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Abstract. This paper recovers optical soliton solutions with x?-nonlinear susceptibility.
Bright, dark, singular, bright-dark combo solitons are recovered. A variety of algorithms
are implemented. These include the Riccati equation approach, exp-function expansion
method, modified simple equation algorithm, sine-Gordon equation scheme, F-expansion

approach, trial function method, and functional variable algorithm.
(© 2023 Sharif University of Technology. All rights reserved.

1. Introduction

Optical solitons that exist in the continuous regime of
the scattering spectrum are referred to as embedded
solitons. These are governed by quadratic nonlinearity
that emerges from x(2) nonlinear susceptibility. These
give way to bright, dark, and singular solitons. These
embedded solitons have been studied in the past using
a variety of analytical approaches [1-25]. It is now
time to revisit the same arena using a wider variety of
mathematical approaches. This will yield a fresh set of
soliton solutions of a different form, namely bright-dark
combo solitons and others, which will be revealed using
a wide spectrum of analytical approaches. The results
are being reported for the first time in this paper, which
will also encompass the previously reported results.
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These soliton solutions are enumerated with their
respective existence criteria that are also presented in
Table 1.

1.1. Governing model
The governing model with the quadratic nonlinear-
ity [1-11] reads:

Wy 4+ A1Uge + b1z + C1U + AUV = T0g Uy, (1)

1V 4 A2Vzp + botzy 4 C2v + Aot = ianv,, (2)

where x represents the spatial variable, while ¢t denotes
the temporal variable. The coefficients a;, b;, c;, Aj,
and «; (j =1,2) are real valued constants. a;s stand
for the coefficients of chromatic dispersion, while b;,
s stem from the coefficients of spatio-temporal disper-
sion. Next, A;s are the coefficients of the quadratic
nonlinearity effect, while «;s depict the coefficients
of inter-modal dispersion. The first terms are linear
temporal evolution and i = v/—1. The functions u =
w(z,t) and v = v (z,t) are complex-valued functions
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Table 1. Soliton solutions via the integration schemes.

Solitons Bright Dark Singular Straddled
Riccati equation N Y Y N
Sine-Gordon equation N Y Y Y
Functional variable Y N Y N
F-expansion Y Y Y Y
Exp-function expansion N Y Y N
Trial equation Y N Y N
Modified simple equation Y N Y N
representing the wave profiles of the forward harmonic p= 4ka — 2wb + O‘7 (12)
and second harmonic waves, respectively. Lastly, u* = 2kb -1
uw* (z,t) is the conjugate of u = u (z,1). and the parameter constraints:
Uy=Us=U, b =2b, by=0b, a =2a,
2. Mathematical analysis
a =a, =0y =a, A =2\ Aa=J],

To solve Eqs. (1) and (2), the wave transformations are
structured as:

u(a,) = Uy (@) (), (3)

v(x,t) = Uy(9)e?#2(®h), (4)

In Egs. (3) and (4), the amplitude components are
U;(9) for j = 1,2, and the wave variable is:

ﬁ:n(w_pt)v (5)

where the real-valued constants 1 and p represent the
soliton width and the soliton velocity, respectively,
while the phase components are:

wj(x,t) = —kx +wt + (, (6)

where k, w, and ( are real-valued constants standing
for the soliton frequency, the soliton wave number, and
the phase constant, respectively.

Next, the real and imaginary parts are:

0 (a1 — pb) U+ (01 —w— k?ay +kwb, —koq) Uy

+ MU, = 0, (7)
kpby — 2ka; + wby — p— a1 =0, (8)
0 (ay — pby) UY + (c3 — 2w — 4 k*ay

+ 4 kwby —2 kan ) Uy +XUZ =0, (9)

2kpby — 4kas + 2wby — p — an =0, (10)

respectively, as long as Eqgs. (3) and (4) are put in Egs.
(1) and (2). By the use of the balancing rule, Egs.
(7)—=(10) reduce to the ordinary differential equation:

n(a — pb)U" + (2ak? — 2bkw

+ ak +w)U + AU? =0, (11)
along with the velocity:

c1=cy=c, c=6ak’®—6bkw+3ak+3w. (13)

In what follows, we will employ a variety of schemes

that will be used to achieve the goals set for this work.

2.1. Riccati equation approach
Assume that the solution structure of Eq. (11) is
considered as:

N
UW) =S AViW), (14)

where A;s are constants to be established later, IV is
the balancing integer, Ay # 0 and also the function
V() satisfies the Riccati equation:

V’(’l?) = SQV2 (19) + 5V (19) + So, Sy 75 0, (15)

where S, S1, and Sy are constants. The solutions of
Eq. (15) are listed as:

__ S vk VH
(v) = 25, 252tanh<219+190>7 w>0,

S B (VR
V(ﬂ)——QSQ—Zszcoth< 5 19+190>, >0,

. S1 VTR VvV H
V (v) —2S2+ 25, tan(2 d+390), n<o,
5 v—H —H
V(W)= 55, ~ 35, cot( 5 D9+ ), <0,
S1 1
= - —-— = 1
V)= —se = gprg H=0 (16)

where = S? — 45,5, and ¥, is an arbitrary real
constant. Next, Eq. (14) can be rewritten as:

U= A+ A1V + A V2 (17)
by virtue of the balance principle applied in Eq. (11).
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Then, the equations are recovered as:

—6 b’l]szQng + 6&7]2142522 + /\A22 = O, (18)
—2b’l]2pAl 522 —10 b’l]szgslsg + 2(1172141 522
+10an?* 43515, + 2V A1 Ay =0, (19)
—n? A8, Sobp — 21% A550°b 2 2
n"A151500p N~ A2S0"bp + n°A1.51S0a + 2
AsS0%a + 2A¢ak? — 2A0bkw + Agak
+ Mo? + Agw = 0, (20)

—2b1°pA1SoSs — b*pAiS1% — 6 b1’ pAs Sy Sy
+ 2 an2A1 5052 + an2A1512 + 6(1’1721425051

+2ak?A; — 2bkwA; + akAy

+2XAgA; +wA; =0, (21)
—3b°pA151Ss — 8 pAsSy Sy — 4bn?pAsS: 2
+3an?A151 5 + 8an® 43505, + 4an? A, 5>
+ 2ak? Ay — 2bkwAy + ak Ay
+ 20 Ag Ay + AAL? +wAy =0, (22)

by substituting Eqs. (17) and (15) into Eq. (11). So,
from Eqs. (18)—(22) we have:

3(4A0A2 —A12) (a—bp)
So = +4/— ;
2ak? —2bkw +ak +w

12ak?AgAs — 2ak? A% — 12bkwAgAs — a kA, ?
+2 bk’UJA12 + 6« kAoAz + 6’LUAOA2 — ’UJA12

30 (2023) 2125-2142 2127
g — Ay _6ak2—6bkw+3ak+3w
T Ty (4 AgAs — Ar”) (a—bp)
Ao 6ak? —6bkw +3ak+3w
Sy =4+=,/— 5 ,
3n (4A0A2—A1 )(a—bp)
\ = 2 (2ak? — 2bkw + ok 4+ w) A,
B 4 AgAy — A2 ’
and,
. 2ak? — 2bk k
MZSf—45052= a w4+ ak+w (23)

n? (a — bp)

If one employs the solution set Eq. (23) with Eq. (16)
in Eq. (17), dark solitons are obtained by Eqs. (24)
and (25) as shown in Box I. with:

(a—bp) (2ak® — 2bkw + ka +w) > 0.

Singular solitons are calculated by Eq. (26) and (27)
are shown in Box II, with:

(a—bp) (2ak® — 2bkw + ka +w) > 0.

2.2. Sine-Gordon equation method
The solution of Eq. (11) is structured as follows:

N
U (W) = Z cos' ™V (¥))

[B; sin(V (9)) + A; cos(V (9))] + Ay, (28)

where A;s and B;s are real constants to be detected
later, A; # 0, B; # 0, N is the balancing integer, and
the function V (&) satisfies:

6 (4 AOA2 — A12) n AQ ((l — bp) ’ VI (19) = sin (V (19)) . (29)
4404 — A® 3 (44042 — A7)
14, 14,
u(zr,t) = x gl(—hetwtt() (24)
2ak?® — 2bkw + ka +w dka — 2wb + «
tanh? t) 49
xtan (\/ 4(a— bp) (z kb — 1 >+ 0)
4 AgAs — A2 3 (4A0As — 4)7)
44, 44,
v(w,t) = x eil-hatut+C) (95)
w tanh? 2ak? — 2bkw + ka +w ., 4ka—2wb—|—at Lo
4 (a — bp) b 2kb— 1 0

Box I
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1 404> — A7 3 (4404, — A%) )
44, 44,
u(z,t) = x eil—katwtt) (26)
A 2ak? — 2bkw + ka +w 4ka — 2wb + «
th? - 0
xco (\/ 4(a—1bp) <x kb — 1 )+ "] ]
4404y — A2 3 (44045 — A}?) )
44, 44,
v(z,t) = x g2 —hetwtt() (27)
A 2ak? — 2bkw + ka + w dka — 2wb + «
th? -t J
oo (\/ 1(a—bp) (“T b — 1 )+ °>
Box 11

Eq. (29) has the following solutions:

sin (V (9))=sech (¥) or sin(V (9¥)) =icsh (¥),
cos (V (¥))=tanh (¥) or cos(V (¥))=coth(¥). (30)
Next, Eq. (28) can be rewritten as:

U (¥) =By sin(V (9)) + Ay cos(V () + cos(V (¥))

[By sin(V (9)) + Az cos(V (9)] + Ag,  (31)

by virtue of the balance principle applied in Eq. (11).
Then, the derived equations are:

—6bn?pBy + 6 an’By + 2X\ AyBy =0, (32)
—6bn2pAs +6an?As + X Ay2 — ABy2 =0, (33)
—2n?pB1 +2an’B1 + 2\ A1 B,
+2XA2B; =0, (34)
—2b?pA; +2an’ A1 + 2N A1 Ay
—2AB; By =0, (35)
bn2p31 — a77231 +2ak®B; — 2bkwB, + a kB,
+2XA0B +wB; =0, (36)

-2 bn2pA2 + 2 G/HQAQ + 2 O/k2A0 -2 bkon + « kAO

+AAP2 +AB2 +wAy =0, (37)
5bn*pBy — 5an’By + 2ak’By — 2 bkwB,
+akBy+2XAoBs+2)X A1 B

+wBy =0, (38)

2% pA;L — 2an? Ay + 2ak*A; — 2bkwA; + a kA,
+2XAgA; + 2V BBy +wA; =0,  (39)

8 b772pA2 — 8a772A2 +2ak?Ay — 2bkwAs + akAs
+2AAgAs + A A% = AB,?

