 +

4
3
Rd
�
�00 + f�0 � �T

�
ff 0�0 + f2�00

�
+Hg� = 0; (8)

1
Sc
�00 + f�0 � �C

�
ff 0�0 + f2�00

�� Cr� = 0: (9)

With the associated conditions:

f(0) = fw; f 0(0) = 1; �0(0) = �Bi [1� �(0)] ;

�(0) = 1; f 0(1) = 0; f 00(1) = 0; �(1) = 0;

�(1) = 0; (10)

where We = x�
q

2a3

� is the Williamson parameter,

Ha = �B2
0

�a the Hartmann number, � = �
k0a the

porosity parameter, Pr = �
� the Prandtl number,

Rd = 4�T�31
kk� the radiation parameter, �T = �T�a

the thermal relaxation time parameter, Hg = Q�
�aCp

the heat generation or absorption parameter, Sc =
�
De the Schmidth number, �C = �C�a the solutal
relaxation time parameter, Cr = k�1

a the chemical
reaction parameter, fw = �V �wa� the suction or injection
parameter, and Bi = hw

k
p�

a the Biot number.
The Skin Friction Coe�cient (SFC), Local Nus-

selt Number (LNN), and Local Sherwood Number
(LSN) are written as follows:
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cf =
��w

�U�2w =2
; Nu =

x�(q�w + q�r )
k(T �w � T �1)

; and

Sh =
x�j�w

D�B(C�w � C�1)
;

where:

��w =
�
�+

py�p
2�

��
@u�
@y�

�
y�=0

;

is the wall shear stress for Casson uid,

��w = �
�
@u�
@y� +

�p
2

�
@u�
@y�

�2�
y�=0

;

is the wall shear stress for Williamson uid,

q�w = �
�
k
@T �
@y� +

4��
3k�

@T �4

@y�
�
y�=0

;

is the surface heat ux and

j�w = �k
�
@C�
@y�

�
y�=0

;

is the surface mass ux.
The reduced form of SFC, LNN, and LSN are

expressed as follows:

1
2
Cf
p
Re =

�
1 +

1
�

�
f 00(0)

for Casson uid;

1
2
Cf
p
Re =

�
f 00(0) +

We
2
f 00(0)

�
f 00(0)

for Williamson uid;

Nu=
p
Re = �

�
1 +

4
3
R
�
�0(0); and

Sh=
p
Re = ��0(0):

3. Entropy analysis

The dimensional form of the entropy generation is
expressed below (see [42,43]):

Sgen =
k

T �31

"
1 +

16�T �31
3kk�

#
T �2y�

+
�
T �1

��
1 +

1
�

�
u�2y� +

p
2�u�3y�

�
+
�B2

0
T �1

u�2 +
�

T �1k�0
u�2 : (11)

After applying suitable transformations, we get:

EG =Re
�
1 +

4
3
Rd
�
�02 +ReBr

1



��
1 +

1
�

�
f 002

+
Wep

2
f 0003

�
+ReBr

1



[Ha+ �]f 02; (12)

where Re = ax�2
� is the local Reynolds number, Br =

�a2x�2
k(T�f�T�1) the Brinkman number and 
 = T�f�T�1

T�1 the
temperature di�erence parameter. The Bejan number
is de�ned as follows:
BE

=
Entropy generation due to heat and mass transfer

Total entropy generation
;

(13)

BE =
N1

N2
; (14)

N1 = Re
�
1 +

4
3
Rd
�
�02; (15)

N2 =Re
�
1 +

4
3
Rd
�
�02 +ReBr

1



��
1 +

1
�

�
f 002 +

Wep
2
f 0003

�
+ReBr

1



[Ha+ �] f 02: (16)

4. HAM solution

The reduced ODE's (7){(9) and their associated condi-
tions (10) are solved using Homotopy Analysis method
(HAM) procedure, see Eswaramoorthi et al. [44]. In
this respect, the initial rule is selected as f0(�) =
fw + 1 � 1

e� , �0(�) = Bi�
1+Bi

�
e�

and �0(�) = 1
e� . The

corresponding linear operators are Lf = D3f � Df ,
L� = D2� � � and L� = D2� � �, here D = d

d� with
the property Lf

�
A1 +A2e� + A3

e�
�
= L�

�
A4e� + A5

e�
�

=L�
�
A6e� + A7

e�
�

= 0 where Aj(j = 1 � 7) are
constants.