+ ABy2 +wA, =0, (40)

by substituting Eqs. (31) and (29) into Eq. (11). So,
from Eqs. (32)—(40) we have two results as follows:

- Result 1:
2ak? —2bkw + ok +w
n== ;
4 (a — bp)
2ak® —2bkw +ak +w
AO: B}
2X
3(2ak? — 2bkw + a k + w)
AQZ— i
2X
A1 - 07 Bl - 0, Bz - O (41)

If one substitutes Eqs. (41) and (30) with Eq. (31),
dark solitons obtained by Eqgs. (42) and (43) as shown
in Box III, with:

(a —bp) (2ak® — 2bkw + ka +w) > 0.

Singular solitons obtained by Eqs. (44) and (45) as
shown in Box IV, with:

(a—bp) (2ak® — 2bkw + ka + w) > 0.
— Result 2:

n_i\/Zak2—2bkw+ozk+w

b

a—bp
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2ak® = 2bkw +ak +w 3(2ak? = 2bkw + a k + w)
27 2
u(a,t) = « ei(—m+wt+<)7 (42)
« tanh? 2ak? — 2bkw + ok +w x_4lm—2wb+at
4 (a — bp) 2kb — 1 )
2ak* = 2bkw + ak +w 3(2ak? = 2bkw + a k + w)
2\ 2
’U(Iﬂf) — x ezi(flm+wt+(). (43)
« tanh? 2ak? — 2bkw + ok +w 4ka—2wb—|—at
an 4 (a— bp) ¢ 2%b — 1 )
Box III
2ak* = 2bkw + ak+w 3(2ak? — 2bkw + a k + w)
2A 2
u(:at) — % ei(fl\:x+wt+§)7 (44)
« coth? 2ak? — 2bkw + ak +w _4ka—2wb—|—0zt
4(a— bp) * 2%b — 1 )
2ak2—2bkw+ak+w_3(2ak2—2bkw+ak+w) )
2\ 2
v(z,t) = x g2 —hatuwtt() (45)
« coth? 2ak? — 2bkw + ak +w _4ka—2wb—|—0zt
4 (a—bp) * 2%b — 1
Box IV
e 2 (2ak? — 2bkw + a k + w) B —0 be written as follows:
0 — ) 1 =Y
A 2 (a—pb) {VZ(U)}
(0 =) (V2 () + (2ak* — 2bkw + ak + w)U
A 3(2ak? — 2bkw + a k + w) 2
2 = - ’ .
A +AU? =0. (49)
3i(2ak? —2bkw +a k + By employing a functional variable form we can write:
B, = 3120 wrakEu) o g D)
A U =v({U). (50)
Combo singular solitons obtained by Egs. (47) and (48) Thus, the important result emerging from Eq. (49) is:
as shown in Box V, with: -
V(U) =+ 2ak? — 2bkw + ok + w
(a—bp) (2ak® — 2bkw + ka + w) > 0. ! n? (pb — a)
2.3. Functional variable methodology 2
This subsection will apply the functional variable U\/l + 5 U. (51)
methodology for overcoming Eq. (11). Eq. (11) can 3 (2ak? — 2bkw + ak + w)
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2 (2ak? — 2bkw + a k + w)
A
+ coth 2ak® —2bkw + ak +w 4ka—2wb—|—at
«© a—bp ¢ 2%b— 1
j:3 (2ak? — 2bkw + a k + w)
A
u(x,t) =
«csch 2ak? — 2bkw + ok +w I_4ka—2wb+oct
a—bp 2kb—1
X
3(2ak? — 2bkw + a k +w)
A
2ak? —2bkw +ak +w 4ka — 2wb + «
X coth T — t
a—bp 2kb — 1
w il —hetwt+o) (47)
2 (2ak? — 2bkw + ok + w)
A
+ coth 2ak? — 2bkw + ok +w I_4ka—2wb+0ut
a—bp 2kb—1
j:3 (2ak* — 2bkw + a k + w)
A
v(z,t) = 2ak? — 2bkw + ak +w dka — 2wb + «
xcsch xr— t
a—bp 2kb — 1
X
3(2ak? = 2bkw + a k + w)
A
« coth 2ak? —2bkw + ok +w _4ka—2wb+o¢t
a—bp * 2%b— 1 )
w 2i(—kz+wi+() (48)
Box V
If we integrate Eq. (51), bright solitons are: o) = — 3 (2ak? — 2bkw + ak + w)
3 (2ak? — 2bkw + ak + w) 7 2A
U(I7 t) = 2\
el { \/ 2ak? — 2bkw + ak + w
soch? [\/261]92 — 2bkw + ak +w 4(pb —a)
4 (pb —
(wb=a) (I_4ka_zwb+at”
2kb—1
. 4ka — 2wb + at o il —hetwttQ)
2kb—1 ’

(52) x eQi(—kz-I—u/t-I—()7

(53)
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with:
(pb — a) (2ak® — 2bkw + ak + w) > 0.
Singular solitons are:

3 (2ak? — 2bkw + ak + w)
w(z,t) = )

esch? 2ak? — 2bkw + ak + w
4 (pb—a)

4ka — 2wb -
(x 3 a%bii) 1+ at> ] x ei(—hatwt+0) - (54)

3 (2ak? — 2bkw + ak + w)
2\

12 2ak? — 2bkw + ak + w
esc T0h—a)

v(z,t) =

4ka — 2wb + o 2i(—kz+wt+()
(x L t)} xe . (55)

with:
(pb — a) (2ak® — 2bkw + ak +w) > 0.

2.4. F-Expansion principle
The formal solution of Eq. (11) is given as:

N
U) = Z wil" (9), (56)

where ;s are constants that need to be detected, uy #
0, N is the balancing integer, and also F' (1) ensures:

F'(9) = /PF*(9) + QF? (¥) + R, (57)

where P, ), and R are constants. The solutions of
Eq. (57) are presented as below:

F(¥9) =sn(¥) = tanh (9), P =m?,
Q=-(1+m?), R=1, m — 1,

F (¥) = ns (9) = coth (¥),
P=1,Q=—-(1+m?, R=m? m—1,
F (¥) = sc () = tan (9),

P=1-m? Q=2-m? R=1, m—0,
F(9) = cs () = cot (9),

P=1,Q=2-m% R=1-m? m—0,

F (9) = cn (9) = sech (9),

P=—m? Q=2m?-1, R=1-m? m—1,

F (¥) = ds(9) = csch (9),

P=1Q=2m’-1, R=-m*(1-m*), m — 1,
F (9) = ne (9) = sec (9),

P=1-m? Q=2m?>-1, R=-m? m—0,
F(¥)=ns(¥) = csc(¥),

P=1,Q=—(1+m?, R=m? m—0,

F (9) = ns () £ ds (¥) = coth (9) £ csch (9),

m2 —2 m>2
’R: 7mﬁ17

P =
2 4

; Q=

1
4

F (¥) =sn(¥) £icn (¥9) = tanh () £ isech (9)

m — 0. (58)

Next, Eq. (56) can be rewritten as:
U=po+mF + paF?, (59)

by virtue of the balance principle applied in Eq.
(11). Then, the strategic equations are found as the
following;:

—672Pbppy + 612 Pajpy + A po® = 0, (60)
—27° Pbppy + 20" Papy + 2\ papip = 0, (61)
—2Qbpuy + n* Qapy + 2ak*py — 2bkwp

+akpy +2Apopr +wpy =0, (62)
—21° Rbpps + 21° Rapiy + 2 ak? pg — 2 bkwpg

+ akpo + A po® + wpe =0, (63)
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—4? Qbppiy +41° Qaps +2ak? 1y — 2 bkwps +a ko

+2 X piope + A 4 wpp =0, (64)
by substituting Eqgs. (59) and (57) into Eq. (11). So,
from Eqgs. (60)—(64) we have:

2 _ 2
=0, n:ﬂ:4—(2ak 2bl;w+ak—|—w) 7
16 (a — bp)” (3 PR — QQ?)
_2ak* -2bkw+ak+w
Mo = o\
N Q% (2ak? — 20kw + ak + w)”
AN (3PR — Q?) ’

9P (2ak? — 2bkw + a k + w)?

Ho = + — ( B} 2 ) . (65)
4N? (3PR — Q?)

If one utilizes the solution set given by Egs. (65) and
(58) into Eq. (59), dark solitons calculated by Egs.
(66) and (67) as shown in Box VI, with:

(a —bp) (2ak® — 2bkw + ak +w) > 0.

Singular solitons calculated by Eqs. (68) and (69) as
shown in Box VII, with:

(a—bp) (2ak* — 2bkw + ok + w) > 0.

Y. Yildirim et al./Scientia Iranica, Transactions D: Computer Science & ...
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Bright solitons calculated by Eqgs.
shown in Box VIII, with:

(a —bp) (2ak® — 2bkw + ak +w) > 0.

(70) and (71) as

Singular solitons calculated by Eqgs. (72) and (73) as
shown in Box IX, with:

(a—bp) (2ak”® — 2bkw + ok + w) > 0.

Combo singular solitons calculated by Eqs. (74) and
(75) as shown in Box X, with:

(a—bp) (2ak”® — 2bkw + ok + w) > 0.