After substituting the ith-order HAM equations,
we get:

fi(�) = f�i (�) +A1 +A2e� +
A3

e�
;

�i(�) = ��i (�) +A4e� +
A5

e�
;

�i(�) = ��i (�) +A6e� +
A7

e�
:

Herein, the particular solutions are f�i (�), ��i (�) and
��i (�).
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Figure 1. The h curves of velocity: (a) Temperature, (b) concentration, and (c) pro�les for both uids.

Table 2. Comparison of SKC with Shehzad et al. [38]

� M fw

�1
2Cf
p
Re

Present
study

Shehzad
et al. [38]

0.5 0.5 0.5 2.20256 2.20256

0.8 1.94558 1.94558

1.3 1.75799 1.75799

2.0 1.64194 1.64195

0.8 0.0 0.5 1.77069 1.77069

0.6 2.01706 2.01706

1.2 2.60637 2.60638

1.5 2.96570 2.96570

0.8 0.5 0.0 1.67705 1.67705

0.7 2.06318 2.06318

1.4 2.51728 2.51728

2.0 2.95256 2.95256

These series solutions include the parameters
(hf ; h�; h�) and they handle the solution convergency.
From Figure 1(a){(c), the range values of hf ; h�, and
h� in Casson uid are �0:7 � hf � �0:1, �1:3 � h�� �0:4, �1:5 � h� � �0:4 and those in Williamson
uid are �1:4 � hf � �0:3, �1:4 � h� � �0:4 and
�1:6 � h� � �0:3. For more accuracy of our results,
we �x hf = �0:4 and h� = h� = �0:9 for Casson uid
and hf = h� = h� = �0:9 for Williamson uid.

5. Results and discussion

This section presents the numerical and graphical
results of uid velocity, uid temperature, uid con-
centration, SFC, LNN, LSN, entropy generation, and
Bejan number for diverse ow parameters with a
constant quantity of Prandtl number (Pr = 1.2) and
Schmidt number (Sc = 1.0). Table 2 portrays the
comparison of SKC with Shehzad et al. [38] for di�erent
values of �, M , and fw. Comparison of �f 00(0) with
di�erent values of We with Nadeem and Hussain [39]
and Nadeem and Hussain [20] is illustrated in Table

Table 3. Comparison of �f 00(0) with di�erent values of
We with Nadeem and Hussain [39] and Nadeem and
Hussain [20].

O
rd

er

We = 0:1 We = 0:2

Present
study

Nadeem and
Hussain [39]

Present
study

Nadeem and
Hussain [20]

1 1:03000 1:04 1:06 1:047

5 1:03448 1:03446 1:07619 1:076

10 1:03446 1:03446 1:07621 1:076

15 1:03446 1:03446 1:07621 1:076

Table 4. Order of approximations.

O
rd

er

Cassson
uid

Williamson
uid

�f 00(0) ��0(0) ��0(0) �f 00(0) ��0(0) ��0(0)

1 0:82667 0:32146 1:29310 1:39000 0:32146 1:36810

5 0:80845 0:32845 1:39970 1:45780 0:32160 1:51956

10 0:80836 0:32817 1:39965 1:45981 0:32163 1:52035

15 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

20 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

25 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

30 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

35 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

40 0:80836 0:32817 1:39959 1:45982 0:32163 1:52035

3. From Tables 2 and 3, we see that our results
are in good agreement. Table 4 shows the order of
approximation of HAM method and it is seen that 15th
order is su�cient for taking results. Table 5 provides
the predominance of SFC, LNN, and LSN for various
of �, We, �, M , and fw. We realize that the surface
shear stress increases in the presence of � and We. On
the other hand, it is reduced at surging values of �, M ,
and fw for both uids. The LNN wanes due to the
availability of �, We, �, and M . However, it enlarges
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Table 5. Skin friction coe�cient, local Nusselt number and local Sherwood number for di�erent values of �, We, �, M
and fw.