2.5. Exp-function expansion
The formal solution of Eq. (11) is taken to be:

N
U(d) = ZAi {exp (=V ()}, (76)

where the coefficients A; are constants to be designated
later, such that Ay # 0, N is the balancing integer, and
also V(¥9) satisfies:

V'(9) = exp(—V(9)) + S exp(V(I)) + R, (77)
where S and R are constants. Eq. (77) has the following
strategic solutions:

L [RVE L (VE

S#0, u>0,

2ak?® — 2bkw + ak +w

2\

i\/9 (2ak2—26kw+ak+w)2

i\/(Zakz—Qbkw—i-oek—l—w)Q

/\2

u(w,t) = e x gl (Thetwtt) (66)
« tanh? 2ak? — 2bkw + ak +w I_4ka—2wb+oct
‘ 4 (a — bp) 2kb—1 )
. . 2 )
2ak2—2bkw+ak+wil (2ak* — 2bkw + a k + w)
2\ A2
. 2
v t) =4 9 (2ak? — 2bkw + o'k + w) o o2i(—katwt+() (67)
402
5 2ak® —2bkw + ak+w dka — 2wb + «
x tanh R —— Ry
4 (a — bp) 2kb—1

Box VI
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2ak?® — 2bkw+ak+wi (2ak? — 2 bkw —I—Ozk—l—w)2
2\ A2
2
w(z,t) =4 9 (2ak* — 2bkw + a k + w) « gi(—hatutte) (68)
4)\2
% coth? (\/2@]@2 —2bkw+ak+w (x _ 4ka — wa—i—oct))
4 (a — bp) 2kb—1 )
. . 2 A
2 ak? —2bkw+0zk+wil (2ak? — 2bkw + a k +w)
2\ A2
. 2
vty =4 9 (2ak? — 2bkw + a k + w) o 2i(—ketwt() (69)
472
« coth? 2ak? — 2bkw + ak +w x_4ka—2wb+at
4 (a — bp) 2kb—1
Box VII
2ak? — 2bkw+ak+wi (2ak? — 2bkw —l—ak+w)2
2\ 472
2
u(z,t) = n 9 (2 ak? —2bkw + a k + w) % ei(—kr+wt+o’ (70)
4)2
wsoch? 2ak? — 2bkw + ak +w $_4ka—2wb+at
4 (a — bp) 2kb—1
/
. . 2 3
2 ak? —2bkw+ak+wi (2ak* = 2bkw + a k + w)
2\ 472
) 2
v(z,t) = i\/9 (2 ak? — 2bkw + ok + w) « e2i(—kztwtt() (71)

4\2

soch? 2ak® — 2bkw + ak +w $_4ka—2wb+at
4 (a — bp) 2kb—1

Box VIII
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P 3
_2ak2 - 2bkw—|—0zk—|—wi (2ak? — 2bkw —l—ak—i—w)z
2) 472
2 2 .
’LL(ZE, t) = 9 (2 ak® —2 lf;l; +ak+ ’LU) « ez(fk,x+wt+()7 (72)
wesch? 2ak? — 2bkw + a k +w _4/€a—2wb+o¢t
4 (a—bp) * 2kb — 1 )
_2ak2 — 2bkw +ozk—|—w:|: (2ak2 — 2bkw +ak+w)2
2A 42
2 2 iy
(1) = 9(2ak* -2 (Zc;g +ak+w) o p2i(—katwttC) (73)
wesch? 2ak? — 2bkw + ak +w _4ka—2wb—|—at
4 (a— bp) * 2kb — 1 )
Box IX
_2al<;2 - 2bkw+ak—|—wi (2ak? — 2 bkw +ak+w)2
2X A2
N 9(2ak? — 2bkw+ak+w)2
42
u(w,t) =
2
coth (2ak* — 2bkw + a k + w) 4ka—2wb+at
“bp+a . 2%b— 1
X
tesch 2ak® —2bkw +ak +w x_4lm—2wb+at
—bp+a 2kb — 1 J
wei(—katwt+e) (74)
_2al<:2 — 2bkw +ak+wi (2ak? — 2 bkw +oc/€~|—w)2
2A A2
N 9(2ak* — 2bkw+ak+w)2
4)2 )
v(w,t) = coth 2ak?® —2bkw + ok +w _4ka—2wb+at
“bp+a * 2%b— 1
X
tesch 2ak?® — 2bkw + ok +w _4ka—2wb+0¢t
“pta . 2%b — 1 )
Xe2i(flcx+wt+C)‘ (75)

Box X
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V() =1a |- 55 - Yoo (G0

25 28

S#0, u>0,
Vi — i

=i ()
S#0, p<o0,

R - -
V(9)=In {—%—gcot (;(ﬁ—i—ﬁo))y
S£0, u<o0, (78)

where 1 = R? —4S and ¥y are arbitrary real constants.
Next, Eq. (76) can be rewritten as:

Uj :A0+A1€ZU10(—V(79))+A2€«T10 (_2‘/(19)) ) (79)

by virtue of the balance principle applied in Eq. (11).
Then, the revealed equations are as follows:

—6b1?pAs +6an’As + X A2 =0, (80)
—10 Rbi*pAs + 10 Ran? Ay — 2bn*pA; + 2an® A,
+2AA14, =0, (81)
— RSti*pA;, — 252’ pAy + RSan® Ay + 2 S%an A,
+2ak? Ag—20kwAg+akAg+AAg* +wA; =0, (82)
—R%m?pA; — 6 RSbi’pA,
+ R%an® Ay + 6 RSan®As — 2 Sbi*pA,
+28an?A; + 2ak®A; — 2bkwA; + a kA,
+2XApA) +wi; =0, (83)
—4 R2bn2pA2 + 4R2a772A2 -3 RanpAl
— 8Sbn*pAs + 3 Ran?A1 + 8 San* A,
+2ak’ Ay — 2bkwAs + a kA,
+2XAgAs + A A7 4 wdy =0, (84)

by putting Eq. (79) along with Eq. (77) in Eq. (11).
So, from Eqs. (80)—(84) we have two results as follows:

— Result 1:
Ay Ap A Ao
Ay’ Ay’ K 6(a—bp)’

= L20K7A> +6akAs +4X Ao —\A?