�=We � M fw
Cassson Williamson

1
2Cf
p
Re Nup

Re
Shp
Re

1
2Cf
p
Re Nup

Re
Shp
Re

0:5=0:0 0:2 0:3 0:3 �2:27662 0:54780 1:40357 �1:38390 0:53671 1:36088

1:0=0:1 �1:88853 0:54422 1:38925 �1:35326 0:53605 1:35808

1:5=0:2 �1:73824 0:54236 1:38224 �1:31874 0:53527 1:35479

2:0=0:3 �1:65748 0:54124 1:37803 �1:27751 0:53433 1:35071

2:5=0:4 �1:60688 0:54050 1:37522 �1:20699 0:53308 1:34515

3:0=0:5 �1:57214 0:53997 1:37320 �0:80311 0:53111 1:33609

0:6=0:1 0:0 0:3 0:3 �2:01793 0:54804 1:40374 �1:27302 0:53738 1:36317

0:3 �2:22103 0:54644 1:39767 �1:39130 0:53544 1:35575

0:5 �2:34602 0:54549 1:39406 �1:46384 0:53431 1:35143

0:8 �2:52118 0:54419 1:38917 �1:56535 0:53281 1:34568

1:0 �2:63110 0:54341 1:38619 �1:63269 0:53194 1:34241

0:6=0:1 0:2 0:0 0:3 �1:94513 0:54864 1:40599 �1:23050 0:53811 1:36595

0:3 �2:15562 0:54695 1:39960 �1:35326 0:53605 1:35808

0:5 �2:28444 0:54596 1:39583 �1:42813 0:53486 1:35354

0:8 �2:46427 0:54461 1:39074 �1:53231 0:53329 1:34750

1:0 �2:57676 0:54373 1:38765 �1:59822 0:53236 1:34395

0:6=0:1 0:2 0:3 �1:0 �1:56155 0:41170 0:79921 �0:80423 0:40344 0:78640

�0:5 �1:76556 0:46203 0:96139 �0:97697 0:45181 0:94045

0:0 �2:00000 0:51450 1:19785 �1:19697 0:50344 1:16545

0:5 �2:26556 0:56901 1:57358 �1:46752 0:55848 1:52470

1:0 �2:56155 0:62691 2:26214 �1:78610 0:61725 2:18558

at higher values of fw on both uids. The same trend
was obtained in the LSN case.

Figure 2(a){(f) delineate the streamline for CF
and WF for fw = 1:0, 0.0 and�1:0. The prominence of
M and � on the uid velocity pro�le in the case of Cas-
son and Williamson uids is presented in Figure 3(a)
and (b). It was found that the uid speed was reduced
as the values of M and � for both uids increased. The

magnetic �eld parameter generates a drag force called
the Lorentz force which suppresses the uid motion,
thus slowing down the uid speed. Figure 4(a) and
(b) present the variations of velocity pro�le at di�erent
values of fw, �, and We. It is noticed that the uid
speed subsides due to the stronger presence of fw, �,
and We. Physically, larger magnitude of �, enhances
the plastic dynamic viscosity which forms a resistive
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Figure 2. Stream line on Casson uid (a){(c) and Williamson uid (d){(f) for fw = 1:0 (a, d), fw = 0:0 (b, e) and
fw = �1:0 (c, f).

Figure 3. Velocity pro�le at di�erent values of (a) M and (b) � for both uids.

Figure 4. Velocity pro�le at di�erent values of (a) fw and (b) � variations for Casson uid and We variations for
Williamson uid.
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Figure 5. Temperature pro�le at di�erent values of (a) fw and (b) R for both uids.

Figure 6. Temperature pro�le at di�erent values of (a) Hg and (b) Bi for both uids.

Figure 7. Concentration pro�le at di�erent values of (a) Cr and (b) �C� for both uids.

force in the ow, leading to slowdown of the uid speed.
The impact of fw and R on temperature pro�le on
temperature pro�le in both of the uids is described
in Figure 5(a) and (b). It is identi�ed that the uid
warmness increases upon enriching R values and it
decreases upon increasing fw values. Figure 6(a) and
(b) portray the changes in TP at di�erent values of
Hg and Bi for both uids. It is seen that the uid
gets warm due to the presence of Hg and Bi for both
uids. Physically, the ascending values of Hg elevate
the uid thermal state and this leads to increased uid
temperature, although the large Biot number forms a
greater heat transfer coe�cient, thus enriching the uid
temperature. The impact of Cr and �C on CP was
illustrated in Figure 7(a) and (b). It is found that the
uid enhances the concentration at a greater value of
Cr and reduces the concentration at higher �C values.

Figure 8(a) and (b) render the SFC for ascending
values of M , fw, and � for both uids. Here it is

noticed that the surface shear stress is reduced when
the values of M , fw, and � increase. The LNN for
di�erent combination of M , fw, and � is plotted in
Figure 9(a) and (b). According to these �gures, the HT
gradient slightly increases upon enhancing the values
of fw and remains almost the same as the values of
M and � increase. Figure 10(a) and (c) exhibit the
impact of �T , Hg, R, and Bi on LNN for both uids.
It was realized that the HT gradients would experience
a decrease given Hg in Williamson uid and opposite
behavior obtained in Casson uid. Moreover, the HT
gradient remained almost the same when �T changes.
In the case of Williamson uid, the LNN escalates in
the heat absorption case, while it dwindles in the heat
generation case for enhancing the value of radiation
parameter. The rate of heat transfer variation increases
with increase in the Bi values. On the contrary, the
opposite trend was attained in Casson uid in the
presence of Rd and Bi. Figure 11(a) and (b) show
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Figure 8. Skin friction coe�cient at di�erent combinations of M , fw, and � for Casson uid (upper plate) and
Williamson uid (lower plate).