64, (20k — 1) ’
and,
. 4 AgAy — A2
M:R2—4S:—$. (85)

If one employs Eq. (85) along with Eq. (78) in Eq. (79),
singular solitons calculated by Eqs. (86) and (87) as
shown in Box XI, with:

A2 (a — bp) <4AOA2 — A12) A>0.

Dark solitons calculated by Eqgs. (88) and (89) as shown
in Box XII, with:

A2 (a — bp) <4AOA2 — A12) A>0.

— Result 2:
Al 6A0A2—A12 )\AQ
R:77 5277 ::l: |
A, 94,7 K 6 (a—bp)

w = 4(1]€2A2 +204k‘AZ —4/\AOA2 +)\A12
B 245 (20k — 1) ’

3 (44042 — A7)
Ay? .
If one uses Eq. (90) along with Eq. (78) in Eq. (79),

singular solitons calculated by Eq. (91) and (92) as
shown in Box XIII, with:

Ay (a —bp) (4 AgAs — A1) X > 0.

u=R>—48 = —

(90)

Dark solitons calculated by Eq. (93) and (94) as shown
in Box XIV, with:

As (a —bp) (4 AgAs — A1) X > 0.

2.6. Total equation
The solution of Eq. (11) is introduced as below:

N
(U =) =3 mU, (95)

where ;8 are constants to be detected, uy # 0, and
N is the balancing integer. Now, rewriting Eq. (95) in
the integral form:

aUu
(9 —1g) = / _ (96)
N .
wU?
1=0
Next, Eq. (95) can be rewritten as:
(U = po + U + pU? + psU°, (97)

by virtue of the balance principle applied in Eq. (11).
Then, the equations are exracted as: U? coeff.:
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AO _ 2A1Ap
> (4 A0A27A12)>‘ 4ka—2wb+a
A+ A15—4 Aqutmlll(\/ 2445 (a_bp) <:E— STb—1 t>
u(x,t) =
4Ax A2
* > (4 A0A27A12>A 4ka—2wb+a ’
A1+ A12—4 Ag Ay tanh 24A2(a7bp) (Z— kb1 t)
. 12ak2A04+6akAg+4 X AgAg—A A2
1(_}”"" 2 GAQ(LQ’bk'—l)U t t+<>
xe , (86)
Ay — 241 Ay
4 AgAs—Ar?)\ ba—
3 ( 4ka—2wb+a
A+ A7 —4 A()Aztanh(\/ 74 A5(a—bp) (xf kb1 t
v(z,t) =
4 4A5 A2
2
> (4 A0A2_A12)>‘ 4dka—2wb+«a
<A1+\/ A12—4 AgAs tanh( 2445 (a—bp) (zf b1 t)
2 ak? o n 2
2i<7ka¢+ 120k%Ap 6o hdg 442 AgAz=A 4, t+(>
e 6A2 (V- T) (87)
Box XI
AO _ 2A1A¢
4 AgAz—Ai% )\ @
B ( 4ka—2wb+«a
A1+ A7 —4 Ap Ay coth(\/ 24 45(a—bp) (zf b1 t
u(z,t) =
n 4A5 A3
4 AgAr—Ar?)\ 4ka—2wb )
B a wb+a
<A1+\/ A1%2—4 AyAg coth< 74 A5 (a—bp) <ac7 STh—1 t)
/
. 12ak?Ag+6akAdo+a N AgAg—X A2
‘(*’WC+ BN TYeTy ey . H’§>
xe : (88)
AO _ 2A1Ag 3\
4 AgAz—Ar? )\ o
3 ( 4ka—2wb+ o
A4/ A2 -4 AoAzcoth(\/ 24A5(a—bp) (acf STb—1 t)
v(z,t) =
n 4A, A3 .
4 AgA;—A1%)N Aba—2wh
B ( a—2wb+a
<A1+\/ A12—4 AgAs coth( 2445 (a—bp) (a:f Shh—1 t)
/
2 2
2i<7ka:+ 12ak2A046a I\:Az-i—:i_A AgAg—X Ay t+()
we 6A5(20k—1) (89)