Figure 9. Local Nusselt number for di�erent combinations of M , fw, and � for Casson uid (lower plate) and Williamson
uid (upper plate).

Figure 10. Local Nusselt number for di�erent combinations of �T , Hg, R, and Bi for Casson uid (lower plate) and
Williamson uid (upper plate).

Figure 11. Local Sherwood number for di�erent combination of M , fw, and � for Casson uid (lower plate) and
Williamson uid (upper plate).
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Figure 12. Decrement percentage of local Nusselt number at di�erent values of Hg and �T with (a) R = 0:5 & Bi = 0:2,
(b) R = 0:5 & Bi = �0:2, (c) R = 0:0 & Bi = 0:2, and (d) R = 0:0 & Bi = �0:2.

Figure 13. Increment percentage of local Sherwood number at di�erent values of Cr and �C with (a) fw = 0:3 and (b)
fw = �0:3.

the LNN at di�erent values of fw, M , Cr, and �C for
both uids. It is noted that the mass transfer gradient
remains almost the same at M and �C values for both
uids. The LNN is upgraded upon increasing fw and
Cr values in WF and it declines in CF.

Figure 12(a){(d) portray the decrement percent-
age of LNN at di�erent values of Hg various combi-
nation of R and Bi. It is proved that the decrement
percentage is high when Hg varies from 0.2 to 0.4 in
WF without CCDF, and minimum decrement percent-
age occurs in CF with CCDF in Hg which varies from
�0:4 to �0:2. In all cases, the decrement percentage is
lower in the CCDF model than that in Fourier model.
In addition, the CF experiences a lower percentage
of decrement than WF. The increment percentage of

LSN for di�erent combinations of Hg, fw, Cr, and
�C was illustrated in Figure 13(a) and (b). In suction
ow, it is found that WF without CCDF has a higher
increment percentage when Cr varies from �0:4 to
�0:2, while a lower increment percentage occurs in CF
with CCDF when Cr varies from 0.2 to 0.4. However,
in the injection case, WF with CCDF has a higher
increment percentage when Cr varies from �0:2 to
0.0, and smaller increment percentage is obtained in
CF with CCDF when Cr varies from 0.2 to 0.4. In
addition, the CF has a lower increment percentage than
WF.

Entropy generation at di�erent values of �, We,
fw, Bi, and Hg is displayed in Figure 14(a){(d). It
is concluded from these �gures that EG suppresses at
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Figure 14. Entropy generation at di�erent values of �, We, fw, Bi, and Hg.

Figure 15. Entropy generation at di�erent values of Re and Br.

high values of � and We and it is boosted up when Bi
values increase. Besides, EG enhances near the plate
and suppresses away from the surface at fw values.
The opposite trend was observed at Hg values. A
higher value of Bi enriches the heat transfer rate, which
enhances the entropy generation. The higher quantity
of Brinkman number facilitates suppressing the uid
thermal conductivity, thus enriching the entropy gen-
eration. Figure 15(a) and (b) explain the changes of
EG with respect to Re and Br. It was found that EG
increased when the values of Re and Br increased for
both uids. The Bejan number at di�erent values of �,
We, Hg, Bi, and Br were plotted in Figure 16(a){(d).
It is noted that the Bejan number increases at higher
values of �, We, Br, Hg, and Bi and it declines at a
higher value of Br.

6. Conclusions

The entropy optimization of a Williamson-Casson uid

over a stretching sheet with convective boundary condi-
tion was investigated. The energy and mass equations
were framed based on Cattaneo-Christov heat-mass
ux theory. The Homotopy Analysis Method (HAM)
procedure was applied to solve the obtained Ordinary
Di�erential Equations (ODEs). The salient features of
our investigations are summarized below:

� The uid velocity declined when the porosity and
magnetic �eld parameters were strengthened;

� The uid temperature increased when the radi-
ation and heat generation/absorption parameters
increased;

� The uid concentration upsurged as the chemical
reaction parameter increased;

� The heat transfer gradient was attenuated
upon enhancing the radiation and heat
generation/absorption parameters;

� The local entropy generation declined by increasing
the Casson and Williamson parameters;
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Figure 16. Bejan number at di�erent values of �, Br, and Hg.

� The Bejan number was escalated when the Biot
number and heat generation/absorption parameter
increased in value.
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