Box XII
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4 A1 (6 AgAr—Aq?)
0 —
4A0A2—A12)>\ Aka—2wh
2 ( a wb+a
Az <A1+\/3(A1 —4 ApAsz)tanh (\/ 845 (a—bp) (xf Shh—1 t>
u(x,t) =
4 (6 A()A27A12)2
3
(4AgAz—A1”)A Aha—2wht
Ag <A1+\/3(A12_4 AoAg)tanh( 843 (a—bp) (z— a2kb1i}1 at>
)
2 A vy 2
i(ka+4ak As+2 (;AKA(ZQ bgjl/)loAg+)\ Aq t+<>
xe : : (91)
A A1(6AgAr—A1?) )
0o — B
‘ 4A0A2—A7 )N 4ka—2wb
Agy <A1+\/3(A124A0A2)tanh<\/( 8A2(a—bp)) <$, a2kbi/1+at>
v(x,t) =
6 AgAz—As%)?
+ ( 0( 1 ) 2) .
4 AgAs—A17 )\ 4ka—2wb+
As <A1+ 3(A12—4 AoAz)tanh< 8A3(a—bp) (z_ U«kat_ul O‘t)
)
. 4ak2A2+2akA074AA0A0+A Alz >
21(7kx+ - Sy = t+C
X e 2A2(2bk 1) (92)
Box XIII
4 A1 (6 AgAr—As?) 3\
0 —
5 (4 ‘40‘427‘412)A 4ka—2wb+a
Ag <A1+\/ 3(A12—4 AgAz)coth (\/ 8A(a—bp) (z— STb—1 t)
w(z,t) =
(6 AgA2—A2)?
* (4A0A2—4A17) ’
; 4A0A2—A17)A 4ka—2wb+a
2
Ag <A1+\/3(A1 —4 AoAz)coth( 845 (a—bp) (rf STh—1 t)
. dak®As+2akAs—4 N AgAs+ ) A )
1| —kx+ < - — < t+¢
N ( 2Ag(2bk 1) , (93)
A A1 (6 AgAr—Ay7)
0 —
B) (4 ‘40‘42_‘412)A 4ka—2wb+ o
Ag <A1+\/3(A1“—4 AgAg)coth <\/ 842(a—bp) <z— kb1 t)
v(z,t) =
(6 A()AZ_A12)2
* (4 AgAr—Ar”)A ’
B) - 0442741 4ka—2wb+a
Az <A1+ 3(A12—4 AoAz)coth( 845 (a—bp) (z— SRb—1 t)))
/
. 4ak®Ast2akAs—4) AgAs+ A A )
21<7kx+ - = < t+¢
X e QAQ(ZI)IC 1) (94)

Box XIV
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30 (a — pb) ps + 2X = 0, (98)
U coett.:

n° (a — pb) p2 + (2ak® — 2bkw + ak +w) =0, (99)
U° coeff.:

n* (a — pb) 1 =0, (100)

by substituting Eq. (97) into Eq. (11). So, from Egs.
(98)—(100) we have:

_Zak2 — 2bkw + ok +w

= O =
H1 ) M2 772 (a — pb) )
2A
= 101
I 32 (a = pb) (101)

If we use the results Eq. (101) in Eq. (96), we get:
+ (9 — ) =

aUu

/ _2ak2—2bkw+ak+w 5 2\
’ n*(a — pb) 3n? (@—pb)

(102)

3

Lastly, optical solitons with quadratic nonlinearity are
recovered using po = 0 in Eq. (102). Bright solitons
are:

3 (2ak? — 20kw + ak + w)

t) =
\/LQakz — 2bkw +ak+ w
4 (a—pb
SeCh2 ( p ) ei(flcaH»wt+C)7
. 4ka— 2wb+ « (103)
2kb—1
3 (2ak? — 2bkw+ ok + w)
v(z,t) = —
2
\/_ 2ak? — 2bkw+ ak+ w
4(a—pb
SeCh2 ((l p ) e2i(7k$+wt+C)7
o B 4ka— 2wb+ « (104)
2kb—1
with:

(a — pb) (2ak* — 2bkw + ak + w) < 0.

Singular solitons are:

3 (2ak? — 2bkw + ak + w)

u(a, 1) = i
\/_ 2ak?— 2bkw + ak+w
4 (@—pb
CSCh2 ((l p) ei(fkw+1ut+§)7
_4ka—2wb+a (105)
2kb—1
3 (2ak? — 2bkw + ok +
v(z,t) = (2a w+ ak +w) csch?

2\

_2ak2 — 2kw + ak +w
4 (a — pb)

2i(—kz+wt+C)
€ )

" (  4ka —2wb + ()ét) (106)
2kb—1

with:

(a — pb) (2ak* — 2bkw + ak + w) < 0.

2.7. Modified simple equation

Assume that Eq. (11) has the solution in the form as
follows:

N , i
U) = ; i (% g;;) : (107)

where ;s are constants to be detected, such that py #
0, and @ (¥) is an unknown function to be established
later. Next, Eq. (107) can be rewritten as:

0w =+ (G )+ (ng,g))y’ (108)

By virtue of the balance principle applied in Eq. (11).
Then, the strategic equations are:

Q™% coeff.:

12 (Q)' (=6 bnp + 6.an® + A o) = 0, (109)
Q3 coeff.:
2(Q")* (500 ppz — 5an’us) Q"

+ (=’ ppa 4+ an’pa + Apape) Q') =0, (110)

Q2 coeff.:
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(=267 pps + 24’ 12)Q' Q™

+ (=20n%ps + 2an?p2) (Q")?

+ (3’ ppa — 3an’11)Q'Q”

+ (2ak? 1y — 2bkwps 4+ o kpiy + 2 X oo

+ A +wps) (@) =0, (111)
Q1 coeff.:
i ((=bn*p +an®) Q" + (2ak® — 2bkw + o'k

+2A o +w)Q") =0, (112)

QO coeff.:

2ak?puo — 2bkwpo + a kg 4+ Ao + wpo =0, (113)

by inserting Eq. (108) into Eq. (11). So, from Egs.
(109)—(113) we have:

/1/0:07

362 (a — bp) (2ak?® — 2bkw + ak + w)
:UJ1::|: - AQ ’

61n%(a—b
1y = _M7 (114)

and one gets:

2ak? —2bkw +ak+w
"= 4,/— ! 115

2ak? — 2bkw + ak +w

Q= n? (a — bp)

Q. (116)

If one employs the Egs. (115) and (116), one reveals:

/ n? (a — bp)
—4+4/—
@ \/ 2ak? —2bkw +ak +w

$ 2ak® —2bkw +ak +w
N > b 9
ke 1 (a = bp) : (117)
and,
2(a—b
Q= n° (a — bp)

T 2ak2 —2bkw+ak+w

$ 2ak® —2bkw + ak +w
4] - > - 9
o n? (a — bp) + ks, (118)

with ky and ko integration constants. Lastly, if one
puts Egs. (114), (117), (118) into Eq. (108), optical

solitons with the quadratic nonlinearity are recovered
by Eq. (119) and (120) as shown in Box XV, and also
if we set:

2ak? — 2bkw + ak +w

= % (a — bp)

22 bk ;
4./ _2ak : QI)L,111+(y LESTN
e n2(a—bp)

ko = £1. (121)
In Egs. (119) and (120), bright solitons are:

3(2ak? — 2bkw + ak + w)

t) = —
\/_QakQ —2bkw +ak+w
4(a—b
SeCh2 (Q p) ei(—kz+wt+()’
o 4ka — 2wb + « (122)
* 2%b — 1
3(2ak? — 2bkw + a k + w)
v(z,t) = —
2\
\/_2ak2 —2bkw +ak+w
4(a—b
Sech2 (a p) eQi(*k(L“F’wt‘FC)?
y 4ka — 2wb + (123)
* 2kb — 1
with:

(a —bp) (2ak® — 2bkw + ak +w) < 0.
Singular solitons are as followes:

_ 3(2ak? — 2bkw + a k +w)

u(r.t) = -
\/_2ak2 —2bkw +ak+w
4(a—b
CSCh2 (G/ p) ei(—Ic:[’,-{—wt-Jf—C)7
o 4ka — 2wb + « (124)
¢ 2% — 1
3(2ak? — 2bkw + a k +w)
D(I,t) =
2\
\/_2ak2 —2bkw +ak+w
4(a—b
CSCh2 (CL p) eQi(—kz-}-wt-I—C)7
o 4ka — 2wb + « (125)
* 2% — 1
with:

(a —bp) (2ak* — 2bkw + 'k +w) < 0.
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( :E\/— 36m2(a—bp)(2 ak2272 bkw+a k+w) )
A
= _ 2ak?2-2bkwtaktw -
4./ n?(a—bp) k i\/ 72 (a—bp) n(z—pt)
% 2ak?2—-2bkwta k+w 1€
2ak? 2bkwtaktw
_ n2(a—bp) k ei\/_ 72 (a—bp) n(z—pt) + k-
2ak?—2bkw+to k+w 'L 2
u(z,t) = 602 (o) x el —hatwite) (119)
— >
2
- _2ak?—2bkwto k4w
4./ n*(a—bp) k i\/ nZ(a—bp) n(z=pt)
% 2ak2—2bkw+a k+w e
2ak?—2bkwtaktw
_ n2(a—bp) k i\/f 02 (a—bp) 77(‘177’”_‘_1{,
2 ak?—2bkw+oa k+w 1€ 2 J
36m%(a—bp)(2ak?2—2bkw+a k+w)
4/ =
2ak2—2bkwta ktw )
4./ n?(a—bp) k i\/_ n2(a—bp) n(e—pt)
% 2ak2—2bkw+a k+w 1€
2ak2—2bkwta ktw .
_ n%(a—bp) L ei\/f 72 (a—bp) n(z—pt) +k
2ak2—-2bkw+a k+w 1 2
vz, t) = 6 (abp) x 2 Thetwir() (120)
s e
2
- 2ak?2—2bkwtaktw o
+./— n*(a—bp) L ei nZ(a—bp) n(z=pt)
% 2ak2—-2bkwtakt+w 1
2ak2—2bkwtaktw
_ n?(a—bp) L ei\/_ Pty @Y + k.
\ 2ak?_2bkwta ktw 'l 2 y,
Box XV

3. Conclusion

Such a lot is

This paper revisited embedded solitons that was stud-
ied with y(?-nonlinear susceptibility. ~Several inte-
gration schemes revealed a wide range of solitons,
and especially the combo solitons that are visible in
thiswork are being reported for the first time in this
paper. The wide spectrum of solitons based on these
diverse integration schemes are summarized. This gives
a visual perspective to the range of solitons that are
available from the schemes.

These results, therefore, pave the way for ad-
ditional pathways to venture. These would include
studying the model with variational principles using
these combo solitons or various additional forms of
solitons. The conservation laws for the model are yet
to be extracted. A wide variety of rich mathematical
methodologies are available for implementation [12—
25]. Thus, plentiful issues need to be addressed with

the dynamics of embedded solitons.
floating over the horizon!
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